LOGARITHMS

331. Early in the seventeenth century, John Napier, a
Scotchman, invented logarithms, by the use of which the
arithmetical processes of multiplication, division, evolution
and involution are greatly abridged.

332. Many simple arithmetical operations
can be performed by the use of two columus
of numbers, as given in the annexed table.

The left-hand column is formed by writing unity at
the top and doubling each number to get the next. The
right-hand column is formed by writing opposite each
power of 2, the index of the power. Thus 512 =29, the
number opposite 512 indicating the power of 2 used to
pruducu 512,
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128 |
2566 |
5129
1024 | 10
2048111 py 1. Multiply 4096 by 64.
4096 12 E
819213 From the table 4096 = 212 gnd 64 = 26,
16384 | 14
32768 | 15
65536 | 16
131072 | 17 The student should notice that the simple operation
262144 |18 of addition is substituted for multiplication, the product
524288 |19 being found in the left-hand column opposite 18, the
1048576 (20 sum of 12 and 6.

=3

an

.*. 4096 x 64 = 212 26 = 21246 — 915 _ 262144 (from
table).

Fzx. 2. Divide 1048576 by 2048.
1048576 + 2048 = 2% - 211 — 220-1 — 29 —_ 512 (subtraction takes the
place of division).
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Fz. 3. Find V/32768.

VB2T68 = VAR = 9% =93 _3g (division takes the place of evolu-
tion).

In the preceding table the numbers in the right-hand
column are called the logarithms of the corresponding
numbers in the left-hand column. 2 is called the base of
this system. Therefore, the logarithm of a number is the
exponent by which the base is affected to produce the number.

333. Any other base than 2 might have been used and
columns similar to the above formed. In practice 10 is
always taken as the base and the logarithms are called
common logarithms in distinction from the natural loga-
rithm, of which the base is 2.71828. Common logarithms
are indices, positive or negative, of the power of 10.

From the definition of common logarithms, it follows that since
10°=1, log1=0. 1071 = 0.1, log 0.1 =—1.
100=10, logl0=1. 102 =0.01, log 0.01 =—2,

107 =100, log 100 =2. 10-2 = 0.001, log 0.001 =—3.
102 = 1000, log 1000 = 8. 10~* = 0.0001, log 0.0001 = — 4.
etec. ete.

334. Since most numbers are not exact powers of 10.
logarithms will in general consist of an integral and deci-
mal part. Thus, since log 100 = 2 and log 1000 = 3, the
logarithms of numbers between 100 and 1000 will lie
between 2 and 8, or will be 24 a fraction. Also since
log 0.01 = — 2 and log 0.001 = — 3, the logarithms of all
numbers between 0.01 and 0.001 will lie between — 2 and
— 8 or will be —8 + a fraction. The integral part of the
logarithm is called the characteristic and the decimal part
the mantissa.
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335. The characteristic of the logarithm of a number is
independent of the digits composing the number, but
depends on the position of the decimal point. Charac-
teristics, therefore, are not given in the tables. Thus,
since 246 lies between 100 and 1000, log 246 will lie
between 2 and 3, or will be 24 a fraction. Again
since 0.0024 lies between 0.001 and 0.01, its logarithm
lies between —3 and — 2, or log 0.0024 =—3 + a
fraction.

336. From the above illustrations it readily appears
that the eharacteristic of the logarithm of -a number, partly
or wholly integral, is zero or positive and one less than the
number of figures in the integral part.

337. The characteristic of the logarithm of a pure decimal
8 negative and one more than the number of zeros preceding
the first significant fiqure.

EXERCISE 77

1. Determine the characteristic of the logarithm of 2;
526 ; 75.34; 0.0005; 300.002; 0.05743.

2. If log 787 = 2.8960, what are the logarithms of 7.87,
0.0787, 78700, 78.7?

338. The mantissa of the logarithm of a number is
independent of the position of the decimal point, but
depends on the digits composing the number. Mantissas
are always positive and are found in the tables, for mov-
ing the decimal point is equivalent to multiplying the
" number by some integral power of 10, and therefore adds
to or subtracts from the logarithm an integer.
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log 76.42 = log 76.42,
log 764.2 = log 76.42 x 10 = log 7642 + 1,
log 7642 = log 7642 x 102 = log 76.42 + 2,
log 7.642 = log 76.42 x 10-! = log 76.42 + (—=1.
So that the mantissas of all numbers composed of the digits 7642

in that order are the same, since moving the decimal point affects the
characteristic alone.

Log 0.0063 is never written — 3 + 7993, but 3.7993.
The minus sign is written above to indicate that the
characteristic alone is negative. To avoid negative
characteristics 10 is added and subtracted. Thus, 3.7993
= 7.7993 — 10.

339. The principles used in working with logarithms
are as follows :

I. The logarithm of a product equals the sum of the
logarithms of the factors.

I1. The logarithm of a quotient equals the logarithm of
the dividend minus the logarithm of the divisor.

II. The logarithm of a power equals the index of the
power times the logarithm of the number.

IV. The logarithm of a root equals the logarithm of the
number divided by the indez of the root.

For let 10==n and 10» = m,
then log n=xand logm = g.
Therefore, since mn = 10=+7,
logmn=1z+ y=log n + log m;

and n+m= 107,

then Iog%=x—~y=10gn——logm.
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n" = (10%)" = 10,
log nr=rz=r log n.

-— r x
Vn = V10 = 107,

log ¥n= i: = log n.

EXERCISE 78
Given log 2=10.3010, log 3=0.4771, log 5=0.6990, find:

1. log 6. 3. log 5% 5. log 0.18. 7. iog §.

2. log15. 4. logVv18. 6. logT.5. 8. log 32 x 5%

9. Find the number of digits in 30%; in 25%,

USE OF TABLES

340. In the tables here given the mantissas are found
correct to but four decimal places. By using these tables
results can generally be relied upon as correet to 3 ﬁgurn‘*s
and usually to 4. If a greater degree of accuracy is
required, five-place or even seven-place tables must be
used.

341. To find the logarithm of a given number.

Write the characteristic before looking in the tables for
the mantissa.

Find the mantissa in the tables.

(1) When the number consists of not more than three
figures.
| In the column N, at the left-hand side of the page,
find the first two figures of the number. In the row N,

USE OF TABLES

at the top or bottom of the page, as convenient, find the
third figure. The mantissa of the number will be found
at the intersection of the row containing the first two
figures and the column containing the third figure.

Fz. Find log 384.

The characteristic is 2 (Why?). Tn the colamn N find 38 and in
row N find 4. The mantissa 5843 will be found at the intersection of
the row 38 and column 4.

<. log 384 = 2.5843,

What is log 3.84 ? log 88.4? log 0.0384 ?
(2) When the number consists of more than three figures.

Find as above the mantissa of the logarithm of the
number consisting of the first three figures. To correct
for the remaining figures interpolate by assuming that, for
differences small as compared with the numbers, the differ-
ences between numbers are proportional to the differences
between their logarithms. 'This statement is only approxi-
mately true, but its use leads to results accurate enough
for ordinary computations.

Ez. Find log 3847.

Mantissa of log 3850 = 5855.
Mantissa of log 3840 = 5843.

10 0.0012.
Mantissa of log 3847 = 5843 + % of 0.0012 = 5851.

The difference between 8840 and 3850 is 10, the difference between
the mantissas of their logarithms (5855 — 5843) is 0.0012. Assuming
that each increase of 1 unit between 3840 and 3850 produces an in-
erease of 1 tenth of the difference in the mantissas, the addition for
3847 will be 7 tenths of 0.0012 or 0.00084. 5843 + 0.00084 = 5851.
Therefore, the mantissa of log 3847 = 5851.
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EXERCISE 79

1. Find log 1845.
2. Find log 6.897.
3. Find log 0.04253.

342. To find the number corresponding to a given
logarithm.

The number corresponding to a logarithm is called the
antilogarithm. = } :

The characteristic determines the positiop of the deci-
mal point. A

(1) If the mantissa is found in the tables, the number is
found at once.

Fz. 1. Find antilog 3.5877.

The mantissa is found at the intersection of column 7 and row 38.
- antilog 3.5877 = 3870.

(2) If the exact mantissa 18 not _f'mu'a tn the tables,
the first three figures of the corresponding number can
be found and to them can be annexed figures found by
interpolation.

Ez. 2. Find antilog 3.5882.

log required number = 3.58582

log 3880 = 3.5888 il
log 3870 3.5877

log 3870 = 3.5877 ;
10 0.0011 log req.no. — log 3870= 0.0005

3870 + (1—51 of 10) — 3874.54+

The two mantissas in the table nearest to the given'mantissa are
5888 ';nrl 5877 differing by 0.0011. Their corresponding numbers,
since the characteristic is 3, are 3580 and 3870, differing by 10. The
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difference between the smaller mantissa 5877 and the required man-
tissa 5882 is 0.0005. Since an increase of 11 ten thousandths in
mantissas corresponds to an increase of 10 in the numbers, an increase
of 5 ten thousandths in mantissas may be assumed to correspond to

an increase of # of 10 in the numbers. Therefore the number is
3870 + (¢ of 10) = 3874.54+,

EXERCISE 80
1. Find antilog 2.9445 ; antilog 2.4065.
2. Find antilog 1.6527 ; antilog 3.7779.
3. Find antilog 1.9994 ; antilog 9.7320.

343. The cologarithm of a number is the logarithm of
its reciprocal. The cologarithm of 100 equals the loga-
rithm of 115, de. —2. As the cologarithm of a number
2quals the logarithm with its sign changed, adding the
cologarithm will give the same result as subtracting the
logarithm. The former is sometimes more convenient.

Since log 1=0, .. log L= log1l—logn=0—1logn,
n
therefore colog n = — log n.

To avoid negative results it is often more convenient to add and
subtract 19.

Then colog n =10 — log n — 10.

Fz. 1. Find colog 47.3.
log 1 =10.0000 — 10
log 47.3 = 1.6749
colog 47.3 = 8.3251 — 10

In subtracting 1.6749 or any other logarithm from 10, the result
may be obtained mentally by subtracting the right hand figure from
10 and all the others from 9.
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452 x 23
s F‘in(.l the value of m

452 x 23 _ 15g 452 + log 23 — log 5371 — log 29

5371 x 29 ok ;
S = log 452 + log 23 + colog 5371 + colog 29

log

ll)g_[ 452 = 2.6551
log 23 = 1.3617
colog 5371 = 6.2699 — 10

colog 29 = 8.5376 — 10

log 0.066728+ = 8.8243 — 10

Therefore :iﬁi i j’l_-‘ = 0.066728+.
FEz. 3. Find log 501,
log 501 = $ log 50
log 50 = 1.6990
3 log 50 = § of 1.6990 = 1.2742
12742 — log 18.8

~. 50t =188.

EXERCISE 81

Find the value of :
0.0625 -+ 0.25.
S1 X 47 x 58
29 x 43 x 50

\/‘»;21 x 4325

729

Vr x 10.186.
ar2; l
iin

(0.625)%s,

EXERCISES FOR REVIEW

In connection with each exercise the student should
review all principles involved. The following list will
then furnish a complete review of the book.

1. What are the various names given to the symbol 0?

2. Read the numbers 200, 0.02; 100.045, 0.145.

3. Solve 4672 — 2134 4 7635 4 2377 _ 8432 by adding
the proper arithmetical complements and subtracting the
proper powers of 10.

4. Multiply 5280 by 25; by 163.
5. Multiply 1760 by 9; by 11; by 81; by 16.
- Multiply 4763 by 998.
- Multiply 4634 by 4168.
. Multiply 746 by 18.
9. Show that to multiply a number by 1.5 is the same
as to add 4 of the number to the multiplicand.

10. Show that to divide a number by 1121 is the same
as to move the decimal point two places to the left and
subtract § of the number.

1. Form a table of multiples of the multiplier and mul-
tiply (a) 7461, (5) 3465, (e) 761, (d) 98723, (¢) 1846, each
by 8762. Also find each product by using logarithms.

12. Form a table of multiples of the divisor and divide
(@) 7346, (&) 5280, (¢) 89786, (@) 4284, each by 361. Also
find each quotient by using logarithms.
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