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11. Show that the inclination of a line to a plane—
that is, the angle which the line makes with its own
projection on the plane—is the least angle made by the
line with any line of the plane.

12. Show that if three lines are perpendicular to a
fourth at the same point, the first three are in the same
plane.

13. Show that when a plane is perpendicular to a
given line at its middle point, every point of the plane is
equally distant from the extremities of the line, and that
every point out of the plane is unequally distant from
the extremities of the line.

14. Show that through a line parallel to a given
plane, but one plane can be passed perpendicular to the
given plane.

15. Show that if two planes which intersect contain
two lines parallel to each other,, the intersection of the
planes is parallel to the lines.

16. Show that when a line is parallel to one plane
and perpendicular to another, the two planes are perpen-
- dicular to each other.

17. Draw a perpendicular to two lines not in the same
plane.

18. Show that the three planes which bisect the
diedral angles formed by the consecutive faces of a tri-
edral angle, meet in the same line.
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POLY EDERONS.

DEFINITIONS.

1. A PoLyEproN is a volume bounded by polygons.

The bounding polygons are called faces of the poly-
edron: the lines in which the faces meef, are called
edges of the polyedron; the points in which the edges
meet, are called vertfices of the polyedron.

9. A Prism is a polyedron in which two

of the faces are polygons equal in all re-

spects, and having their homologous sides
parallel. The other faces are parallelograms
(B. I, P. XXX.).

The equal polygons are called bases of
the prism; one the wupper, and the other
the lower base; the parallelograms taken together make
up the lateral or comvex surface of the prism; the lines
in which the lateral faces meet, are called lateral edges,
and the lines in which the lateral faces meet either base
are called basal edges of the prism.

3. The AurmmupeE of a prism is the perpendicular dis-
tance between the planes of its bases.

4. A Riear PrismM is one whose lateral ‘
edges are perpendicular to the planes of the
bases.

In this cu:‘.-;;, any lateral edge is equal to
the altitude.
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5. An OBrLiQuE PrisM is one whose lateral edges are
oblique to the planes of the bases
In this case, any lateral edge is greater than the altitude.

6. Prisms are named from the number of sides of
their bases; a {riangular prism is one whose bases are
triangles; a pentagonal prism is one whose bases are pen-
tagons, &c.

7. A PARATIETOPIPEDON is a prism whose bases are
parallelograms.
A  Right Parallelopipedon is one whose
lateral edges are perpendicular to the planes
of the bases.
A Reclangular Parallelopipedon is one
whose faces are all rectangles.
A Cube is a rectangular parallelopipedon
whose faces are squares.

8. A PyrAaMiD is a polyedron bounded
by a polygon called the base, and by tri-
angles meefting at a common point, called
the werfex of the pyramid.

The triangles taken together make up the
lateral or convex surface of the pyramid;
the lines in which the lateral faces meet,
are called the laferal edges, and the lines
in which the lateral faces meet the base

are called basal edges of the pyramid.

9. Pyramids are named from the number of sides of
their bases; a triangular pyramid is one whose base 1S a
triangle ; a quadrangular pyramid is one whose base is a
quadrilateral, and so on.

10. The Aurmrupe of a pyramid is the perpendicular
distance from the vertex to the plane of its base.
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11. A Riear PyraMip is one whose base is a regular
polygon, and in which the perpendicular, drawn from the
vertex to the plane of the base, passes through the cen-
tre of the base.

This perpendicular is called the axis of the pyramid.

12. The Svaxt HeieaT of a right pyramid, is the per-
pendicular distance from the vertex to any side of the
base.

13. A Truncatep Pyramip is that
portion of a pyramid included between ‘
the base and any plane which cuts the
pyramid.

When the cutting plane is parallel to
the base, the truncated pyramid is called
a FRUSTUM OF A PYRAMID, and the inter-
section of the cutting plane with the pyramid, is called
the upper base of the frustum; the base of the pyramid
is called the lower base of the frustum.

14. The AvmmrupE of a frustum of a pyramid, is the
perpendicular distance between the planes of its bases.

15. The Srant Hricar of a frustum of a right pyra-
mid, is that portion of the slant height of the pyramid
which lies between the planes of its upper and lower bases.

16. SnirAr Poryeprons are those which are bounded
by the same number of similar polygons, similarly placed.

Parts which are similarly placed, whether faces, edges,
or angles, are called homologous.

17. A DiacoNaL of a polyedron, is a straight line joins
ing the vertices of two polyedral angles not in the same
face.
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18. The VoLuMmE oF A POLYEDRON is its numerical value
expressed in terms of some other polyedron taken as a
unit.

The unit generally employed is a cube constructed on
the linear unit as an edge.

PROPOSITION 1. THEOREM.

The convex surface of a right prism is equal to the periim-
eter of either base multiplied by the altitude.

T.et ABCDE-K be a right prism: then is its convex sur-
face equal to,

(AB + BC 4+ CD + DE 4 EA) X AF.

For, the convex surface is equal to
the sum of all the rectangles AG, BH,
Cl, DK, EF, which compose it. Now,
the altitude of each of the rectangles
AF, BG, CH, &ec., is equal to the altitude

of the prism, and the area of each rec-

tangle is equal to its base multiplied by
its altitude (B. IV., P. V.): hence, the
sum of these rectangles, or the convex
surface of the prism; is equal to,

(AB + BC + CD + DE + EA) x AF;

that is, to the perimeter of the base multiplied by the
altitude ; which was to be proved.

Cor. If two right prisms have the same altitude, their
convex surfaces are to each other as the perimeters of

their bases.
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PROPOSITION IL. THEOREM.

In any prism, the sections made by parallel planes are

polygdons equal in all respects.

Let the prism AH be intersected by the parallel planes
NP, SV: then are the sections NOPQR, STVXY, equal poly-
Zgons.

For, the sides NO, ST, are parallel,
being the intersections of parallel planes
with a third plane ABGF; these sides,

NO, ST, are included between the par-
allels NS, OT: hence, NO is equal fo
STEEB L P SV (. -2). ~-Hor"like
reasons, the sides OP, PQ, QR, &c., of
NOPQR, are equal to the sides TV, VX,
&e., of STVXY, each to each; and since
the equal sides are parallel, each to
each, it follows that the angles NOP,
OPQ, &c., of the first section, are equal to the angles
STV, TVX, &c., of the second section, each to each (B. Vi,
P. XIIL): hence, the two sections NOPQR, STVXY, are equal
in all respects; which was to be proved.

Cor. The bases of a prism and any section of a prisin
parallel to the bases, are equal in all respects.

PROPOSITION III. THEOREM.

If a pyramid is cut by a plane parallel to the base:
The eddes and the altitude are divided proportionally:

)
9o

The section is a polygson similar to the base.

Let the pyramid S-ABCDE, whose altitude is SO, be cut
by the plane abede, parallel to the base ABCDE.
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1°. The edges and altitude are divided proportionally.
For, let a plane be passed through the vertex S, parallel
to the base AC; then the edges and the
altitude are cut by three parallel planes,
and are consequently divided proportion-
ally (B. VL, P. XV, C. 2); which was to
be proved.

9° The section abede is similar to
the base ABCDE.

For, each side of the section is paral-
lel to the corresponding side of the base
(B. VI, P. X); hence, the corresponding
angles of the section and of the base are equal (B. VL,
P. XTIL); the two polygons are therefore mutually equi-

angular. Again, because ab is parallel to AB, and bc to
BC, the triangle Sha is similar to SBA, and Sbe to SBC;
hence,

ah iz "AB :: Sb : 5B, and be: ¢ BGh - She =SB
whence (B. IL, P. IV.), ab : AB :: bec : BC.

In like manner, it may be shown that the remaining
sides of abede are proportional to the corresponding sides
of ABCDE: hence (B. IV, D. 1), the polygons are similar;
which was to be proved.

Cor. 1. If two pyramids
S-ABCD and S-XYZ, having
a common vertex S and
their bases in the same
plane, are cut by a plane
aoz parallel to the plane
of their bases, the sections
are to each other as the
bases.
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For the polygons abed and ABCD, being similar, are fo
each other as the squares of any homologous sides (B. IV,
P. XXVIL); but

als. = AR iz Sar toGAl o: 'SpT oo SO

hence (B.IL, P.IV.), we have, abed : ABCD :: So : SO

In like manner, we have, xyz : XYZ :: So' : SO

hence, abcd = ABEGD :: zyz v XYL

Cor. 2. If the bases are equal, any sections at equal
distances from the vertex, or from the bases, are equal.

Cor. 3. The area of any section parallel to the base is
proportional to the square of its distance from the vertex.

Cor. 4. If the two pyramids are cut by a plane KTR, so
that ST is a mean proportional between So and SO, that
is, so that ST is a mean proportional between So’ and SO,
the section KLMN is a mean proportional between abed
and ABCD, and also PQR is a mean proportional between
xyz and XYZ

PROPOSITION IV. THEOREM.

The convex surface of a right pyramid is equal to the
perimeter of its base multiplied by half the slant Teisht.

S
L.et S be the vertex, ABCDE the base,

and SF, perpendicular to EA, the slant
height of a right pyramid: then is the
convex surface equal to,

(AB + BC + CD + DE + EA) x 4SF.

Draw SO perpendicular to the plane of
the base.
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From the definition of a right pyramid, the point O is
the centre of the base (D. 11): hence, the lateral edges,
SA, SB, &c., are all equal (B. VL, P. V.); but the sides of
the base are all equal, being sides of a regular polygon:
hence, the lateral faces are all equal, and consequently
their altitudes are all equal, each being equal to the slant
height of the pyramid.

Now, the area of any lateral face, as SEA, is equal to
its base EA, multiplied by half its altitude SF: hence, the
sum of the areas of the lateral faces, or the convex sur-

face of the pyramid, is equal to,

(AB + BC 4 CD + DE + EA) x ‘3SF;

which was lo be proved.

Scholium. The convex surface of a frustum of a rTight
pyramid, is equal to half the sum of the pertmeters of its
upper and lower bases, multiplied by the slant height.

Let ABCDE—e be a frustum of a right
pyramid, whose vertex is S: then the
section abede is similar to the base
ABCDE, and their homologous sides are
parallel (P. ITL). Any lateral face of the
frustum, as AEea, is a trapezoid, whose
altitude is equal to Ff, the slant height
of the frustum; hence, its area is equal
to 3(EA + ea)xFf (B. IV,, P. VIL). But
the area of the convex surface of the frustum is equal to
the sum of the areas of its lateral faces; it is, therefore,
equal to the half sum of the perimeters of its upper and
lower bases, multiplied by the slant height.
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PROPOSITION V. THEOREM.

If the three faces which include a triedral ansle of a prism
are equal in all respects to the three faces which include

a triedral angle of a second prism, each to each, and are

like placed, the two prisms are equal in all respects.

ILet B and b be the vertices of two triedral angles,
included by faces respectively equal to each other, and
similarly placed: then the prism ABCDE-K is equal to the
prism abede-k in all respects.

For, place the base
abede upon the equal
base ABCDE, so - that
they shall coincide ; then
because the triedral an-
gles whose vertices are
b and B, are equal, the
parallelogram bh will co-
incide with BH, and the
parallelogram bf with
BF : hence, the two sides
fg and gh, of one upper base, will coincide with the
homologous sides FG and GH, of the other upper base;
and because the upper bases are equal in all respects, and
have been shown to coincide in part, they must coincide
throughout; consequently, each of the lateral faces of one
prism will coincide with the_ corresponding lateral face of
the other prism; the prisms, therefore, coincide throughout,
and are therefore equal in all respects ; which was fo be proved.

Cor. If two right prisms have their bases equal in all
respects, and have also equal altitudes, the prisms themselves
are equal in all respects. For, the faces which include any
triedral angle of the one, are equal in all respects to the
faces which include the corresponding triedral angle of
the other, each to each, and they are similarly placed.
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PROPOSITION VL THEOREM.

In any parallelopipedon, the opposite faces are equal in all
respects, each to each, and their planes are parallel.

Let ABCD-H be a parallelopipedon: then its opposite
faces are equal and their planes are parallel.

For, the bases, ABCD and EFGH are
equal, and their planes parallel by
definition (D. 7). The opposite faces
AEHD and BFGC, have the sides AE and
BE parallel, because they are opposite
sides of the parallelogram BE; and the
sides EH and FG parallel, because they
are opposite sides of the parallelogram EG; and conse-
quently, the angles AEH and BFG are equal (B. VL, P.
XIIL). But the side AE is equal to BF, and the side EH
to FG: hence, the faces AEHD and BFGC are equal; and
because AE is parallel to BF, and EH to FG, the planes of
the faces are parallel (B. VI, P. XIIL). In like manner,
it may be shown that the parallelograms ABFE and DCGH,
are equal and their planes parallel: hence, the opposite
faces are equal, each to each, and their planes are parallel ;
which was to be proved.

Cor. 1. Any two opposite faces of a parallelopipedon

may be taken as bases.

Cor. 2. In a rectangular parallelo-
pipedon, the square of any of the
diagonals is equal to the sum of the
squares of the three edges which meet 5
at the same vertex.
For, let FD be one of the diagonals, and draw FH.

BOOK VII.
Then, in the right-angled triangle FHD, we have,

FD' = DH® + FA"

But DH is equal to FB, and FH® is
equal to FA® plus AH® or FC': hence,

FD° = FB® + FA® + FC’

Cor. 3. A parallelopipedon may be constructed on three
straight lines AB, AD, and AE, infersecting in a common
point A, and not lying in the same plane. For, pass
through the extremity of each line, a plane parallel to the
plane of the two others; then will these planes, together
with the planes of the given lines, be the faces of a par-
allelopipedon.

PROPOSITION VIL. THEOREM.

If a plane is passed through the diagonally opposite edges
= < Al b,
o = . B - - - -
of "a parallelopipedon, it divides the parallelopipedon inito
two equal triangular prisms.

Let ABCD-H be a parallelopipedon, and let a plane be
passed through the edges BF and DH; then are the prisms
ABD-H and BCD-H equal in volume.

For, through the vertices F and B
let planes be passed perpendicular to
FB, the former cutting the other lateral
edges in the points e, &, ¢, and the
latter cutting those edges produced, in
the points @, d, and ¢. The sections
Fehg and Badc are parallelograms, be-
cause their opposite sides are parallel,
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each to each (B. VL, P. X.); they are also equal (P. IL):
hence, the polyedron Badc—g is a right prism (D. 2, 4), as
are also the polyedrons Bad-h and Bed-h.

Place the triangle Feh upon Bad, so that F shall co-
incide with B, e with @, and h with d; then, because eE,
hH, are perpendicular to the plane Feh, and aA, dD, to the
plane Bad, the line eE takes the direction @A, and the line
hH the direction dD. The lines AE and ae are equal,
because each is equal to BF (B. I, P. XXVIL). If we
_take away from the line aE the #part ae, there remains
the part ¢E; and if from the same line, we take away
the part. AE, there remains the part Aa: hence, eE and al
are equal (A. 3); for a like reason hH is equal to dD:
hence, the point E coincides with A, and the point H with
D, and consequently, the polyedrons Feh-H and Bad-D co-
incide throughout, and are therefore equal.

If from the polyedron Bad-H, we take away the part
Bad-D, there remains the prism BAD-H ; and if from the
same polyedron we take away the part Feh-H, there re-
mains the prism Bad-h: hence, these prisms are equal in
volume. In like manner, it may be shown that the
prisms BCD-H and Bed=h are equal in volume.

The prisms Bad-h, and Bed-h, have equal bases, because
these bases are halves of equal parallelograms (B. L,
P. XXVIIL, C. 1); they have also equal altitudes; they are
therefore equal (P. V., C.): hence, the prisms BAD-H and
BCD-H are equal (A. 1); which was to be proved.

Cor. Any triangular prism ABD-H, is equal to half of
the parallelopipedon AG, which has the same triedral angle
A, and the same edges AB, AD, and AE.
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PROPOSITION VIII. THEOREM.

If two parallelopipedons have a common lower base, and
their wpper bases between the same parallels, they are
equal in volume.

Let the parallelopipedons AG and AL have the common
lower base ABCD, and their upper bases EFGH and IKLM,
between the same paguiluls
EK and HL: then are they
equal in volume.

For, in the triangular
prisms AEI-M and BFK-L, the
faces AEl and BKF are equal,
having their sides respect-
ively equal; the faces AEHD
and BFGC are equal (P. VL);
the faces EHMI and FGLK are equal, as they consist,
respectively, of the common part FGM! and the equal
parts EHGE. and IMLK: hence, the triangular prisms AEI-M
and BFK-L are equal (P. V.).

[f from the polyedron ABKE-H, we take away the prism
BFK-L, there remains the parallelopipedon AG; and if from
the same polyedron we take away the prism AEI-M, there
remains the parallelopipedon AL: hence, these parallelo-

pipedons are equal in volume (A. 3); which was to be

proved.

P YA ——
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PROPOSITION IX. THEOREM.

If two parallelopipedons have a common lower base and the

same altitude, they are equal in volume.

Let the parallelopipedons AG and AL have the common
lower base ABCD and the same altitude: then are they
equal in volume.

Because they have the
same altitude, their upper
bases lie in the same plane.
TLet the sides IM and KL be
prolonged, and also the sides
FE and GH; these prolonga-
tions form a parallelogram
0Q, which is equal to the
common base of the given

parallelopipedons, because its
sides are respectively parallel
and equal to the corresponding sides of that base.

Now, if a third parallelopipedon be constructed, having
for its lower base the parallelogram ABCD, and for its
upper base NOPQ, this third parallelopipedon will be equal
in volume to the parallelopipedon AG, since they will have
the same lower base, and their upper bases between the
same parallels, QG, NF (P. VIIL). For a like reason, this
third parallelopipedon will also be equal in volume to the
parallelopipedon AL: hence, the two parallelopipedons AG,
AL, are equal in volume; which was to be proved.

Cor. Any oblique parallelopipedon is equal in volume
to a right parallelopipedon having the same base and the
same altitude.

PROPOSITION X. PROBLEM.

To construct a rectansular parallelopipedon equal in volune
to a right parallelopipedon whose base is any parallelo-
gram.

Let ABCD-M be a right parallelopipedon, having for its
base the parallelogram ABCD.

Through the edges Al and BK pass the
planes AQ and BP, respectively perpendic-
ular to the plane AK, the former meeting
the face DL in 0Q, and the latter meet-
ing that face produced in NP: then the
polyedron AP is a rectangular parallelopip-

edon equal to the given parallelopipedon.
It is a rectangular parallelopipedon, be-
cause all of its faces are rectangles, and

it is equal to the given parallelopipedon, because the two
may be regarded as having the common base AK (P. VL,
C. 1), and an equal altitude AO (P. IX.).

Cor. 1. Since any oblique parallelopipedon is equal in
volume to a right parallelopipedon, having the same base
and altitude (P. IX,, Cor.); and since any right parallelo-
pipedon is equal in volume to a rectangular parallelopip-
edon having an equal base and alfitude; it follows, that

any oblique parallelopipedon is equal in volume to a rec-
tangular parallelopipedon, having an equal base and an
equal altitude.

Cor. 2. Any two parallelopipedons are equal in volume
when they have equal bases and equal altitudes.




