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v 22. L To find the equation of a right line, in

CHAPTER 11I.

THE RIGHT LINE.

terms of its angle with the axis of &x, and its in-
tercept on the axis of y.

Let AC be any right line re-
ferred to the axes XX'and YY',
and cufting the axis of y at B.
Let P be any point in the given
line, and draw PM perpendicular
and BQ parallel to XX’ ; then will
OM be the abscissa and MP the
ordinate of the point P.

Let OM = z, MP =y, 0B =13,
tan PAX = tan PBQ = a;

then y = PM = PQ+QM = BQ tan PAX 4+ BO = az |5,
that is, Yy = axr + b.

But the point P is, by hypothesis, any point of the line
AC; therefore this equation, y = az + b, expresses the
relation between the co-ordinates of every point of AC, and
hence it is the equation of that line, by the definition in
Art. 15.

OB is called the Intercept on the axis of  ; if the line
cuts the axis of y below the origin, 4 will be mnegative.
@ denotes the tangent of the angle which the line AC makes
with the axis of 2, and is positive or negative, according as
the angle is < or > 90°

Fig. 26,

Cor. 1.—If @ is negative and & positive, the equation
becomes Y= —az + b,
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and the line cuts the axis of % above the origin, and makes
with the axis of z an angle greater than 90° ; it therefore
cuts the latter at some point to the 7ight of the origin, and
so lies across the firs/ angle.

If ¢ and b are both positive, the equation becomes
y=az+b;
the line lies across the second angle.

If @ and & are both negative, the equation becomes
y= —ar—b;
the line lies across the fZird angle.

If a is positive and & negative, the equation becomes
=azr — b;
the line lies across the fourth angle.
Cor. 2—If b = 0, the equation becomes
Y =&,
the line passes through the origin.
If @ =0, the equation becomes y =&
the line is parallel to the axis of z.

If ¢ = o, the line is parallel to the axis of .

[The student may draw diagrams and verify these state-
ments. |

ScH.—In the equation of a right line, so long as we con-
sider the same line, o and 4 remain unchangeable ; they are
therefore called constant quantities, or constants. But z
and y may have an indefinite number of values, since we
may assign to one of them, as 2, any value we please, and
find the corresponding value of y from the equation

y = ax + b.
2 and y are therefore called variable guantities or variables,
as defined in Art. 15. )

BEM, — This form is often called the tangent form of the equation to a right line.
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IL 7o find the equation of a right line in terms
of its intercepts on the two axes.

Let A and B be the points where
the right line cuts the axes of #
and y respectively. Let OA = a,
OB =04 be the intercepts on the
axes of z and y, respectively ; repre-
gent by # and # the co-ordinates
OM and MP of any point P on the
line. Draw PM parallel to YY'.
Then, by similar triangles, we have

M
Fig. 27,

therefore,

Cor—By observing the signs of the arbitrary constants
« and b in this equation, we can fix the position of the line
with regard to the four angles, as in the preceding article.

When @ and 4 are both positive, the line lies in the first
angle.

When a is negative and & positive, the line lies in the
second angle.

When @ and & are both negative, the line lies in the fhird
angle.

When ¢ is positive and & negative, the line lies in the
fourth angle.

REMARK —This form is known as the symmetrical form of the
equation to a right line, and is frequently used. It has a close resem-
blance to the analogous equations of the conies ; and it is applicable, as
can be easily seen from the investigation, to rectangular and oblique
axes alike,

T e T A = Fos
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III. 7o find the equation of a right line'in terms
of the perpendicular on it from the origin, and the
angle which the perpendicular makes with the
axis of .

£
Let AB be the line, and OD \
the perpendicular on it from O;
let AOD—=a, and OD=p.
Let (z, y) be any point P on the
line AB. Draw PM perpendic-
ular to OA, MR perpendicular
to OD, and PK perpendicular
to MR.
Thenp =0D =0R + RD
=OR + KP
— OM cos MOR + MP sin KMP
=& €08 0. 4 ¥ 8in a. ;
or Z cos 0. + ¥ sin o = p, (1)

4

B

Fig. 27a

which is the equation required.

ScH. 1.—The coefficients of 2 and g in (1) are called the
Direction Cosines of the line, since they are the cosines
of the angles which the perpendicular makes with the axes
of z and y respectively. In using this form, it must be
carefully remembered that e is the angle which the perpen-
dicular makes with the positive direction of the axis of z,
and that ¢ may have any value from 0 to 360°, while p is
always posifive, that is, measured from O so as to bound the
angle e, g

ScH. 2.—This form is known as the normel form of the
equation to a right line.

EXAMPLES.,

1. Across which of the four angles does the line
y=—"r +5 lie? The line y=3z+ 47 The line
y= —ax—3? Theliney =2 — 37




EQUATION IN OBLIQUE CO0-ORDINATES.
.Tracethe]inc%ﬂ-%:l; —;—:—‘g:l.
3. In which of the angles lie the lines i g:: 1?

2
L ST e |
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{' 4. Construct the triangle, the equations of whose sides
arey=3Je+ 3, y=4c—1,y=— 4z + 4
5. Construct the figure, the equations of whose sides are
@
y=2+3, %’{: Re—y—4}, y+2=3, z+y+3=0.
IV. To find the equation of @ right line referred to
oblique axes.

Let A and B be the points where
the right line cuts the axes of z and
g respectively. Draw PM parallel to
YY', and OE through the origin
parallel to AB. Let 2 and y repre-
gent the co-ordinates OM and MP of
any point P on the line. Denote the 1 Fig.28.
inelination of the axes by w; and let ;
OB = &, and the angle BAX = «. Then we have,

y=PM ="PQ + QM = OB + QM.

But QM sin BAO sin e

1erefore QM ) oM,
which in equation (1) gives
8in «

Y me—w T
the required equation.
If we put a for g—ﬂf——-, the equation becomes

n (0 — «)
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which is of the same form as the equation in Art. 22, I.
The meaning of & is the same as before ;. @ is the ratio of the
sines of the angles which the line makes with the two axes
respectively. If the axes become rectangular, o = 90°,

and therefore

= g e = tan « :
T sin (90° — &) T !

which agrees with Art. 22, L.

EXAMPLES,

1. Find the equation of a right line which makes an
angle of 135° with the axis of #, and cuts off an intercept
= — 3 on the axis of g, (1) if the axes are rectangular, and
(2) if they are inclined at an angle of 45°.

(1) Puatting 4 = — 3 and a = tan 185° = — 1 in the
equation of Art 22, I,

Yy =ax + b,
we have, for the required equation,
Yy=—x— 3.

(2) Putting &« = 135°, @ — & = 45° — 135° = — 90° in
the eqmation of Art. 22, 1V,

sin «

sin (m—a)x+b’

y:

we have for the required equation,

or

2. Find the equation of a right line which makes an
angle of 30° with the axis of #, and cuts off an intercept of
4 on the axis of y, if the axes areinclined at an angle of 60°.

Ans. y-—._-x+;i/
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23. Every equation of the first degree between, two
variables is the equation of a right line.

The general equation of the first degree with two varia-
bles is of the form z
Az + By + C =0, 75 (1)
in which 4 and B are the collected coefficients of # and v,
and C is the sum of the absolute terms.
Solving this equation for y, we obtain,

A C
y=—p2—p ()

which is the same as y = az + &, if we takea = —% and
C

b= ——.
B
Hence (2), and therefore also (1), is the equation of a
right line making with the axis of z an angle \\hose tangent

is——, and cutting the axisof y at a dist.ulce— — from the

A
B’ B
origin.

If A4 =0, then (1) becomes

By + (=0

or Y= — }-;),
and, from Art. 22, I, this equation represents a right line
parallel to the axis of 2.

If B =0, then (1) becomes,
Az + =0,
or
and, by Art. 22, I, this equation represents a right line
parallel to the axis of 7.

If A and B have like signs, the line makes an obtuse
angle with the axis of ; and if they have unlike signs, it
makes an acute angle. If B and C have like sigus, the line

EQUATION OF FIRST DEGREE.
cuts the axis of y below the origin ; and if they have uniike
signs, it cuts the axis of y above the origin.
If ¢'= 0, then (1) becomes
Az + By =0,
or y=—%% :
and the line passes through the origin. Hence the equa-

tion
Az + By + C=10

always represents a right line.
Cor.— 7o reduce the equation Az + By + C=0 (1)

/- to the normal form @ cos o + y sin o *ja (2)

Let HK denote the given line.
The intercepts made by the
line, Az + By+ C=0, \
on the axes are (Axt. 21),
OH = — e 0K = — -(Z
4’ B

- HE = = A—E v’;i‘e + B Fig. 28a /|

But HEK - p= OH - OK (where p—the perpendicular 0D).
OH - OK ¢

BE ' tA/ i 5
Now p is always positive (Art. 22, III, Sch. 1); therefore
we must take the radical with the same sign as C. Thus, if
(7 be itself a positive quantity,
'
P=VET B
P A B

SR Ol = —— = — e Si[l e e e
0OH VA2 + B? ; A A 4 B2
Substituting these values in (2), we have
A B
VA + B VA B
which is identical in form with @ cos 2 + ¥ sin o = p.
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If ¢ be negative, we must take the negative sign of the
radical throughout, and (2) becomes
A

VT B T vEr B! vare @ W
Hence to reduce any equation of the form
dz + By + 0=0,
to the form Z co8 . + ¥ sin a = p,
transpose the absolute term to the second member, make it
positive by changing the signs of all the terms if necessary,
and divide each term by 1/ 42 L Rz,

REM.—This reduetion is important in finding the length of the perpendicular
from any point to any line.

. B
SoH. — o 12 ]s"- and *1—/?1‘1:4‘.—?—5 are respectively
the cosine and sine of the angle which the perpendicular

from the origin on the line 4z 4 By + ('= 0 makes with

the axis of @, and is the length of this perpen-

Oivs
VAt B

dicular.
EXAMPLES.
1. Reduce the equation 3z — 4y + 12 = 0 to the form
Z €08 o + ¥ sin o= p.
Transposing the constant term 12, and making it positive,
we have — 3z + 4y =12,
Dividing by 4/(— 3)? + 42 =5, we obtain
B % z + % Y= 15?5
which is identical with « cos o + ¥ sin & = p, where cos a
= — 4, sinoa=4%, and p =12,
2. Show that the equatmn z+y+ 5 = 0 is equivalent to
z cos = o
+ Y sin — «\/,3
Reduce the fo]]owmg equatlons to the normal form:
3. 424 3y—10=0. Ans. 4z + 3y =2.
4, 3z + 4y — 15 =0. Ans. 3w + 4y =3.
5. 12z — 5y + 10=0. Ans. — 150 + 5y = 18
6. 3z + /3y —3 4/3=0. Ans. 34/3z + y=§.

and AB the given line.

LENGTH OF PERPENDICULAR. 39

24. To find the length of the perpendicular from
vy poind (X', y') to the line & oS « + y Sin « = p.

Let (¢, ') be the given point P,

From the given point P draw PR
parallel, and PN\ perpendicular to
the given line AB. PN will be the
perpendicular required.

From the figure we have

PN = PD 4+ DN
= PD + CO — EO
= PM sin DMP + OM cos COM — EO
= z'cos & + ' sin &« — p.

L
Fig. 28.

We have taken P on the side of the line opposife the
origin. If the point were taken on the same side as the
origin, as at P’, we would have,

PN = OE — OR' = OE — (OC' 4+ D'P')
=p —a"cose — ¢ gin a.
Hence, if the equation of a line is

zcose + ysne —p =0,
where p is a positive quantity, the length of the perpendic-
ular on it from (', ¥) is

+ (2'cose + y' sin @ — p),- Ll
according as the point and the origin lie on opposite sides,
or the same side of the line; that is, i equal to the result
obtained by substituting in the left-hand member of the

equation of the given line the co-ordinates of the ‘given
point, with the above restriction as to sign.

If the point (2, ') is on the line, its perpendicular
becomes
#' cose Y4 y'sin ¢ — p = 0 (Art. 22, III).
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If the equation of the line were given in the form

Az + By + 0 =0,

we have only to reduce it to the form

zcog e + ¥ sin e« — p = 0 (Art. 23, Cor.),
and the length of the perpendicular from any point (2, ¥') is
Az’ + By + O
VAR
Scr,—Comparing this expression for the perpendicular
from (2, ') with that for the perpendicular from the
origin (Art. 23, Sch.), we see that (z/, y') lies on the same
gside of the line as the origin, or on the opposite side, accord-
ing as 4z’ + By' + ( has the same sign as C, or the oppo-
gite sign.
EXAMPLE.
Find the length of the perpendicular from the origin to
a(x—a)+ b(y —b) =0.
This equation, reduced to the form
zcose + ysing — p =0,
becomes (Art. 23, Cor.),
ar —a* 4+ by — B
R e

0.

Ans. AV a® + B
25 To find the equation of a right line passing
through a diven point.
Let (z', ') be the given point, and the equation of the
line be
y=azx + b (1)
Since the given point (', y') is on the right line, its
eo-ordinates must satisfy the equation of the line; that is,
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the equation being true for every point on the line, must be
true for the point (z', '). Hence (1) becomes
I ()
Eliminating & by subtracting (2) from (1), we obtain
Yy—y =alz—2a), (3)
which is the required equation. For it is the equation, by
Art. 23, of some right line, since it is of the first degree
between two variables; and it is the equation of a right
line passing through the given point, because it is evidently
satisfied when 2’ and y' are substituted' in it for  and Y-
The constant ¢ is the fangent of the angle which the line
makes with the axis of z, or the ratio of the sines of the
angles which the line makes with the two axes respectively,
according as the line is referred to rectangular or oblique
axes. By giving a suitable value to a, we may make equa-
tion (3) represent any right line which passes through the

. given point. |

“This equation: (3) can easily be
obtained geometrically. For let
AB be any right line passing
through the given point P’, the co-
ordinates of which are ' and y.
Let P be any point on the line,
# and y its co-ordinates. Draw
the ordinates PM, P'N, and P'C
parallel to the axis of z; then we
have

1

PC __ sin BAX
P'C

—— T e —
sin ABO
according as the axes are rectan gular or oblique; that is,
y—y

4 sin «
5=tan BAX or —=———"
T —x sin (& — )

= tan BAX or

according as the axes are rectan gular or oblique.
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Hence, y — y' = tan BAX (z —2))

sin e
= e
sin (0 — lI)
or y—y' =a(z—2),

in which « is the tangent of the angle which the line makes
with the axis of , or the ratio of the sines of the angles
which the line makes with the two axes respectively, accord-
ing as the line js referred to rectangular or oblique axes,
This is the same as equation (3).

L 26. To find the equation of the right line which
" passes through two diven points.

Let the two given points be (2, %') and (2", y"), and the
equation of the line be
y = ax + b. 1)
Since the two given points are on the right line, their
co-ordinates must satisfy the equation of the line, giving
Yy = az' + b, (®)
y"' = az'" + b (3)
Subtracting (2) from (1), we obtain
y—y = a(z—2).
Subtracting (3) from (2), we obtain
V=3,

y—y'=a(@—2"). . a=5—2%,

T —

: & ; s . 3
which in (4) gives y — y' = u(, — 7)), (5)

7' —

which is the required equation.

NoOTE,— Equations (2) and (3) are the condifions that the two points (2, ) and
(x " y") may lic on the line y = az + b. (Art. 15.)

Observe that the only variables in (5) are @ and y, and that &, ¥, 2", y" are
coustauts.
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To obtain equation (5) geometrically, let P be any point
(z, y) on the line AB, and P’
and P" the two given points
(@, y') and (2", y"); then we
have, from the figure,

P,

PD _ PC
PD = PG’

which is the same as equation (5).
y]’ S y” ihs o
5 tan BAX = tan e,
if the axes are rectangular.
y—9' einBAX = . &ne ..
' —z" = sin ABO ~ sin (0 — &)

if the axes are oblique; which agrees with the results of
Art. 25.

CoRr. 1.—Suppose 2" = 2'; then

y—y'  ¥y—y
z!__x':—' 0 —_—

@,

which, being the tangent of 90°, shows that the line is
parallel to the axis of y, which is as it clearly should be,
since, if @” = ', the points P’ and P” are equally distant
from the axis of y.

I yi=9 g, : z,, =z _(3 — = 0, which, being the
tangent of 0° shows that the line is parallel to the axis of
#, which is as it clearly should be, since if 3" = #', the
points P’ and P are equally distant from the axis of .
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In the case of oblique axes, if 2" = 2/,
y—y oy — a/ sine
F—2'° 0 = sn(0—a)
therefore, sin (w—a) =0,
and hénce © = «; that is, the line is parallel to the axis
of 4. .
/
It = v, S _U—b —= sﬁ%}—ia—; there-
fore sin @ = 0, and hence the line is parallel to the axis of 2.
Cor. 2.—If P" coincides with P', we shall have,
Ti—12 and ¥ =,
and equation (5) becomes,

y—y=5—2) (6)

which is the equation of a right line passing through a
given point; and by representing the indeterminate expres-

sion g by a,-this equation becomes
y—y =a@—72),
which agrees with equation (3), Art. 25.
Cor, 3.—If we make 2’ =0 and y' =, equation (6)

becomes
y—b=uax,

or y=ax + b,
which is the equation of a line passing thr ough a point on
the axis of y, at the distance of & from the origin. This
equation agrees with the one found in Art. 22, I, as it
clearly should.

Cor. 4.—If one of the points (#', ') be the origin, equa-

!

tion (5) becomes y = z;,’r, which is therefore the equation

of a line passing through the origin and (2", ¥").

ANGLE BETWEEN TWO LINES,

EXAMPLES.

1. Find the equation of the right line passing through
the points (— 2, 3) and (3, — 2).

Here &' —= — 2, 2" =3, 4y — 3, y" = — 2. Now, sub-
stituting these values in equation (5), we get

342
1—5—:——-‘-—"'( + 2),

and, reducing to the form y = az + b, we get

y=—z+1, Ans.

2. Find the equation of the line passing through the
points (4, — 2), (— 3, —5). Ans. Ty — 3z + 26 = 0.
3. Find the equations of the sides of the triangle, the
co-ordinates of whose vertices are (2,1), (3, — 2), and

(=4 =) z 4+ Ty +11 = 0,
Ans

3y — z— 1=0,
3z + y— T=0.

4. Find the equations of the sides of the triangle, the
co-ordinates of whose vertices are (2, 3), (4, — 5), and
(—3, —6). Ans. v — Ty =39, 92 — by =3, dw+—y=11.

5. Find the equation of the line passing through the
origin and the point (3, — 2). Ans. 3y + 2w = 0.

27. 1o find the angle between two right lines whose
equations are given.

Let AC and BC be the two
right lines whose equations are
respectively

y = ax + b,
and y = az + ¥,

and call ¢ the angle between them,




