CHAPTER IV:.

THE CIRCLE.

40. We shall now consider loci whose equations are of the
second degree, beginning with the circle, which is the sim-
plest of these loci.

A circle is a plane figure bounded by a line every point
of which is equally distant from a point within called the
centre. In Analytic Geometry, the term Circle is applied
generally not to the area of the fignre but to the bounding
line, while in Plane Geometry the term is confined to the
area, the bounding line being called the circumference.

41. To find the equation of the circle whose centre
and radius are given.

Let C be the centre of the circle,
P any point on its circumference,
and r the radius of the circle. Lei
@, b be the co-ordinates of C; =z, ¥
the co-ordinates of P. Draw CN,
PM parallel to OY, and CB parallel
to OX. Then we have

OB' + BP® = OF;
or (z—aP+ (y — 0)? = %

This equation is trne for every position of P; hence it
expresses the relation between the co-ordinates of every
point of the zircle, and is therefore the required equation.

If the axes are oblique, and inclined to each other at an
angle = o, the equation is

(—a)P+ Yy —0P+2@—a)(y—05)como=1rt (2)
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Coxr. 1.—If the origin be transferred to the centre of the
circle, then @ =0, 4 =0, and equation (1) becomes
4 = (3)
This equation may be written in the symmetric form
et 2 'k
— . =1, :
3-3 + .3-2 (4')
“Nore.—We see from (1), (2), (8), and (4), that :
(1). The equation of a circle is of the second degree.
(2). The coefficients of a* and y* are equal.
(8). There s no term involving the product xyin (1) or (3).

Cor. 2.—If the origin be transferred to the circumference,
and the diameter which passes through the origin be taken
for the axis of @, then @ =17, 5 =0, and equation (1)
becomes

(z—rP+2=1%
or Yy = Rz — 2% (5)

It may be observed here that, if the origin is on the curve,
there will be no term which does not involve either z or y;
for the equation is satisfied by the co-ordinates of the ori-
gin,z =0, y = 0. The same argument proves that if an
equation of any degree wants the absolute term, the curve
represented passes through the origin.

In equation (5) we suppose the origin to be at the lefi-
hand vertex of the diameter. This convention is adopted
by custom.

L. Cor. 3.—To find where (1) cuts the axis of #, we make

# =0, and have
2 =a+Vr— R
If < 1%, the two values of = are real and unequal,
showing that the curve cuts the axis of z inf two points.
If # = 12, the two values of z are real and equal, show-

ing that the curve touches the axis of ; that is, is tangent
to it,
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If 2? > % the two values of @ are imaginary, showing
that the curve does not cut the axis of 2.

Similarly, it may be shown that the curve cuts the axis
of y in two points, is tangent to the axis of 3, or does not
cut the axis of y, according as ¢* < 7% =% or > 2

Cor. 4,—To find where (3) cuts the axis of z, we make
y = 0, and get = =+ », showing that the curve cuts the

axis of z in two points on different sides of the origin, at &

the distance ¢ from it.

To find where (3) cuts the axis of y, we make z = 0, and §

obtain % = 4 », showing that the curve cuts the axis of y
at » above and 7 below the origin.
Solving (3) with respect to g, we obtain,

Y= j:'\/rs_xgp

which shows that, for every value of = between + # and §
— 7, y has two real values, numerically equal, with con- §
trary signs; hence the curve is symmetrically situated with §
If #= 4 r or — g, the two §
values of y are equal to 0, which shows that the ordinates at §
these two points are tangent to the curve. If 2> 4 7 or §

respect to the axis of .

< — 7, y becomes imaginary, which shows that the curve
does not extend beyond the two tangents just described.

Similarly it may be shown that the curve is symmetrical j
with respect to the axis of y, and that it does not extend §

beyond the two tangents drawn through the extremities of
the vertical diameter.

Cor. 5.—To find where (5) cuts the axis of , we make
y = 0,and obtain
z(2r —a) = 0.

This equation is satisfied by supposing # = 0; or

r—az=0,
from the last of which we get,
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hence the curve cuts the axis of z ab the origin, and at the
distance 27 to the right of it.
To find where the curve cuts the axis of %, we make

" =0, and obtain ¥ = 4 0, which shows that the curve

tonches the axis of y at the origin.

Cor. 6.—If (2/, ") and (2", ") be any two points on
the curve, we shall have from (3),
y2=r—al
Hence, forming a proportion, we have,

yriy't n (r—2)(r+2): (r—2a") (r +2")
That is, the squares of any two ordinates to any diameter

are to each other as the rectangles of the segments into
which they divide the diameter.

Yr=ri—a'%

EXAMPLES.
1. The equation of a circle is
a4 P 4 4o — 8y —5 = 0;
find the co-ordinates of the centre, and the radius.
_ Writing the equation in the form of (1), it becomes
@+ 2R+ (y—4P=25;
from which we see that the co-ordinates of the centre and
the radins are (—'2, 4) and 5.
2. The equations of two circles are
@4yt —2 +4y+1=0;
. 8+ 8y —bx—Ty+1=0;
find the co-ordinates of the centre, and the radius in each

g e A¥is (1, — 2) and 2 in- the first case;
; % (% %) and $V/62 in the second.
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3. Form the equation of the circle whose centre is (3, 4),
and whose radins = 2. ‘
Ans, 2 4 o — 6z — 8y + 21 = 0.
4, Form the equation of the circle whose centre is
(5, — 3), and whose radius = A/7, when & = 60°.
Ans. 2+ P+ a2y —To +y+12=0.

5. Find the equation of the circle which passes through

the points (— 6. — 1), (0, 0), (0, —1); and also the co-

ordinates of the centre, and the radius.

[These three sets of co-ordinates must each gatisfy equa-

tion (1), giving three equations from which to obtain the
values of @, &, and 7.]
Ans. 2@+ +62+4+y=0; and (—3, —4) and 3v/37.

6. Find the equation of a circle referred to its diameter §
and left-hand vertex that shall pass through the point (2, 3). §

Ans. = pa — %

42. To find the equation of the tandent at any g

point of a circle.

The Tangent fo any curve is the line joining two indefi-

nitely near points on that curve.

Hence, its equation will be found by first forming the
equation of the secant drawn through any two points
@, ), (2", y") on the curve, and then allowing the first
point to remain fixed while the second moves on the curve

up to the first; the secant in its limiting position will §

become the tangent to the curve at the first point, and the
equation of the secant will become the equation of the
tangent.

The equation of the circle, the origin at the centre, is
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I
e Yory :
1=y =5t @) ®
Since (@, :a;') and (2", y") are both on the circle,* they will
satisty equation (1); therefore,

y a2 + y"ﬁ — 2 3

and 2" 4yt = r?-, E-L;

’Subtl:?ct gri) from (3), transpose and factor, and we have

W — ") (y ’-|~ Y')=— (@ —a")(z' + 2"); from which
" a2 F

Y -y § o R e
we obtain P e e —ﬂ-y—,, Hence, substituting in

(2), it becomes
T Ly ’.___
¥ =9 iy ()
Nowﬂwhen the second point coincides with the first, we
have 2" =/, y" = y'; therefore (5) becomes

!

y—y =

= ; (@ — ), (6)

which is the equation of the tangent at the point (2, %),

!

AR
= being the tangent of the angle which the tangent to

the curve at the point (2, y’) makes with the axis of z.

’Multiplying (6) by g', transposing, and remembering that
z'? + y'? = 12, we get

a7 + gy =1 @)
a form very similar to the equation of the circle.
Equation (7) may be written in the symmetric form,

(8)

* The object of this transformation is to find the value of _y:y" when the twe
Dboints (&', y'), (2", ¥”') are placed on the circle and then made to (;c;incide.
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43. 7o find the equation of the normal at any
point of « cirele.

The Normal at any point of a curve is the right line
drawn through that point at right angles to the tangent to
the curve at the same point.

The equation of the tangent to a circle at the point
(2, ¥'), Art. 42, 18
zz' + gy =1

;rg
or L

therefore (Art. 28, Cor. 3), the equation of a right line
through (#', ') perpendicular to the tangent at the same
point, is
a' !
y—y'=% (z—2), or yz‘%nz
Since this equation is satisfied by the values z =0,
y = 0, the normal at any point passes through the origin
of co-ordinates, that is, through the centre of the circle.

SoH. 1.—The Subtangent is the distance from the point
in which the tangent intersects the axis of  to the foot of
the ordinate from the point of tangency ; or it is the pro-
jection of the corresponding portion of the tangent upon
the axis of z.

Son.—The Subnormal is the distance from the foot
of the ordinate of the point in the curve to which the nor-
mal is drawn to the point of intersection of the normal with
the axis of z ; or it is the projection of the corresponding
portion of the normal upon the axis of 2.

In Fig. 46, TP is the fangent to the curve at the point P;
MP is the ordinate of the point of tangency.; PN, the nor-
mal ; MT, the sublangent ; MN, the subnormal.
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From the figure we have

M
TM — - -
My tan MTP’

or, Subtangent (Art. 43) = — y_f T
T

= T
Also, MN = MP tan MTP; :
g Fig. 46

or, Subnormal = — z',

which shows that the normal passes through-the centre of
the circle. (See Art. 43.)

EXAMPLES,
1. Find the equation of the tangent to the circle
a? 4 4 =25,
at the point whose abscissa is 4/7.
Ans. ATz 4 /18y = 25.
2. Find the subtangent in the last example.

Ans. Subtangent = — —1§—

. VT
3. Find the equations of two right lines which touch the

~circle 2° + 4?2 = 10, at points the common abscissa of which

18 one, Ans. x + 3y = 10.
44. If the equation of a circle be given in the form
(@ —af+t (y—BF = (1)
we may find the equation of the tangent at any point, in
the same way as in Art, 42, .
Let: (s ) be the point on the circle at which the tan-
gent is d_l'a-wn;' (z", ") a second point ‘on the circle; then
these points will satisfy (1), giving
(@ —aP +(y —0p=r, ()
@i —=up & (" —p=1". ®)

_,..t.'.; =T e L

e
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Subtract (3) from (2), transpose and factor. and we have
{.’E’ L .’L‘H) (;L‘” g i 20) 4 {yr = gn) (yu_l_ yJ i 2!)) 2 U,
from which we obtain,

Y=y vk x"_ﬂ:;EE (4)
x! il i} 2}” yﬂ + y e 26 i

Substituting (4) in the equation of the secant throngh

(«', ') and (2", y"'), we have
; z'4+2 —Ra, 5
y—?/=—m?_2,g,(l z'). ()

When the second point coincides with the first, we have
2'=2a';y" =y, and (5) becomes

2 —a

¥ — (z — 2').

Clearing of fractions, transposing, and factoring, we have

E—0@—0+G—DE—B=r" @

which is the equation of the tangent required, a fo'rm easily

remembered, from its similarity to the corresponding equa-
tion of the circle.

y—y=—

EXAMPLES,

1. Find the equation of the tangent to the circle
2 — 2)? + (y — 3)* = 10, at the point (5, 4).
( ; i Ans. 3x 4+ y=19.

2. Find the equation of the tangent to the circle
o 2 2y — 3z =0, at the origin.

i : Ans. 2y + 3z =0.

3. Find the equation of the right line passing through the
origin, and tangent to the circle 22 + o> — 8z + 4y = 0.

: Ans. 4y — 3z = 0.

4, Find the equations of the tangents to the circles T'z:? +
¥ — 6x.— 2y =0, and 2* + y* — bz + 6y = 0,-at the origin.

Ans. 3z + y =0, and 5z 4 6y = 0.

CONSECUTIVE, COINCIDENT, AND IMAGINARY POINTS, 8"

45. 7o find the co-ordinates of the points in which
@ given Tight line y = aax + b intersects a Siven
circle a2 4 3° = 92,

Equating to each other the two values of y found from
the two equations, we have, for determining the abscissas of
the points of intersection, the equation

(1 + &) a2® + 2abz = 12 — b2 (1)
—ab+ V0 FAHr—p
B
giving us two roots, real and unequal, equal or imaginary,
according as (1 + a?) 72 is greater than, equal to, or less
than &2

Hence, when the first of these conditions oecenrs, the
right line will meet the circle in two real and different
points; when the second, in two consecutive or coincident
points, becoming a tangent (see Art. 42); when the third,
in two imaginary points.

By Consecutive Points is meant points whose distance
apart is infinitely small ; that is, so small that we cannot
assign a value too small for it. We may assign the value
0, and take the points as absolutely coincident, and hence
they may be designated as Cloincident Points, which is

hence, T=

“the language of pure Geometry ; the term consecutive is
peculiar to the Analytic method.

Cor.—If the two values of z in equation (1) be equal, the
two values of ¥ in y = az 4 & must also be equal. There-
fore the two points in which the line cuts the circle will be
cotncident if 5 = (1 + a?).

Hence the line y = az + r4/T + 2 will fouch the circle
22 4+ y* = 72 for all values of «. . ]

NoTz.— This enables us to write down at once the equation of the tangents to the
given circle, which are inclined at a given angle (tan —'a) to the axis of z.
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EXAMPLES,
> 1. Find the points of intersection of the circle z*+ y*=25,

: T =) :
and the line y +=z+1 Ans. (—4, 3) and (3,— 4).

2. Find the points of intersection of the circle *+y*=25,
and the line 3y + 4z +25 =0. : : _
Amns. The line touches the circle at ( 1—3—1, e 3).2~
3. Fi intersections of a2+ y*=165 and 3z +y=25.
3. Find the inters P o
4. Find the intersections of 224 y*=25 and :z:+y~:—o.
Ans. (0,—5) and (— 0,‘0).
5. Find the points in which the circle 2? + 4? = 9 inter-
; i — i1/ ===k
thelines z4+y +1=0, 2+ y¥ e
e § (1.55, —2.55) and (— 2.55, 1.55);
Ans.

( (2.55, — 1.55) and ( — 1.55, 2.55).
6. Show that the circle 2® + 3 + 2 + 2y +1 = 0 touches
the axes of co-ordinates, and fir

1d the points of contact.
Ans. (—1,0), (0, — 1)

7. ‘Find the equations of the circles lmvin‘g their c-en?:r@
at the origin, and which touch the following three lines
resae)czl‘zlg.x + 53 (2) 8y ==« + 10; (3) 3« -[-‘-t)y :21_0.1

Ans. (1) 2 + 2 =5; (2) 2 +3=10; (3) +Yy ==

8. Find the equations of the tangents_ to the cmil(i
a? + y? = 2, which are inclined to the axis of = at the
following angles :

(1) 45°; (2) 120°; (3) —30°; (4,} tan=1 5. i

Dy=z+2; ) y+Ve==123VR; 2

s }(3) A3y + 2= 2/2; (4) 12y = bz £+ 13V/2.

9. Show that the following lines and circles touch, and
determine the points of contact in each case:
(1) :e#-{-y?-{—:z:+;y=0aud:z‘+;r;+2:0;
2) y = 24/3 + 9 and 22 + y? = 6y. i
Sl (1) (=1, —1)3 (2) (— V3, §).
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10. Find the equations of the tangents from the origin
to the circle a2 4 32 — 62 — 2y +8=0.
Ans. x —y =0, and z + Ty =10,

46. 7o find the length of the tangent drawn from
any point to the circle.

(—aP+ (y—b2—r=0. (1)
Let (2', y') be any point in the plane of the circle whose
centre is (e, 8); then (Art. 9), for the distance between
(@', ¥') and (@, &), we have
V(@ —aP + (—0);
and since this distance is the hypothenuse of a right-angled
triangle whose two sides are the radius of the circle and
the corresponding tangent, we have, calling the tangent £,
= (a'—a)+ (y — 6)* — 2 ()
Hence, if the co-ordinates of any external point be substi-
tuted for z and y in the equation of a circle, in which the
co-efficients of @® and y? are each unity, the result will be
the square of the length of the tangent drawn from that
point to the cirele.

46a. 7o find the locus of a point from which the

- tangents to two diven circles are equal in length.

Let (z—a) + (y — b —r2= 0,
and (@ —dP + (y -0 —r2=0,
be the equations of the two circles. Then by Art. 46 the
squares of the tangents from any point (%, y) to the two
circles are
(t—a) + (y — )2 — 22, (1)
Z—aP+ (y—8)2 — 2 . (2)
Since these two tangents are to be of equal length, (1)
must equal (?), from which-we find,
(T —af+ (y—02—r=(z— a’) 4 (y — ') —
or(ae—a') e+ (b—b")y+ 3 (a*—a2+ 2= r2— ) =0, (3)




