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73. What is the greatest width of carpet that will exactly
fit three rooms of widths 15 feet, 24 feet, and 33 feet respec-
tively ?

74. A merchant having 54 vards of one kind of cloth, 34
yards of another, and 132 yards of a third, wishes to cut
them into patterns of equal length. What is the greatest
possible length of each pattern?

75. With a 4-quart, a H-quart, and a 6-quart vessel, what is
the size of the smallest can which may be filled exactly by
each ?

76. Find the length of the shortest line that can be meas-
ured exactly by rods of lengths 6 feet, 8 feet, 10 feet,and 12
feet.

77. What is the length of the longest rod which will exactly
measure 209 feet, 242 feet, and 341 feet?

78. A farm produces 442 bushels of oats, 728 bushels of
corn. and 585 bushels of wheat. The grain is removed in
equal cases and all are full. What is the greatest capacity

of each case, provided there is no mixing of the grains ?

79. How can the L. C. M. of two numbers, which are prime
to each other, be found? Of two prime numbers?

20. How n;;my common multiples may 2 or more numbers
have?

21 TFind the difference between the G, C. D. of 480 and
520, and the L. C. M. of 5, 6, 15, 20.

CHAPTER IX.
COMMON FRACTIONS.

104. Derived Units.—A certain unit, as one pound, having
been chosen for the purpose of weighing objects in general, it
is often convenient to obtain from this primary unit (one
pound) other derived units to be used for weighing special
classes of objects. Thus, one ton (or 2000 pounds) is used in
weighing objects of small value in proportion to their bulk,
such as hay, coal, ete.,, and one ounce is used in weighing
objects of great value in proportion to their bulk, as spices,
gold, drugs, etc. Similarly, from any primary unit, derived
anits may be obtained adapted to special uses.

When the derived unit is an exact part of the primary
unit, it 1s termed a fractional unit or fraction.

105. Fractional Units.—Thus, for measuring long dis-
tances, the mile is the convenient unit; but for many purposes,
as, for instance, in running races in athletic games, it is con-
venient to divide the unit into 4 equal parts, and call one of
‘hem one-fourth of amile ; similarly we form other fractional
units from the miles, as one-eighth, one-half, one-sixteenth of
a mile, etc. These are all fractional units or fractions, and are
expressed by writing the number of parts into which the
given unit is divided under the figure 1. Thus, $ of a mile
means one-eighth of a mile.

1f a given fractional unit be taken any number of times, the
result is still a fraction, and is denoted by writing the number
of times the unitis taken above the line instead of 1. Thus,
%2 mile ” is an abbreviation for “5 units ” of the value } mile.

Sometimes a fractional unit receives a special name, as when one-twelfth
of a foot is called an “*inch” ; or it may be made into a physical object, as
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104 COMMON FRACTIONS,

when a quarter of a dollar is coined and is known as a “quarter.”” But the
great majority of fractions have no name beyond their pumerical one, and
many of them are used merely as aids in computations, or in mental esti-
mates and comparisons, and have no physical existence.

Hence, the advantages in the use of fractional units lie in
the ease with which such units can be devised for any pur-
pose, temporary or permanent; the unlimited number of
such units that can be formed ; and the fact that when con-
centions of their value as compared with the primary unit
have been once formed, these conceptions can be used in con-
nection with a set of similar fractions ('aan*ll‘llt’lwl 1'1'::111 any
other unit. Thus, having formed ideas of 1, 1, §, i 15, ele,
of 1 inch, and of properties of these ll‘ltll()lltl] units, this
knowledge can be used at once in connection with similar
fractions of any other primary unit, as 1 apple. This could
not be done readily 1I each derived unit were denoted by
a special name rather than in the above numerical, fractional
‘\'Ji.}'.

106. Fractions as Indicated Divisions.—Fractions may
also be regarded as indicated divisions. It was found in Arf.
84 that when a process consis sts of 2 number of multiplications
and divisions, it is usually best not to perform any of the
operations till all of them can be considered together and all
possible eancellations made.

When the quotient of one number divided by another is
indicated by writing the dividend above a line, and the
divisor i_»r:lo;\'., the indicated quotient is termed a fraction or
ratio.

Hence, a fraction may be defined as

(1) One or more of the exact parts of a unit, or

(2) the indicated quotient of one number divided by another.

These two ways of regarding fractions are aspects of the

came idea, the one or the other aspect to be used as advantage

may dictate.
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In investigating the properties of fractions, we will adopt one or the
pther point of view, as is most advantageous. When a property of frac-
{ions is obtained from one point of view, it will be left as an exercise to
the student to show that the same property is true for fractions from the
other point of view.

Let the student draw a line 3 inches long and divide it into 8 equal
3 inches
8
three inches into eighths and take one-eighth from each inch. He will

parts. Each part will be long. iet him also divide each of the

have 3 times } i:lc-h_. or ¥ inch. Tt will then be eas Sy for him to see that
3 inches 3
B

107. Denominator and Numerator.—In a fraction, the
denominator is the number below the line, the numerator is the
number above the line.

inch.

The denominator denotes the number of equal parts into
which a unit is divided ; the numerator denotes the number
of equal parts which are taken. Thus, §inch denotes that
an inch is divided into 8 equal parts, and that 5 of these parts
are taken.

Hence, the denominator determines the size of the frac-
fional units: the numerator determines the number of them.

The denominator and numerator taken together are called
the terms of a fraction.

108S. Proper and Improper Fractions.—A proper frac-
tion is one whose numerator is less than its denominator,
as 1 or 12

An improper fraction is one whose numerator is equal to
or greater than its denominator, as § or 1.

109. Integers and Mixed Numbers.—An integer is a
number of entire units, as 5 dollars, 18.

An integer may be expressed in the form of a fraction by
writing 1 under the integer as a denominator.

A mixed number is a number which is partly integral,
partly fractional, as $43.

Thus, 2 mixed number consists of two different kinds of units, one in-
tegral or entire, the other fractional.
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110. Simple, Compound, and Complex Fractions.—A
simple fraction is a fraction, both of whose terms are in-
tegers, as 5.

A compound fraction is a fraction of a fraction, as § of $%.

A complex fraction is one having a fraction in its numer-

91 7
ator or in its denominator or in both. Ex. % 2
&t 1
When fractions are classified as proper or improper, they are classified as
to their value (as greater or less than unity). When they are classified as
simple, compound, or complex, they are classified as to their jorm (thatis
as to the combination of operations in them).

111. Notation and Numeration of Fractions.—The pre-
ceding statements explain sufficiently the method of reading
a given fraction expressed in figures, and also the method of
expressing in figures, a fraction given in words. Let the stu-
dent write out a formal rule for each of these processes.

112. Fundamental Properties of Fractions.—In order fo
use fractions with facility for various purposes, it is often
desirable to transform them in different ways. Thus, for in-
stance, it may be desirable to change the size of the fractional
unit, without changing the value of the fraction.

Hence, we have the following first properties of fractions.

A. If the numerator and denominator of a fraction be both
mr{fﬂ'pf‘ied. or both divided, by the same number, the value of the
fraction iz not changed.

Thus, & inch = £ inch 12 inch.

This is a mere restatement of the principle used in can-
celing out a factor common to both divisor and dividend.

1t will aid the pupil in the present application of this principle to draw
a line 6 inches in length, and to mark it off in fourths, eighths, and sixteenths
of an inch, and then observe that six eighths, three fourths, and twelve
sixteenths are exactly equivalent in length.

B. Multiplying the denominator of a fraction by a given nums
ber divides the value of the fraction by that number.
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Thus, if we have $; and multiply the denominator by 3,
we have $5, the value of which is one-third the value of the
original fraction.

For, multiplying the denominator of a fraction by a number increases
the number of parts into which the original unit is divided, and hence
diminishes the size of each fractional unit correspondingly.

Let the pupil show by drawing a line and subdividing it, that § inch is
four times as long as § inch.

C. Dividing the denominator of a fraction by a given number
maltiplies the value of the fraction by the same number.

Thus, if we hdve the fraction $5 and divide the denominator
by 2, the fraction becomes $3, the value of which is twice
as large as the value of the original fraction.

For, dividing the denominator of a fraetion by a number diminishes the
number of parts into which the unit is divided, and hence increases the size
of each fractional unit correspondingly.

Let the pupil show by drawing a line, and subdividing it, that y; of an
inch is one-fourth of } of an inch.

The following questions suggest two other first properties of
a fraction which the student may state and prove.

If the numerator of a fraction be multiplied by a given
number, what change is made in the value of the fraction?

If the numerator of a fraction be divided by a given
number, what change is made in the value of the frac
tion?

These first properties of a fraction may all be combined as
a single general principle, thus:

Multiplying or dividing the numerator of a fraction by anum-
ber muokes the same change in the value of the fraction that it
makes in the value of the numerator ; but multiplying or dividing
the denominator of a fraction makes an opposite change in the
value of the fraction from that which it makes in the value of the
denominaitor.




COMAMON FRACTIONS.

EXERCISE 29.

Name the kind of fraction in each case and read the following fractions:

Write the following fractions :
4. Three-fifths ; six-tenths; ten-thirds.
5. Nine-seventeenths; eleven-fortieths.
6. Eight and one-third ; six and a half.
7 Ten and five-sixths ; seventeen-hundredths.
> One and a fourth over six-sevenths.
. Two-thirds of four and three-elevenths.
. Thirty-one and one-ninth over fourteen fiftieths.
What fractions of an inch are commonly used by a carpenter ?
What fractions of a yard are commonly used by a storekeeper ?

What fractions of a pound are used by a grocer?

EXERCISE 30.
ORAL.

. How many thirds in a yard? In 4 yards?
. How many fifths in 2 yards? In 10 yards?
. How many eighths in 6 miles? In half a mile?
4. How many twelfths in 7 years? In half a year?
5. How many sixteenths in 5 inches? In a quarter-inch?
Express § of a dollar as eighths of a dollar
7. Express ¥ of a yard as eighteenths of a yard.
. Expres of a vear as twelfths of a year.
. Multiply $% by 3; %}
. Divide $1% by 3; $§ b
\ w 4 in two ways; &
72. Divide § by

73, Maultiply by 5; 23

TRANSFORMATIONS OF FRACTIONS.

113. 1. To Reduce a Mixed Number to an Improper
Fraction.—A mixed number is a number expreszed by
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means of two units, one integral, the other fractional. Thus,
73 expresses 7 units of 81 each, and 3 units of $} each.

It is often convenient to express such a number in terms
of the fractional unit alone. In the above example, this would
be done by expressing $7 as fourths of a dollar, or $2¢, and
adding the 3 fourths to the 28 fourths, giving $3% as equiva-
lent to $7%.

In general, to reduce a mixed number to an improper frac-
tion, multiply the whole number by the denominaior of the fraction,
add the numerator to the ju‘a)rfm‘f, M"uff IJ(’H‘.L‘C the sum over the
denominator.

Ex. Reduce 23% to an improper fraction.

SOLUTION.
3 — 185 Result.
EXERCISE 31.

Reduce the following mixed numbers to equivalent im-
proper fractions:

1.

] ]“1::..
40053
3074
11333
1842,

T =T o=
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= oo =1

2 2 0.99
- 30. 195%.
31. 28411
32. 43391

o

(24

1
2
@
25;
4

ple? What is the unit of the result?

114. II. To Reduce an Improper Fraction to a Mixed
Number.—It is often desirable to reverse the process of the
preceding article and convert a number expressed in terms of
.:zf'r:u'tinmul unit into a number expressed as far as possible
in terms of the primary integral unit. Thus, to express $32
in terms of the unit $1 as far as possible, since in 1 there
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are $4,in $32 there are as many unit dollars as 4 is contained

times in 39, or $9 with $% remaining,
- 39 - Q03
.. 832 =808,
Hence, in general, to reduce an improper fraction to a
mixed number, divide the numeralor by the denominator, and to

the quotient annex the remainder placed over the denominator.

Ex. Reduce 22! to a mixed number.

Since 12 is contained in 221, 18 times with a remainder 5,

::1':! - ]\I::{'l‘ Rezull.

EXERCISE 32.

Reduce the following improper fractions to equivalent

mixed numbers:
14 '-‘75- fl{. 5. 3 "1-5 e 15.

2. 32 mi. 9. 845 i6.

25 in. 10. 8851 7.

124 day. 11. $&82. 18.

188 wk. 13, $I138. 19.

1%6 .q_r“i_ 5. 883 2().
7 :ii"‘ig ft. | 7. B4 271
115. III. To Reduce a Fraction to its Lowest Terms.—
A fraction is reduced to an equivalent fraction in its lowest
terms when its numerator and denominator have no common

a
er

factor, that is, are prime to each other.

Reduction of a fraction to its lowest terms often saves labor
in the further use of the fraction.

When a fraction is in its lowest terms, it is also easier t0
form a definite mental picture or conception of its value.
Thus, $11 cannot be realized definitely ; but if the fraction be
reduced to its lowest terms, §, an exact idea of its magnitude
can be formed at once.

A fraction is reduced to its lowest terms by the use of
Property A (Art. 112) of fractions. In general, divide the
numerator and denominator of the fraction by their G. C. D.

|
I

TRANSFORMATIONS OF FEACTIONS.

Ex. 1. Reduce & to its lowest terms.

Dividing 8 and 12 by their G. C. D., 4; we obtain

s = % Besult

Ex. 2. Reduce 211 to its lowest terms.

In this case the G. C. D. of the numerator and denominator is not evi-
dent on inspection, and must be obtained by the long division method (Art.
100). Thus,

411)548(1
411
137)411(3

41l

411 _ 137 x
548 137

-

116. Ratios, or Expressing one Number as a Part or
Fraction of Another.—To express one number as the part
of another number it is necessary to take the number which i3
the part as the numerator and. the other number as the denominator
¢f a fraction (that is, divide the number expressing a part by
the number expressing the whole).

Ex. What part of a mile is 440 yards?

Since a mile contains 1760 yards,

440 yards equal 4% of a mile — } of a mile.

EXERCISE 33.
Reduce each fraction to the equivalent fraction in its lowest
ferms:
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29 A man invested $360 and gained $144. W hat part of
the cost did he gain?

30. What part of 336 is 1447 Is 1682

31. What part of 245 is 1962 152107

32. What part of a year is 146 days?

83. What part of a ton is 1275 pounds ?

3. What part of a mile is 1320 yards?

25. $230 is what part of $322?

26. $781 is what part of $9237?

37. Property valued at $187200 was taxed for $7020. Find
the ratio of the assessment to the valuation.

38. Receiving $8568 annually, I spent $1904. What part
of my income did I spend? What part did I save?

What part of:

39, 540 is 3787

40. 864 1s 6307

1775 is 14917
2. 3154 is 21587

117. IV. To reduce two or more fractions to equivalent
fractions havine a common denominator.

Similar fractions are fractions which have the same
denominator. Hence, similar fractions express numbers in
terms of the same fractional unit. Thus, $%, $:%, $%, are
similar fractions. N

1f a series of fractions have different denominators, 1t 18
often useful to reduce them to fractions having the same
denominator, that is, to express them in terms of the same
unit. By combining their numerators, they may then, in
many r-u‘m-s, be converted into a single fraction, and much
labor saved by treating them in this form.

Also, In (‘a.f:.(’ it 18 r('(-luil‘c»r] to compare the values of two or
more dissimilar fractions, a direct comparison is often diffi-
cult or impossible. If. however, the fractions be reduced to 2
common denominator, theéir values can be compared at once
by comparing the numerators obtained. i

In reducing fractions to a common denominator, 1t 18
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important to reduce them to their least common denominator,
in order to save as much labor as possible. The least com-
mon denominator of a set of fractions is the L. C. M. of their
denominators.

In general, to reduce fractions to equivalent fractions having
the L. C. D., find the L. C. M. of the denominators of the given
fractions ; dividethis I. C. M. by the denominator of each fraction ;
anultiply each u@m_rrrrhu’ by the corresponding quotient ; the results
will be the new numerators; write the L. C. D. under each new
numerator.

On which of the principles, A, B, C, of Art. 112, is this
process based ?

Ex. 1. Reduce §, 3, i%, to their L. C. D.

The L. C. M. of 4, 8, and 12, is 24

Dividing 24 by each of the numbers 4, 8, 12, we obtain quotients 6, 3, 2.

Multiply the numerators 3, 5, 7, by the corresponding quotients and
setting each result over 24, we obtain

Since 22 is greater than £}

118. When the denominators of two or more fractions
are prime to each other, the L. C. D. is the product of all
the denominators, and the shortest way of reducing the frac-
tions to their L. C. D. is to multiply each numerator by all the
denominators excepl ils own, and set the result over the common
denominalor.

Ex. Reduce £, 4, § to their L. C. D.

2
7
5

The L. C. D. = 3 x

2x 5% T X %7 6:%X3%D
Hence, we have = — y —
105 105

s, fesull.
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EXERCISE 34.
Reduce to equivalent fractions having a common denomit

nator:

19,

20.

21, +

22.

23

2 }'.

10.
11.
12. %,
13. ¢
14.
15.
16.
[ 7.
| 18.
Which is the larger,
25. tsrlll’ ? 30. i— or %7
29. 2 or 4?
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31. {5 or &7
3. Which is the largest and which is the least,
bl 3 g % 5 5 g <
13, 43, or 317 Also 13, 38, or 432
85. At a certain convention a measure which required a
= Atza ce
favorable ballot of 5 to 3, to pass, received 96 votes for and
57 votes against it. Did it pass?

26, A certain bill required two-thirds majority to become
a law. and received 390 out of a total of 534 votes. Did it
pass? =

37. A boy has read 144 pages of a book, containing 300
pages. What part of the book remains to be read?

38. The 1st day of September is the 244th day of an ordi-
nary year. Is the part gone as much as § of the year? 1Is
the year as much as § gone? Does 1% of the year remain:

OPERATIONS WITH FRACTIONS.
1. ADDITION OF FRACTIONS.

119. General Case.—We have found (see Art. 31) that any
numbers which refer to the same unit may be added. Thus,

17 apples + 28 apples = 45 apples.

ADDITION OF FRACTIONS, 115

Nmﬂ_bem which refer to the same fractional unit may be
:if'hlcd in the same way. Thus, five eighths (of a unit) + two
eighths (of same unit) = seven eighths (of this unit),

org +3—=%

i ilar, in order to add them it is neces-
sary first to make them similar, by reducing them t
mon denominator.

If fractions are dissim

0 a com-

non- Hence, to add fractions, reduce the given.

Jraclioms to equivalent fractions having the least common denomi-

Trafur ; add the numerators, and write the sum over the LG5

n all cases simplify the result, and, if i is an improper frcu:tz‘on’

reduce it to a mived number. : ,
Ex. Add % § 3

The L. C. D. is 24.

:\(541:

20.

1

19 ;

- 19 0 29§ 3oy
44 'V T0 T 163

110"

- < ok
120. Cases of Abbreviated Addition of Fractions.—
1. The addition of two fractions each of whose numerators is
unity, and whose denominators are prime to each other, may
be abbreviated.
by 3 B ot |
Thus, 1 4 1

1

MRTS LS
155 135 = ’[&_).
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Or, in general, the sum of the two denominators qives the nunter-
ator of the sum of the fractions; and the product of the two
denominalors gives the denominator of the sum of the fractions.

9 The addition of a series of small fractions may often be
facilitated by first adding the fractions in groups of two or
three, and then taking the sum of the results.

Ex. Add} +3+1+

Add:

Ca 1 N~
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121. Addition of Mixed Numbers.—To add mixed num-
bers, first add the whole numbers, then adc 1d the fractions, then take
the sum of the two results obtained.

Ex. Add 11§ and 105
115 = 111§
1*.‘1"'_7 = ]u_iL

2=
227, Sum.

EXERCISE 37.
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SUBTRACTION OF FRACTIONS.
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II. STBTRACTION OF F'RACTIONS.

122, General Case.—As in addition of fractions, if the
fractions are dissimilar, it is necessary to make them similar
hefore subtractine. Hence, in general, to subtract one frac-
tion from another, reduce the fractions to their L. C. D.; sub-
tract the numerator of the subtrahend from the numerator of the
minuend and place the difference over the L. C. D.; simplify the
resulf.

Ex. Subtract £ from %.

g — & = 14 . 8 — 5. Difference.
EXERCISE 38.
Subtract

1. 3 from ?
2. ., from +%.
3. from #.

15
4 41 from 1L 8. % from

9. % from l—}
i0. from }4.
71. § from 33.
12, 1% from 202,
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