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12. Show that the volume of a triangular spherical
pyramid is equal to its base multiplied by one third the
radius of the sphere.

13. Show that the volume of any spherical pyramid is
equal to its base multiplied by one third the radius of the
sphere.

14. Find the volume of a spherical pyramid whose base
is a ftri-rectangular triangle, the diameter of the sphere
being 8 feet.

15. The angles of a triangle, on a sphere whose radius
is 9 feet, are 100°, 115° and 120°; find the area of the
triangle and the volume of the corresponding spherieal
pyramid.

16. A spherical pyramid, of a sphere whose diameter
is-10 feet, has for its base a triangle of which the angles
are 60° 80° and 85°; what is its ratio to a pyramid
whose base is a tri-rectangular triangle of the same sphere?

17. The sum of the angles of a regular spherical octa-
gon is 1140° and the radius of the sphere is 12 feet;
find the area of the octagon.

18. The volume of a spherical pyramid, whose base is
an equiangular triangle, is 84.8282 cubic feet, and the radius
of the sphere is 6 feet; find one of the angles of the base.

19. Given a spherical angle of 40°; what is the num-
ber of degrees in the longest arc of a great circle that
can be drawn perpendicular to either side of the angle
and included between the two sides? :

20. Given a spherical angle of 115°; what is the num-
ber of degrees in the shortest arc of a great circle that
can be drawn perpendicular to either side of the angle
and included between the two sides?

AP EBEBIN DI X

GRADED EXERCISES IN PLANE GEOMETRY.

ADDITIONAL DEFINITIONS.

1. The DistaNcE of a point from a line is measured
on a perpendicular to that line.

9. The BisgcTrIx of an angle is a line that divides the

angle into two equal parts.

3. A MepiaN is a line drawn from any vertex of a
triangle to the middle of the opposite side.

4. The ProiecTioN of a point, on a line, is the foot of

a perpendicular drawn from the point to the line.

5. The ProsectioN of one straight line on another, 18
that part of the second line which is contained between
the projections of the two extreme points of the first line,

upon the second.
PROPOSITIONS.

I. TaeorEM.—Show that the bisectrices of two adjacent
angles are perpendicular to each other.

II. TaroreEM—Show that the perimeter of any triangle
js greater than the sum of the distances from any point
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within the triangle to its three vertices, and less than
twice that sum.

IT. TeeEOorREM.—Show that the angle between the bisec-
trices of two consecutive angles of any quadrilateral, is
equal to one half the sum of the other two angles.

IV. TeeorEM.—Show that any point in the bisectrix of
an angle is equally distant from the sides of the angle.

V. ToeoreMm.—If two sides of a triangle are prolonged
beyond the third side, show that the bisectrices of this
included angle and of the exterior angles all meet in the
same point.

VI. TreoreM.—Show that the projection of a line on a
parallel line, is equal to the line itself; and that the pro-
jection of a line on a line to which it is oblique, is less
than the line itself.

VIL. ToreoremM.—If a line is drawn through the point of
intersection of the diagonals of a parallelogram and limited
by the sides of the parallelogram, show that the line is bi-
sected at the point.

VIII. TereorEM.—The bisectrices of the four angles of
any parallelogram form, by their intersection, a rectangle
whose diagonals are parallel to the sides of the given paral-
lelogram.

IX. ToeoreM.—Show that the sum of the distances
from any point in the base of an isosceles triangle to the
two other sides, is equal to the distance from the vertex
of either angle at the base to the opposite side.

X. TororEMm.—Show that the middle point of the hypoth-
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enuse of any right-angled triangle is equally distant from
the three vertices of the triangle.

XI. Prosrem.—Draw two lines that shall divide a given
right angle into three equal parts.

XII. TurorEM.—Draw a line AP through the vertex A
of a triangle ABF and perpendicular to the bisectrix of the
angle A; construct a triangle PBF, having its vertex P on
AP, and its base coinciding with that of the given tri-
angle: then show that the perimeter of PBF is greater
than that of ABF.

XIIL. TrrorEM.—Let an altitude of the triangle ABC be
drawn from the vertex A; and also the bisectrix of the
angle A; then show that their included angle is equal to
half the difference of the angles B and C.

XIV. ProBLEM.—Given two lines that would meet, if
sufficiently prolonged: then draw the bisectrix of their
included angle, without finding its vertex.

XV. ProBiEM.—From two points on the same side of a
given line, to draw two lines that shall meet each other
at some point of the given line, and make equal angles

with that line.

XVI. TaeorEMm.—Show that the sum of the lines drawn
to a point of a given line, from two given points, is the
least possible when these lines are equally inclined to the

given line.

YVIL. PropiEM.—From two given points, on the same
side of a given line, draw two lines meeting on the given
line and equal to each other.
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XVIIL. ProBreMm.—Through a given point A, draw a line

that shall be equally distant from two given points, B
and C.

> = - : . :
XTIX. ProBrEM.—Through a given point, draw a line cut-
ting the sides of a giveli angle and making the interior
angles equal to each other.

XX. ProBLEM.—Draw a line PQ parallel to the base BC
of a triangle ABC, so that PQ shall be equal to the sum
of BP and CQ.

XXI. ProBLEM.—In a given isosceles triangle, draw a line
that shall cut off a trapezoid whose base is the base of
the given triangle and whose three other sides shall be
equal to each other.

XXII. TaeoreM—If two opposite sides of a parallelo-
gram are bisected, and lines are drawn from the points of
bisection to the "vertices of the opposite angles, show that
these lines divide the diagonal, which they intersect, into
three equal parts.

XXIIL. ProBrLEm.—Construct a triangle, having given the
two angles at the base and the sum of the three sides.

XXTV. ProBrLEM.—Construct a triangle, having given one
angle, one of its including sides, and the sum of the two
other sides.

XXV. ProBrEM.—Construct an equilateral triangle, hav-
ing given one of its altitudes.

XXVI. TaroreMm.—Show that the three altitudes of a
triangle all intersect in a common point.
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XXVII. TeEorEM.—If one of the acute angles of a right-
angled triangle is double the other, show that the hypoth-
enuse is double the smaller side about the right angle.

XXVIIL. TaEOREM.—Let a median be drawn from the
vertex of any angle A of a t.riar?g]e ABC: then show that
the angle A is a right angle when the median is equal
to half the side BC, an acute angle when the median is
greater than half of BC, and an obtuse angle when the
median is less than half of BC.

XXIX. TrarorEM.—Let any quadrilateral be circumscribed
about a circle: then show that the sum of two opposite
sides is equal to the sum of the other two opposite sides.

XXX. ProBLEM.—Draw a straight lme tangent to two
given circles.

XXXI. PropLeM.—Through a given point P, draw a eir-
cle that shall be tangent to a given line CB, at a given
point B.

XXXII. TueoreM.—Let two circles intersect each other,
and through either point of intersection let diameters of
the circles be drawn: then show that the other extremi-
ties of these diameters and the other point of intersec-
tion lie in the same straight line.

XXXIIT. ProprEm.—Through two given points A and B,
draw a circle that shall be tangent to a given line CP.

XXXIV. ProereMm—Draw a circle that shall be tangent
to ‘a given circle C, and also to a given line D_P, at a
given point P.
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XXXV. ProeLEM.—Draw a circle that shall be tangent
to a given line TP, and also to a given circle C, at a
given point Q.

XXXVL ProBLEM.—Draw a circle that shall pass through
Eri = = 5 :
& given point Q, and be tangent to a given circle C, at
& given point P,

XXXVIL ProBLEM.—Draw a circle, with a given radius,
that shall be tangent to a given line DP, and to a given
circle C.

XXXVIIL ProprLEM.—Find a point in the prolongation
of any diameter of a given circle, such that a tangent
from it to the circumference shall be equal to the diam-
eter of the circle.

XXXIX. TaEOREM.—Show that when two circles inter-
sect each other, the longest common sccant that can- be
drawn through either point of intersection, is parallel to
the line joining the centres of the circles.

XL. ProBrEM.—Construct the greatest possible equilat-
eral triangle whose sides shall pass through three given
points A, B, and C, not in the same straight line.

XLI TaeEOREM.—Show that the bisectrices of the four
angles of any quadrilateral intersect in four points, all of
which lie on the circumference of the same circle.

XLIT TaEOREM.—If two circles touch each other exter-
nally, and if two common secants are drawn through the
point of contact and terminating in the concave arcs,
show that the lines joining the extremities of these se-
cants, in the two circles, are parallel
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XLITI. TeeoreEM.—Let an equilateral triangle be inscribed
in a circle, and let two of the subtended arcs be bisected
by a chord of the circle: then show that the sides of the
triangle divide the chord into three equal parts.

XLIV. ProBLEM.—Find a pninf? within a triangle, such
that the angles formed by drawing lines from it to the
three vertices of the triangle shall be equal to each other.

XLV. ProBrLEM.—Inscribe a circle in a quadrant of a

given circle.

-
XL.VL ProBrEM.—Through a given point P, within a
given angle ABC, draw a circle that shall be tangent to

both sides of that angle.

XLVIL. TreorEM.—Show that the middle points of the
L - u 4 3 :
sides of any quadrilateral are the vertices of an inscribed
parallelogram.
XL VIIL. ProBrem—Inseribe in a given triangle, a tri-
angle whose sides shall be parallel to the sides of a sec-
=
ond given triangle.
X1.IX. ProBrEM.—Through a point P, within a given
ancle, draw a line such that it and the parts of the sides
51%y ‘ : 2
that are intercepted shall contain a given area.

1. ProBrLEMm.—Construct a parallelogram whose are-a and
perimeter

perimeter are respectively equal to the area and
of a given triangle.

1.I. ProBreEm.—Inscribe a square in a semicircle; that
is, a square two of whose vertices are in the diameter,
? = 3 g
and the other two in the semi-circumference.
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L‘H. ProBLEM.—Through a given point P draw a line
cutF-mg a ftriangle, so that the sum of the perpendicul
to it, from the two vertices on one side of the line sha Tl;
be equal to the perpendicular to it from the ver e
the other side of the line. e

-?111[1. FHEOREM.—Show that the line which joins the
lddle points of two opposite sides of any quadrilateral
8 g |

SEeCLs th. ! p .
omin lle T lil(lle OII}( 355 1 2 W
(1) 01 S e l]]]e 11 350 t n . [h(; t (6]

11_LI\“. THEOREM.—If from the extremities of one of .the
3 = < p I - . : g g
oblique sides of a trapezoid, lines are drawn to the middle
point of: the opposite side, show that the triangle thus
formed is equal to one half the given trapezoid. - :
S =" =5 R

LV. ProBrEM.—Find a point in the base of a triangle
.}sucI.lhthat the lines drawn from it, parallel to and limi-tetl,
oy the other sides of the triax - I

S ngle, shall be equal '
L ! q to each

ILYI. THEOREM.—Show that the line drawn from the
rfnddle of the base of any triangle to the-middle of any
line of the. triangle parallel to the base, will paﬂé ti-n'ou ri)
the opposite vertex, if sufficiently produced. : :

_LVII. THEOREM.—Show that the three medians of any
triangle meet in a common point. :

LVIIL. ToEorEM.—On the sides AB and AC of any tri-
angle ABC, construct any two parallelograms ABDEV and
ACFG; prolong the sides DE and FG till they meet in[H-
draw HA, and on the third side BC of t.hevtria.ng]e con-,
struct a parallelogram two of whose sides are paﬁ'l]];l and
equal to HA: then show that the parallelogram on BC is
equal to the sum of the parallelograms on AB and AC. :
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LIX. THEoREM.—Assuming the principle demonstrated in
the last proposition, deduce from it the truth that the
square on the hypothenuse of a right-angled triangle is
equal to the sum of the squares on the two other sides.

IX. ToeoreM.—If from the middle of the base of a
richt-angled triangle, a line is drawn perpendicular to the
hypothenuse dividing it into two segments, show that the
difference of the squares of these segments is equal to
the square of the other side about the right angle.

XL Tuaeorem—If lines are drawn from any point P
to the four vertices of a rectangle, show that the sum of
the squares of the two lines drawn to the extremities of
one diagonal, is equal to the sum of the squares of the
two lines drawn to the extremities of the other diagonal.

LXII. TaeEorEM.—Let a line be drawn from the centre
of a circle to any point’ of any chord ; then show that
the square of this line, plus the rectangle of the segments
of the chord, is equal to the square of the radius.

LXIIL. ProsLEM—Draw a line from the vertex of an7¥
to a point in the base, such that this

sealene triangle
mean proportional between the segments

line shall be a
into which it divides the base.

1XIV. TaroreM—Show that the sum of the squares of
lateral is equal to the sum of
sides of the quadrilateral, dimin-
e distance between

the diagonals of any quadri
the squares of the four
ished by four times the square of th
the middle points of the diagonals.

1.XV. ProprEm.—Construct an equilateral triangle equal

in area to any given isosceles triangle.
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dlm];XY ; THE(;RE.\L—IH a triangle ABC, let two lines be
‘awn from the extremities of ti

s 1e base BC, intersecti
e & : 3 ersectin
2 any p(—)mt _P on the median through A, and mPet-ingr
the opposite sides in the points E and D: show i} e
is parallel to BC. : g T

APPLICATION OF ALGEBRA TO GEOMETRY

£

To solve : ; i
1 olve a geometrical problem by means of algebra
draw a figure which shall contain all the given and &

4 St é he given and re-
quired parts and also such other lines as mav be n¢
sary to establish the relatic e igees
2 \ t_u establish the relations between them: then denote
1e given parfs by leading ’ :

barts by leading letters, @ requi

e by Ilﬁ tl, }Lf}t{]‘ﬂ, and the required parts
7 tters :ne alphabet: next consi

_ of; : Xt consider the rel:
tions between the giv : 0
. }{I‘[“.een the given and required parts and express
_ tl,be relations by equations, taking care to have as many
Independent e ions . e i
s epclndcnt equations as there are parts to be determined

ourdon, Art. 92 T S i e L -
- , Art. 92). The solution of these equations will
give the values of the required parts

To indicate : ;

. . licate the method of proceeding, the solution of
the first problem is given. |

LXV ‘ i

XVIL Prosiem.—In a right-angled friangle ABC, given
the base BA and the sum of the hypothe- : ‘
nuse and the perpendicular, to find the
hypothenuse and the perpendicular.

C

Solution. Denote BA by ¢, BC by z, AC
by y, and the sum of BC and AC ubv.

Then, T+ y 8. - -
From B. IV,, P. X1, T ¥+ -
From (1), we have, T s —

ahacis 2 = & — %8y + 1.
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Subtracting (2) from (3), 0 = 8¢ — 28y — &

$2=¢
28

e

g s

Transposing and dividing, ¥y =

whence, r =38 —

If c=3 and s =9, we have x =5 and y = 4.

LXVIIL Prosuem—In a right-angled triangle, given the

hypothenuse and the sum of the sides about the right

angle, to find these sides.

LXIX. ProsLEM.—In a rectangle, given the diagonal

and the perpendicular, to find the sides.

[LXX. Proprem.—(Given the base and perpendicular of a
triangle, to find the side of an inseribed square.
LXXI. ProBrEM.—In an equilateral triangle, given the

distances from a point within the triangle to each of the

three sides. to find one of the equal sides.

LXXII. ProsrEM—In a right-angled triangle, given the

base and the difference between the hypothenuse "and the

perpendicular, to find the sides.

[LXXIII. ProBrEM.—In a right-angled triangle, given the
g gle, g

hypothenuse and the difference between the base and the

perpendicular, to determine the triangle.

LXXIV. ProBLEM.—Having given the area of a rectan-
gle inscribed in a given triangle, to determine the sides
of the rectangle.

LXXV. PropiEM.—In a triangle, having given the ratio
segments of the base

vertex, to determine

of the two sides together with both
made by a perpendicular from the

the triangle.
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LXXVI Propuem.—In a triangle, having given the base
the sum of the two other sides, and the length of a lillf;
drawn from the vertex to the middle of the base; to find
the sides of the triangle.

2z : : :
. LXXVIL ProBrEMm.—In a triangle, having given the two
sides about the vertical angle, together witn the line bi
secting that angle and terminating in the base; to find the
base.

LXXVIII. ProBrEM.—To determine a right-angled tri-
angle, having given the lengths of two lines drawn from
the vertices of the acute angles to the middle points of
the opposite sides.

LXXTX. ProsrEm.—To determine a right-angled triangle,
having given the perimeter and the radius of the in-
scribed circle.

LXXX. ProBLEM.—To determine a triangle, having given
the base, the perpendicular, and the ratio of the two
sides.

LXXXI. ProBrEM.—To determine a right-angled trian-
gle, having given the hypothenuse and the side of the
inscribed square.

LXXXII. ProBrEM.—To determine the radii of three
equal circles, described within and tangent to a given
circle, and also tangent to each other.

LXXXTIL. ProBLEM.—In a right-angled triangle, having
given the perimeter and the perpendicular let fall from
the right angle on the hypothenuse, to determine the tri-
angle.
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ILXXXIV. ProBrEM.—To determine a right-angled tri-
angle, having given the hypothenuse and the difference of
two lines drawn from the two acute angles to the centre
of the inscribed circle.

LXXXV. ProBieMm—To determine a triangle, having
given the base, the perpendicular, and the difference of

the two other sides.

LXXXVI. Prosiem.—To determine a triangle, having
given the base, the perpendicular, and the rectangle of the

two sides.

LXXXVIL ProBLEM—To determine a triangle, having
given the lengths of three lines drawn from the three

angles to the middle of the opposite sides.

LXXXVIIL. ProBuEm.—In a triangle, having given the
three sides, to find the radius of the inscribed circle.

LXXXIX. ProprEMm.—To determine a right-angled tri-
angle, having given the side of the inscribed square and
the radius of the inscribed circle.

XC. Prosrem—To determine a right-angled triangle,
having given the hypothenuse and the radius of the in-
geribed eircle.




