GEOMETRY.

in all respects (P. V.). But this is impossible, becauss
a part can not be equal to the whole (A. 8): hence, the
hypothesis that AB and AC are unequal, is false. They
must, therefore, be equal; which was to be proved.

Jor. An equiangular triangle is equilateral.

PROPOSITION XIII. THEOREM.

In any triangle, the dreater side is opposite the dreafer
angle; and, conversely, the greater angle is opposite the

Sreater side.

In the triangle ABC, let the angle
ACB be greater than the angle ABC:
then the side AB is greater than the
side AC.
For, draw CD, making the angle BCD C
equal to the angle B (Post. 7): then, in
the triangle DCB, we have the angles DCB and DBC equal:
hence,” the opposite sides DB and DC are equal (P. XIL).
In the triangle ACD, we have (P. VIL),

AD. - DC > AC;

?

or, since DC = DB, and AD 4 DB = AB, we have,

AB > AC;
which was to be proved.

Conwversely: Let AB be greater than AC: then the angle
ACB is greater than the angle ABC.

For, if ACB were less than ABC, the side AB would
be less than the side AC, from what has just been proved;
if ACB were equal to ABC, the side AB would be equal
to AC, by Prop. XIL; but both conclusions contradict
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the hypothesis: hence, ACB can neither be less than,
nor equal to, ABC; it must, therefore, be greater; which
was to be proved.

PROPOSITION XIV. THEOREM.

From a Siven point only one perpendicular can be drawn

to a given straight line.

et A be a given point, and AB
a perpendicular to DE: then can no
other perpendicular to DE be drawn
from A.

For, suppose a second perpendicular
AC to be drawn. Prolong AB till BF is
equal to AB, and draw CF. Then, the
triangles ABC and FBC have AB equal to BF, by con-
struction, CB common, and the included angles ABC and

¢

FBC equal, because both are right angles: hence, the
angles ACB and FCB are equal (P. V.). But ACB is, by
a hypothesis, a right angle: hence, FCB must also be a
right angle, and consequently, the line ACF must be a
straight line (P. IV.)- But this is impossible (A. 11).
The hypothesis that two perpendiculars ean be drawn is,
therefore, absurd; consequently, only one such perpendic-
ular can be drawn; which was fo be proved.

If the given point is on the given line, the proposition
is equally true. For, if from A two perpendiculars AE
and AC could be drawn to DE, we
should have BAE and CAE each equal B c
to a right angle; and consequently, 3
equal to each other; which is absurd
(A. 8).

3




GEOMETRY.

PROPOSITION XV. THEOREM.

If from a point without a straight line a perpendicular is
let jfall on the line, and oblique lines are drawn to dif-
ferent points of it:

1°. The perpendicular is shorter than any obl ique line.

2°. dAny two oblique lines that meet the diven line at points
equally distant from the foot of the perpendicular, are
equal.

3° Of two oblique lines that meet the Siven line at points
unequally distant from the joot of the perpendicular, the one

which meets it at the sreater distanece is the longer.

Iet A be a given point, DE a
given straight line, AB a perpendicular
to DE, and AD, AC, AE oblique lines,
BC being equal to BE, and BD greater
than BC. Then AB is less than any
of the oblique lines, AC is equal to
AE, and AD greater than AC.
Prolong AB until BF is equal to AB, and draw
EC, ED.

1°. In the triangles ABC, FBC, we have the side
AB equal to BF, by construction, the side BC common,
and the included angles ABC and FBC equal, because both
are right angles: hence, FC is equal to AC (P. V.). But,
AF is shorter than ACF (A. 12): hence, AB, the half of
AF, is shorter than AC, the half of ACF; which was to
be proved.

2°. In the triangles ABC and ABE, we have the side
BC equal to BE, by hypothesis, the side AB common, and
the included angles ABC and ABE equal, because both are
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right angles: hence, AC is equal to AE; which was to be
proved.

3°. It may be shown, as in the first case, that AD is
equal to DF. Then, because the point C lies within the
triangle ADF, the sum of the lines AD and DF is
greater than the sum of the lines AC and CF (P. VIIL):
hence, AD, the half of ADF, is greater than AC, the half
of ACF; which was fo be proved.

Cor. 1. The perpendicular is the shortest distance from
a point to a line.

Cor. 2. From a given point to a given straight line,
only two equal straight lines can be drawn; for, if there
could be more, there would be at least two equal oblique
lines on the same side of the perpendicular; which is im-
possible.

PROPOSITION XVI THEOREM.

If a perpendicular is drawn to a diven straight line at its
middle point:
Any point of the perpendicular is equally distant from
the extremities of the line:
Any point, without the perpendicular, is wnequally dis-

tant from the extremities.

Let AB be a given straight line, C its
middle point, and EF the perpendicular.
Then any point of EF is equally distant
from A and B; and any point without EF,
is unequally distant from A and B.

1°. From any point of EF, as D, draw
the lines DA and DB. Then DA and DB
are equal (P. XV.): hence, D is equally
distant from A and B; which was fo be proved.
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From any point without EF, as | draw IA and
IB. One of these lines, as IA, will cut EF in some
point D; draw DB. Then, from what
has just been shown, DA and DB are
equal; but IB is less than the sum
of ID and DB (P. VIL): and because
the sum of ID and DB is equal to the
sum of ID and DA, or IA, we have
IB less than IA: hence, | is unequally
distant from A and B: which was fo be
proved.

Cor. If a straight line, EF, has two of its points, E
and F, each equally distant from A and B, it is perpen-
dicular to the line AB at its middle point.

PROPOSITION XVIL THEOREM.

If two right-angled triangles have the hypothenwse and a
side of the one equal to the hypothenuse and a side of
the other, each to (’(!(’f;_. the triangles are equal in all
respects.

Let the right-angled triangles ABC and DEF have the
hypothenuse AC equal to DF,

and the side AB equal to DE:

then the triangles are equal

A
|
in all respects. l
If the side BC is equal to B
EF, the triangles are equal,

G CE

in accordance with Proposition X. Let us suppose then,
that BC and EF are unequal, and that BC is the longer.
On BC lay off BG equal to EF, and draw AG. The ftri-
angles ABG and DEF have AB equal to DE, by hypothesis,
BG equal to EF, by construction, and the angles B and E
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equal, because both are richt angles; consequently, AG is
equal to DF (P. V.). But, AC is equal to DF, by hypoth-
esis: hence, AG and AC are equal, which is impossible
(P 2N

therefore, absurd: hence, the friangles have all their sides

The hypothesis that BC and EF are unequal, is,
equal, each to each, and are, consequently, equal in all
respects ; which was to be proved.

PROPOSITION XVIII. THEOREM.

If two straight lines are perperdicular to a third straight

line, they are parallel.

I.et the two lines AC, BD, be perpendicular to AB: then
they are parallel

For, if they could meet in a point
0, there would be two perpendiculars
OA, OB, drawn from the same point
which is

to the same straight line;
impossible (P. XIV.): hence, the lines are parallel; which

was to be proved.

DEFINITIONS.

If a straicht line EF intersect two other straight lines
AB and CD, it is called a secant,

with respect to them. The eight
angles formed about the points of G

intersection have

different names,

with respect to each other.

/H
1°. INTERIOR ANGLES ON THE SAME ¢
sipE, are those that lie on the same
side of the secant and within the other two lines. Thus,

BGH and GHD are interior angles on the same side.
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2°. EXTERIOR ANGLES ON THE SAME SIDE are those that
lie on the same side of the secant and without the other
two lines. Thus, EGB and DHF
are exterior angles on the same
side.

A

that lie on opposite sides of the /
secant and within the other two /H
Thus, AGH 3
and GHD are alternate angles.

90
(3}

ALTERNATE ANGLES are those

lines, but not adjacent.

4°. ALTERNATE EXTERIOR ANGLES are those that lie on
opposite sides of the secant and without the other two
lines. Thus,” AGE and FHD are alternate exterior angles.

5°. OPPOSITE EXTERIOR AND INTERIOR ANGLES are those

that lie on the same side of the secant, the one within
and the other without the other two lines, but not adja-
cent. Thus, EGB and GHD are opposite exterior and
interior angles.

PROPOSITION XIX. THEOREM.

If two straight lines meet a third straight line, making
the sum of the interior andles on the same side equal
to two 1isht andles, the two lines are parallel.

5

I.et the lines KC and HD meet the line BA, making
the sum of the angles BAC and ABD equal to two right
angles; then KC and HD are parallel.

Through G, the middle point
of AB, draw GF perpendicular
to KC, and prolong it to E.

The sum of the angles GBE
and GBD is equal to two right

R
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angles (P. L); the sum of the angles FAG and GBD is
equal to two right angles, by hypothesis: hence (A. 1),

GBE + GBD = FAG + GBD.

Taking away the common part GBD, we have the
angle GBE equal to the angle FAG.
BGE and AGF are equal, because they are vertical an-
gles (P. IL): hence, the triangles GEB and GFA have
two of their angles and the included side equal, each to
each ; they are, therefore, equal in all respects (P. VL):
hence, the angle GEB is equal to the angle GFA. But,
GFA is a right angle, by construction; GEB must, there-
fore, be a right angle: hence, the lines KC and HD are
perpendicular to EF, and are, therefore, parallel (P. XVIIL);

which was to be proved.

Apgain, the angles

Cor. 1. If two straight lines are cut by a third straight
line, making the alternate’ angles equal to each other, the
two straight lines are parallel

Let the angle HGA be equal to
GHD. Adding to both the angle HGB,

we have,

HGA + HGB = GHD + HGB.

But the first sum is equal to two
right angles (P. L): hence, the sec-
ond sum is also equal to two right angles; therefore, from

what has just been shown, AB and CD are parallel.

Cor. 2. If two straight lines are cut by a third, making
the opposite exterior and interior angles equal, the two
straight lines are parallel. Let the angles EGB and GHD
be equal: Now EGB and AGH are equal, because they are
vertical angles (P. IL); and consequently, AGH and GHD
are equal: hence, from Cor. 1, AB and CD are paralleL
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PROPOSITION XX. THEOREM.

If a straisht line intersects two parallel straight lines, the
sumy of the interior andles on the same side is equal to

two right angles.

Let the parallels AB, CD, be cut by the secant line
FE: then the sum of HGB and GHD is equal to two right
angles. E

For, if the sum of HGB
and GHD is mot egual to two
right angles, let IGL be drawn,
making the sum of HGL and
GHD equal to two right angles;
then IL and CD are parallel
(P. XIX)); and consequently, we have two lines, GB,
GL, drawn through the same point G and parallel to
CD, which is impossible (A. 13): hence, the sum of HGB
and GHD is equal to two right angles; which was to be
proved.

In like manner, it may be proved that the sum of HGA

and GHGC is equal to two right angles.

Cor. 1. If HGB is a right angle, GHD is a right angle
also: hence, if a line is perpendicular to one of two par-

allels, it is perpendicular to the other also.

Cor. 2. If a straight line intersects two parallels, the alter-

nate angles are equal.

For, if AB and CD are parallel,
the sum of BGH and GHD is equal
to two right angles; the sum of
BGH and HGA is also equal to two
hence, these

richt angles (P. L):

sums are equal. Taking away the

4

IR

T
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common part BGH, there remains the angle GHD equal to
HGA. In like manner, it may be shown that BGH and

GHC are equal.

If a straight line intersects two parallels, the
The angles

Cor. 3.
opposite exterior and interior ansles are equal.
DHG and HGA are equal, from what has just been shown.
The angles HGA and BGE are equal, because they are ver-
tical : hence. DHG and BGE are equal. In like manner, it
may be shown that CHG and AGE are equal.

Scholium. Of the eight angles formed by a line cutting
two parallel lines obliquely, the four acute angles are equal,

and so, also, are the fourr obtuse angles.

PROPOSITION XXI. THEOREM.

If two straight lines intersect a third straight line, malking
the sum of the interior angles on the same side less
than two risht angles, the ftwo lines will meet if suffi-

ciently produced.

Let the two lines CD, IL, meet the line EF, making
the sum of the interior angles HGL, GHD, less than two
ht angles: then will IL and CD meet if sufficiently
produced.

For, if they do not meet, they
must be parallel (D. 16). But, if
they were parallel, the sum of the
interior angles HGL, GHD, would
be equal to two right angles
(P. XX.), which contradicts the

rig

| /
\{3
/\L
% ;
hypothesis: hence, IL, CD, will meet if sufficiently pro-

duced ; which was to be proved,
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Cor. It is evident that IL and CD will meet on that
side of EF, on which the sum of the two angles is less
than two right angles.

TR TR T

PROPOSITION XXIIL. THEOREM.

If two straight lines are parallel to a third line, they are

parallel to each other.

fet AB and CD be respectively

parallel to EF: then are they par-
allel to each other.

For, draw PR perpendicular to
EF; then is it perpendicular to AB,
and also. to. €D (B. XX, C 1)
hence, AB and CD are perpendic-

ular to the same straight line, and consequently, they are
parallel to each other (P. XVIIL); whick was to be proved.

PROPOSITION XXIII. THEOREM.

Two parallels are every-where equually distant.

Let AB and CD be parallel: then are they every-where
equally distant.

From any two points of AB, as
F and E, draw FH and EG per-
pendicular to CD; they are also
perpendicular to AB (P. XX, C. 1)
and measure the distance between
AB and CD, at the points F and E. Draw also FG. The
lines FH and EG are parallel (P. XVIIL): hence, the
alternate angles HFG and FGE are equal (P. XX, C. 2).
The lines AB and CD are parallel, by hypothesis: hence,
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the alternate angles EFG and FGH are equal. The ftri-

angles FGE and FGH have, therefore, the angle HGF equal
to GFE, GFH equal to FGE, and the side FG common;
they are, therefore, equal in all respects (P. VL): hence,
FH"U:‘. equal to EG; and consequently, AB and CD are
every-where equally distant; which was to be proved.

PROPOSITION XXIV. THEOREM.

" If two angles have their sides parallel, and lying either in

the same or in opposite directions, they are equal.

1252 Let the angles ABC and DEF have their sides
parallel, and lying in the same direction: then are they
equal.

Prolong FE to L
DE and AL are parallel, the exterior
angle DEF is equal to its opposite in-
terior angle ALE (P. XX, C. 3); and,
because BC and LF are parallel, the
exterior angle ALE is equal to its op-
posite interior angle ABC: hence, DEF is equal

which was to be proved.

Then, because

9° Tt the angles ABC and GHK
have their sides parallel, and lying in op-
posite directions: then are they equal.

Prolong GH to M.
KH and BM are parallel, the exterior
angle GHK is equal to its opposite interior angle HMB;
and because HM and BC are parallel, the angle HMB is
equal to its alternate angle MBC (P. XX., C. 2): hernce,
GHK is equal to ABC; which was to be proved.

Then, because

Cor. The opposite angles of a parallelogram are equal.
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PROPOSITION XXV. THEOREM.

In any triangle, the sum of the three angles is equal to two

right andles.

Let CBA be any triangle: then the sum of the
C, A and B, is equal to two right
angles.

For, prolong CA to D, and draw
AE parallel to BC.

Then, since AE and CB are paral- ;
lel, and CD cuts them, the exterior C/
angle DAE is equal to its opposite
interior angle C (P. XX, C. 3). In like manner, since AE
and CB are parallel, and AB cuts them, the alternate
angles ABC and BAE are equal: hence, the sum of the
three angles of the triangle BAC is equal to the sum of
the angles CAB, BAE, EAD; but this sum is equal to two
rigcht angles (P. I, C. 2); consequently, the sum of the
three angles of the triangle, is equal to two right angles
(A. 1); which was to be proved.

Cor. 1. Two angles of a triangle being given, the third
may be found by subtracting their sum from two right
angles.

Cor. 2. If two angles of one triangle are respectively
equal to two angles of another, the two triangles are
mutually equiangular.

Cor. 3. In any triangle, there can be but one right
angle: for if there were two, the third angle would be
zero. Nor can a triangle have more than one obtuse angle.

Cor. 4. In any right-angled triangle, the sum of the
acute angles is equal to a right angle.
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Cor. 5. Since every equilateral triangle is also equi-
angular (P. XL, C. 1), each of its angles is equal 1o the
third part of two richt angles; so that, if-ﬂle l‘ight_anglu
is expressed by 1, each angle of an equilateral triangle

is expressed by %

Cor. 6. In any triangle ABC, the exterior angle BAD is
of the interior opposite angles B and C.

equal to the sum :
For. AE being parallel to BC, the part BAE is equal to the
angle B, and the other part DAE, is equal to the angle C.

PROPOSITION XXVI. THEOREM.

The swm of the interior angles of @ polydon. is equal to
tivo Tioht angles taken as many times, less two, as the

polydon has sides.

Let ABCDE be any polygon; then the sum of its in-
terior angles A, B, C, D, and E, is equal to two right
angles taken as many times, less two, as the polygon has
sides.

From the vertex of any angle A, draw
diagonals AC, AD.- The polygon will be
divided into as many triangles, less two,

as it has sides, having the point A for a

D

common vertex, and for bases, the sides ; &
of the polygon, except the two which

form the angle A. Tt is evident, also, that the sum of
the angles of these friangles does not differ from the sum
of tiw. angles of the polygon: hence, the sum of the
angles of the polygon is equal to two right angles, taken
as many times as there are triangles; that is, as many
times. less two, as the polvgon has sides; which was to

be proved.
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Cor. 1. The sum of the interior angles of a quadrilat-
eral is equal to two right angles taken twice: that is, to
four right angles. If the angles of a quadrilateral are
equal, each is a right angle.

Cor. 2. The sum of the interior angles of a pentagon
is equal to two right angles taken three times; that is,
to six right angles: hence, when a pentagon is equi-
angular, each angle is equal to the fifth part of six right
angles, or to £ of one right angle.

Cor. 3. The sum of the interior angles of a hexagon
i1s equal to eight right angles: henee, in the equiangular
hexagon, each angle is the sixth part of eight right angles,
or 4 of one right angle.

Cor. 4. In any equiangular polygon, any interior angle
is equal to twice as many right angles as the figure has
sides, less four right angles, divided by the number of
angles.

PROPOSITION XXVIIL. THEOREM.

The sum of the exterior ansles of @ polydson is equal ia

fowr risht ansles.

Iet the sides of the polygon ABCDE
be prolonged, in the same order, forming
the exterior angles a, b, ¢, d, e; then
the sum of these exterior angles is equal
to four right angles.

For, each interior angle, together with
the corresponding exterior angle, is equal
to two right angles (P. 1); henece, the sum of all the inte-
rior and exterior angles is equal to two right angles taken

BOOK I. 47
as many times as the polygon has sides. But the sum of
the inlél‘iul‘ angles is equal to two right angles taken as
many times, less two, as the polygon has sides: hence, the
s.umm of the exterior angles is equal to two right angles
taken twice: that is, equal to four right angles; which

was to be proved.

PROPOSITION XXVIII. THEOREM.

In any parallelogram, the opposite sides are equal, each to

each.

T.et ABCD be a parallelogram: then
AB is equal to DC, and AD to BC.

For, draw the diagonal BD. Then,
because AB and DC are parallel, the
angle DBA is equal to its alternate
angle BDC (P. XX, C. 2); and, because AD and BC are
parallel, the angle BDA is equal to its alternate angle
DBC. The triangles ABD and CDB, have, therefore, the
angle DBA equal to CDB, the angle BDA equal to DBC, and
the included side DB common; consequently, they are
equal in all respects: hence, AB is equal to DC, and AD to
BC: which was fo be proved.

Cor. 1. A diagonal of a parallelogram divides it into

two triangles equal in all respects.

Cor. 2. Two parallels included between two other par-

allels, are equal.

Cor. 3. If two parallelograms have two sides and the
included angle of thesone, equal to two sides and the
included angle of the other, each to each, they are equal
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PROPOSITION XXIX. THEOREM.

If the opposite sides of @ quadrilateral are equal, each lo

each. the fisure is o parallelogrant.

In the quadrilateral ABCD, let AB be
equal to DC, and AD to BC: then is it
a, parallelogram.

Draw the diagonal DB. Then, the
triangles ADB and CBD, have the sides
of the one equal to the sides of the other, each to each;

B

and therefore, the triangles are equal in all respects:
hence, the angle ABD is equal to the angle CDB (P. X, 5.);
and consequently, AB is parallel to DC (B3 s GRal):
The angle DBC is also equal to the angle BDA, and con-
sequently, BC is parallel to AD: hence, the opposite sides
are parallel, two and two; that is, the figure is a parallelo-
gram (D. 28); which was to be proved.

PROPOSITION XXX. THEOREM.

If fwo sides of @ quadrilateral are equal and parallel, the

fisure is a parallelogram.

In the quadrilateral ABCD, let AB be
equal and parallel to DC: then the fig-
ure is a parallelogram.

Draw the diagonal DB. Then, be-
cause AB and DC are parallel, the angle
ABD is equal to its alternate angle CDB. Now, the tri-
angles ABD and CDB have the side DC equal to AB, by
hypothesis, the side DB common, and the included angle
ABD equal to BDC, from what has just been shown;
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hence, the triangles are equal in all respects (P. V.);
and consequently, the alternate angles ADB and DBC are
equal. The sides BC and AD are, therefore, parallel, and
the figure is a parallelogram ; which was to be proved.

Cor. If two points are taken at equal distances from a
A
given straight line, and on the same side of it, the straight

line joining them is parallel to the given line.

PROPOSITION XXXI. THEOREM.

The diagonals of a parallelogram divide each other into

equal parts, or mutwally bisect each other.

Let ABCD be a parallelogram, and AC,
BD, its diagonals: then AE is equal to EG,
and BE to ED.

For, the triangles BEC and AED, have
the angles EBC and ADE equal (P. XX,
C. 2), the angles ECB and DAE equal, and the included
sides BC and AD equal: hence, the triangles are equal in
all respects (P. VL); consequenily, AE is equal to EC, and
BE to ED; which was to be proved.

Scholium. In a rthombus, the sides AB, BC, being
equal, the triangles AEB, EBC, have the sides of the one
equal to the corresponding sides of the other; they are,
therefore, equal in all respects: hence, the angles AEB,
BEC, are equal, and therefore, the two diagonals bisect each
other at right angles.
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EXERCISES.

1. Show that the lines which bisect (halve) two verti-
cal angles, form one and the same straight line.

2. Given two lines, BE
and AD; join- B with D <
and A with E, and show
that BD + AE is greater than

3. One of the two interior angles on the same side,

formed by a straight line meeting two parallels, is one-half
of a right angle; what is the other angle equal to?

4. The sum of two angles of a triangle is 4 of a
right angle; what is the other angle equal to?

5. One of the acute angles of a right-angled triangle
is 3 of a right angle; what is the other?

6. Show that the line

which bisects the exterior /E
vertical angle of an isos- A

celes triangle is parallel to
the baser of the triangle.
(BF XXV.; € 65 Po XEX,
Cl)

7. The sum of the in-
terior angles of a polygon is 12 right angles; what is

the polygon?
8. What is the sum of the interior angles of a hepta-
zon equal to?

9. The sum of five angles of a given equiangular poly-
= g

gon is 8 right angles; what is the polygon ?

10. What part of a right angle is an angle of an equi-
angular decagon ?

11. How many sides has a polygon in which the sum of
the interior angles is equal to the sum of the exterior angles?
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12. (Construct a square, having given one of its diag-
onals.

Nore 1—The complement of an
angle is the difference between that

E

angle and a right angle; thus, EOB
is the complement of AOE.
Nore 2.—The supplement of an

% = : (@]
angle is the difference between that

angle and two right angles; thus, FOC is the supplement
of AOE.

13. An angle is § of a right angle; what is its com-
plement? and what its supplement?

14. Show that any two adjacent angles of a parallélo-
gram are supplements of each other.

15. Show that if two parallelograms have one angle in
each equal, their remaining angles are equal each to each.

16. Show that if two sides of a quadrilateral are par-
allel and two opposite angles equal, the figure is a paral-
lelogram.

17. Show that if the opposite angles of a quadrilateral
are equal, each to each, the figure is a parallelogram.

18. Show that the Ilines

which bisect the angles of any
quadrilateral form, by their in-
tersection, another quadrilateral,
the opposite angles of which
are supplements of each other.
[Twice the angle B is equal
to the sum of the angles CDE
and DEF.]




