ANALYTICAL

FUNCTIONS OF NEGATIVE ARCS.

62. Let AM”, estimated from A toward D, be numerics
ally equal to AM; then, if we denote
the arc AM by a, the arc AM” will
be denoted by — a (Art. 48).

A being the middle point of the
arc M’AM, the radius OA bisects the
chord M”’M at right angles (B. IIL,
P. VL); therefore, PM"" is numeric-
ally equal to PM, but PM"” being
measured downward from the initial
diameter is negative, while PM being
measured upward is positive, and, therefore, PM"' = — PM;
OP is equal to the cosine of both AM”" and AM (Art. 61);
hence, we have,

sin (— a) SR R e (L

COS (= G) —cis 0 (2.)

Dividing (1) by (2), member by member, and then divid-
ing (2) by (1), member by member, we have (formulas 6
and 7, Art. 61),

tan (— a) = — tan (a); cot (—a) = —cola.

Taking the reciprocals of the members of (2), and then
the reciprocals of the members of (1), we have (formulas
11 and 12, Art. 61),

* gsec(—a) = seca; cosec (— a) = — cosec a.
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FUNCTIONS OF ARCS

FORMED BY ADDING AN ARC TO, OR SUBTRACTING IT FROM, ANY
NUMBER OF QUADRANTS.

63. Let a denote any arc less than 90°. By definition,

we have,
sin (90° — a) = cos a; cos (90° — a) sin a.
tan (90° — a) = cot a; cot (90° — a) tan a.
sec (90° — a) = cosec a; cosec (907 — a)

Let the arc BM' = AM = a; then
AM’ = 90° + a. Draw lines, as in the
figure. Then PM =sina; OP =cos a;
ON = P'M’ = sin (90° + @) ; NM’' = cos
(90° + a).

The right-angled triangles ONM’
and OPM have the angles NOM' and
POM equal (B. IIL, P. XV.), the an-
gles ONM’ and OPM equal, both being
right angles, and therefore (B. L, P. XXV., C. 2), the angles
OM'N and OMP equal; they have, also, the sides OM' and
OM equal, and are, consequently (B. L, P. VL), equal in all
respects: hence, ON = OP, and NM’' = PM. These are nu-
merical relations; by the rules for signs, Art. 58, ON and
OP are both positive, NM’ is negative, and PM positive;
and hence, algebraically, ON = OP, and NM = — PM;
therefore, we have, j

gin (90° 4 a) = cosa; - = - ==

cos(90° 4+ a) = —sina. - - - - - (2)
Dividing (1) by (2), member by member, we have,
sin (90° + @) _ cosa
cos(90° + @) = —sina’
or (formulas 6 and 7, Art. 61),

tan (90° + a) — cot a.
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In like manner, dividing (2) by (1), member by mem-
ber, we have,
cot (90° + a) = — tan a.
Taking the reciprocals of both members of (2), we have
(formulas 11 and 12, Art. 61),
sec (90° + @) = — cosec a.
In like manner, taking the reciprocals of both members
of (1), we have,
cosec (90° + a) = sec a.

Again, let M"C =AM = a; then
AM” = 180° — a. As before, the
right-angled triangles OP"M"” and
OPM may be proved equal in all

respects, giving the numerical rela-
tions, P'M” = PM, and OB L= Ok,
and, by the application of the rules
for signs, Art. 58, may be obtained,
P'M" — PM, and OP" = — OP : hence,

sin (180° — a) = sina;
cos (180° — a) = — cosa.

From these equations (1) and (2), and formulas (6),
(7), (11), and (12), Art. 61, may be obtained, as before,
tan (180° — a) = — tan a;j
cot (180° — a) — cob a;

sec (180° — a) — Sec a;

cosec (180° — a) = cosec q.

In like manner, the values of the several functions of
the remaining arcs in question may be obtained in terms
of functions of the arc a. Tabulating the results, we
have the following

TRIGONOMETRY.

TABLE IIL

Are = 180° —a. Arc =
sin @, cos = —Cco8d, gsin — —cosa,
— tan a, cot = — cot a, = —cota,

= — g d, co8ee = cosec a. 800 — coSec a,

Arc = 180° + a. At

= — gin a, 208 — gin 4,

= tan a, = — —tana,

2 = —gecd, BeC = | sec a,

-

It will be observed that, when the arc is added to, or
subtracted from, an even number of quadrants, the name
of the function is the same in both columns; and when
the arc is added to, or subtracted from, an odd number
of quadrants, the names of the functions in the two col-
umns are contrary: in all cases, the algebraic sign is
determined by the rules already given (Art. 58).

By means of- this table, we may find the functions of
any arc in terms of the functions of an arc less than 90°
Thus,

sin 115° sin (90° + 25°) cos 25°

sin 284° = sin (270° + 14°) — cos 14°,

gin 400° sin (360° 4+ 40°) = sin 40°,

tan 210° tan (180° + 30°) = tan 30°.
&e. * &e. &c.
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PARTICULAR VALUES OF CERTAIN FUNCTIONS.

64. Let MAM’ be any arc, denofed by
2a, M'M its chord, and OA a radius drawn
perpendicular to M'M: then will PM = IM'M,
and AM — $M'AM (B. IIL, P. VL). But PM
is the sine of AM, or, PM = sin a: hence,

sina = IM'M;
that is, the sine of an arc is equal to one half the chord
of twice the are.
Iot MAM — 60°; then will AM = 30°, and M'M will
equal the radius, or 1 (B. V., P. IV.): hence, we have
gin - S0% — 1 s

that is, the sine of 30° is equal to half the radius.

Also, cos 80° = 4/1 —sin? 30° = 14/3;

gin 30°
I = tan 30° = ——+5 =
R cos 30

=]

Again, let M'AM — 90°: then will AM = 45, and M'M =
+/9 (B. V., P. IIL): hence, we have

sin 45° = V2

5 T T 5 .
Also, cos 45° = &1 — sin? 45" = W2,

gin 45° _

5o =k
hence, tan 45° = ——ggs =

Many other numerical values might be deduced.

TRIGONOMETRY,.

FORMULAS
EXPRESSING RELATIONS BETWEEN THE CIRCULAR FUNCTIONS OF
DIFFERENT ARCS.

65. Let AB and BM represent two arcs, having the
common radius 1; denote the first by
a, and the second by b; then, AM =
@+ b From M draw PM perpendicular
to CA, and NM perpendicular to CB;
from N draw NP' perpendicular, and NL
parallel, to CA.

S PP A
Then, by definition, we have

PM = sin (a + b), NM = sinb, and CN = cosb.

From the figure, we have

PM — PL 4 LM. = 5.0 CRECHY

From the right-angled triangle CP'N (Art. 87), we have
P'N = CN sin a;
or, since RINE—=RIS
PL — cos bsina — sin acosb.
Since the triangle MLN is similar to CP'N (B. IV,

P. XXI.), the angle LMN is equal to the angle P'CN;
hence, from the right-angled triangle MLN, we have

LM — NMcosa = sinbcosa = cosasin b.

Substituting the values of PM, PL, and LM, in equation
(1), we have i

sin (@ + b) = sinacosb + cosasinbd; - (A)
that is, the sine of the sum of two arcs is equal to the

sine of the first into the cosine of the second, plus the co-
sine of the first into the sine of the second.
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Since the above formula is true for any values of @
and b, we may substitute — b for b: whence,

sin (@ — b) = sin a cos (— b) + cos asin (— b);

but (Art. 62),

cos (— b) = cos b, and gin (—b) = —sinb;
hence, sin (@ — b) = sinacosb — cos @ snb; - (B)

that is, the sine of the dijference of two ares i3 equal to
the sine of the first into the cosine of the second, MINWSs

the cosine of the first into the sine of the second.

Tf. in formula (B), we substitute (90° — a), for a, We
have
sin (90°—a—b) = sin (90°—a) cos b—cos (90°—a) sin b; (2)
but (Art. 63),

sin (90° —a — b) = sin [90° — (a + b)] = cos (@ + b),
and sin (90° — @) = cosq,
cos (90° — @) = sina;
hence, by substitution in equat jon (2), we have

cos (@ + b) = cos @ cos b—sinasinb; - (C)

i .o of the sum of two arcs IS equal to the
that is, the cosine of the sum 7]

roctandle of their cosines, Minus the rectangle of their sines.
If. in formula (C), we substitute — b, for b, we find

cos (@ — b) = cos a cos (— b) — sin a sin (— b),

cos (@ — b) = cos acos b + sina sin b;
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that is, the cosine of the difference of two ares is equal
to the rectangle of their cosines, plus the rectangle of their
sines. .

If we divide formula (A) by formula (C), member by
member, we have

sin (@ + b) _ sinacosb + cosasin b

cos (@ +b)  cosacosb —sinasinb
Dividing both terms of the second member by cos a cos b,
recollecting that the sine divided by the cosine is equal
to the tangent, we find
tan a + tan b
tan(@ +0) = ——————=: + - - (E.

( ) 1 —tanatand (E.)
that is, the tangent of the sum of two ares, is equal to the
swm of their tangdents, divided by 1 wminus the rectangle
of their tangents.

If, in formula (E), we substitute —b for b, recollect-
ing that tan (— b) = — tan b, we have

tana — tan b
tan (¢ —b) = —Mm————; - - -

) 1 + tan a tan b’ {55)
that is, the tangent of the difference of two ares is equal
to the difference of their tangents, divided by 1 plus the
rectangle of their tangdents.

In like manner, dividing formula (C) by formula (A),
member by member, and reducing, we have

cotacothb — 1

cot (a + b) = e

(G)
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and thence, by the substitution of — & for b,

cotacoth + 1 S T

o= = cot b — cot a

FUNCTIONS OF DOUBLE ARCS AND HALF ARCS.

66. If, in formulas (A), (C), (E), and (G), we make
b=a, we find

sin 2a 2sinacosa; - - - - (AY)
cos 2a cosla —sinta; - - - (CY)

2Hanrdgr I S ey (E')

tan2ai— g nia’

cotPa — 1 7
e e e s )

cot 2a = ot

Substituting in (C’) for cos?a, its value, 1 — sin*a; and
afterwards for sin? g, its value, 1 — cos*a, we have
cos 2a = 1 — 2 sin*a,

cos 2a = 2cos’a— 1;

whence, by solving these equations,

. \/1_;— cos
sSin a —
V=
COS a - =

We also have, from the same equations,
1 — cos 2a = 2 sin*a;

1 4+ cos 2a 9 cos? a.
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Dividing equation (A"), first by equation (4), and then
by equation (3), member by member, we have

e tan a;
1 + cos 2a : 2

sin 2a

——— cot a.
1 — cos 2a

Substituting 3a for a, in equations (1), (2), (b), and
(6), we have

sin {a = - .-"_: 37 = A (AR

cos ta o = (€5

e =0 s e E")

cot da = SN0 e ()

1 —cosa

Taking the reciprocals of both members of the last two
formulas, we have also,

1 —cosa

1 4+ cos @
sin a

T and tan {a =

cot fa =

2

ADDITIONAL FORMULAS.

6%. If formulas (A) and (B) are first added, member
to member, and then subtracted, member from member,
and the same operations are performed upon (C) and (D),
we obtain
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sin (@ + b) + sin (¢ — b) = 2sinacos b;
sin (@ + b) — sin (@ —b) 2 cosasinb;
cos (@ + b) + cos (@ — b) 9 cos @ cos b;

cos (@ — b) — cos (a + b) 2 sin @ sin b.

If in these we make

a-+b=mp, a—b = gq,

whence,

a=4(p + 9, b =13 —9;

and then substitute in the apove formulas, we obtain
sinp +sing = 2sin3(p + @) cost(®— Q- - (K)
sin p — sin g 2cost(p +q)sini(p—q). - (L)

cos p + €O0s g 2cost(p+ qcosi(p—q. - (M)

cosq — cosp = 2sin 3 (p + ¢) sin i(p—g). - (N)

From formulas (L) and (K), by division, we obtain

sinp —sing _ cosi(p + 9) sin 1 (p — @)

sinp +sing sini(p+qcosi(p—9
tand (p=—10): . o eieae (1)
tan 1 (p + 9)

Hence, since p and ¢ represent any arcs whatever, the
swm of the sines of two ares is to their difference, as the

tangent of one half the sum of the arcs is to the tangenk 3

of one half their difference.
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Also, in like manner, we obtain

sin p+sin ¢ _ sin § (p+g) cos § (p—q)

cosptcosq  cosh(p+q) cosd(p—q) tan } (p+9),

UEp=Ring. cosi(pig)sin §(D—q) _ 0 4 o
cos ptcosqg cosi(p+q)cosi(p—9q) fan 40 =0

sin p+sin ¢ __ sin $(p+q) cos $(p—q) _ cos3(p—9q)

sin (p+¢q)  sin 1 (p+q) cos L (p+9) cos 3 (p+q)’

sin p—sing _ sin § (p—q) cos $ (p+q) sin ¥ (p—q)
sin (p+9) = sin 3 (p+q) cost(p+q) sin 3 (p+q)’

st —g) -~ sm 3(p-—q) cosi(p—q)”  cos$(pe0)
sin p—sin ¢ = sin 4(p—qg) cos + (p+q) = cos 3 (p+9)’

all of which give proportions analogous to that deduced
from formula (1).

Since the second members of (6) and (4) are the same,
we have

sin p + si (7.)

sin (p — q)

sinp —sing _ sin(p+g) .
q"

that is, the sine of the difference of two arcs is to the
difference of the sines, as the swum of the sines is to the
sine of the sum.

All of the preceding formulas may be made homo-
geneous in terms of R, R being any radius, as explained
in Art. 30; or, we may simply introduce R, as a factor,
into each term as many times as may be necessary to
render all of its terms of the same degree.
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METHOD OF COMPUTING A TABLE OF NATURAL
SINES.

68. Since the length of the semi-circumference of a
circle whose radius is 1, is equal to the number
3.14159265 ..., if we divide this number by 10800, the
number of minutes in 180° the quotient, .0002908882 ..,
will be the length of the arc of one minufe; and since
this arc is so small that it does not differ materially from
its sine or tangent, this may be placed in the table as
the sine of one minute.

Formula (8) of Table IL, gives

cos1’ = /T —sin’ 1’ — .9999999577. - (1)

Having thus determined, to a near degree of approxi=
mation, the sine and cosine of one minute, we take the
first formula of Art. 67, and put it under the form,

sin (a + b) 2 sin @ cos b — sin (@ — b),
and make in this, b = 1, and then in succession,
=l T ] &c.,
and obtain,
sin 2’ 2 gn 1'cos1’ —sin 0 0005817764 ...
sin 3’ 9 sin 2 cos 1’ — sin 1’ = .0008726646 . ..
sin 4' 9 sin 3'cos 1’ — sin 2' = .0011635526 ...

sin 5’ &ec.,

thus obtaining the sine of every number of degrees and®

minutes from 1' to 456°
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The cosines of the corresponding arcs may be com-
puted by means of equation (1).

Having found the sines and cosines of arcs less than
45° those of the arcs betweeh 45° and 90° may be de-
duced, by considering that the sine of an arc is equal to
the cosine of its complement, and the cosine equal to the
sine of its complement. Thus,

sin 50° = sin (90° — 40°) = cos 40°, cos b0°® = sin 40°,

in which the second members are known from the pre-
vious computations.

To find the tangent of any arec, divide its sine by its
cosine. To find the cotangent, take the reciprocal of the
corresponding tangent.

As the accuracy of the calculation of the sine of any
arc, by the above method, depends upon the accuracy of
each previous calculation, it would be well to verify the
work, by calculating the sines of the degrees separately
(after having found the sines of one and two degrees), by

the last proportion of Art. 67. Thus,.

B.
3

sn 1% : sn 2° —sin 1° sin 2° +sin1® : sin 8

8in 2° : 8n 8% — s8in 1°

sin 3° + sin 1° : sin4°; &e.




