CHAPTER N
THE PARABOLA.

51. In the previous chapters we investigated various
properties of right lines and circles. We shall now progeed
to consider three curves, commonly called conic sect?-om,
which rank next in importance and interest to the right
line and circle. . BB

A Conic Section is the locus of a point moving 1 a
plane so that its distance from a fixed pc_)mt bears a._const_an't‘
ratio to its distance from a fixed right line. If this I.[‘;ltl() is
unity, the locus is a Parabola; if less than ;1111 )ﬁ 'aldl'
Ellipse ; if greafer than unity, anHypel:bola: he l:;nl
point is called the Focus, and the fixed right line is callec
the Directrix.* : o

We might begin by producing the general equation l;)fl a

(=] : _ ; ;
conic section, and afterwards applying it to the para ;ad
ellipse, and hyperbola, in succession ; ¢ but we prefer: todnﬁ
the equation of each conic section separately -fro'm its efi-
nition, beginning with the parabola, because it is the sim-

lest of the three. _ :
: ReEMARK.—It will be shown hereafter, that if a rlglht cmlle with a
circular hm;‘.e be cut by a plane, the curve of intersection m?] 1bb one
of 1‘:hc following : a parabola, an ellipse, an l:ypls;rbola, {1)0 (l:;rce;a],i ;:ee

i i : int. Hence, the para . X
i line, two right lines, or a poin 4 :
nf:l;y]:)l;rbola are called conic sections, which term may also bt; :111
S i i vo ri i d the

i i ht line, two right lines, an

tended to include the circle, one rig g

i i hese curves were
i this point of view that t!
ey i hown hereafter that every equa-
i b meters. It will be sl own _ ]

:-'_“mol? ‘:ﬁe :ei)esd degree between two variables is the equation of a
100

conic section.

# Todhunter’s Conic Scctions, p. 116.
+ See O'Brien’s Co-ordinate Geometry, p. 62.
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52. A Parabola is the locus of a point moving in a plane
80 that its distance from a fixed point i8 equal to its distance
from a fixed right line. The fixed point is called the
Focus; the fixed right line is called the Directrix; the
right line through the focus perpendicular to the directrix
is called the Axis of the curve; the point in which the
axis cuts the curve is called the Principal Vertex.

From the definition, the parabola
may readily be constructed by points,
thus: Let F be the focus, CD the di-
rectrix, and 0X through F perpen-
dicular to CD the axis. The point A,
midway between O and F, is a point
of the curve, and is the verfez. Take
any point on the axis, as M, and erect
MP perpendicular to it. With F as a
centre and OM as a radius, describe :
an arc cutting MP at P. This will be a point of the curve,
for we .have FP = DP. In the same way, any number of
points may be constructed ; drawing a line through them,
it will be the required curve.

Fig. 50,

The curve may also be deseribed by
a continuons movement. Let OD be
the directrix and F the focus. Take
& triangular ruler, RDE, right-angled
at D, and place one side DE on the
directrix ; take a string, equal in
length to RD, and attach one end ab
R, und the other at F; then press a
pencil against the string, keeping it
continuully tight, with the point P
against the ruler, and slide the ruler along the directrix;

the path of the pencil will be a parabola, for in every posi-
tion of P we shall have

Fig. 50.a

PD = FP.
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53. 7o find the equation of the parabola.

Let F be the focus, YY' the direc-
trix, OX the axis of the parabola.
Take OX and OY for the co-ordinate o
axes. Let, y be the co-ordinates of
any point P in the locus, and put p =
the constant distance OF. Draw PM
and PD respectively perpendicular to
the axes of z and y, and join FP.
Then we have, from the definition,

FP = PD;
therefore, FM2 + MP?2 = PD?;
that is, (z—pP+ 9> =2%
OF ¥ = (z — p),
which is true for every position of P ; hence it is the equa-
tion required.

When y = 0, z = p, which shows that the curve cuts
the axis of z at the distance }p to the right of the origin,
or midway between O and F.

If we move the origin to A, and keep the new axes paral-
lel to the old, the equation will be simplified. The formula=
for transformation (Art. 33) are z=4p + 2, y=1y';

therefore (1) becomes
y'? = 2z’ ;

5

or removing the accents, since # and y are general variables,
we have
¥ = 2z, (®)
which is the equation of the parabola referred to its axis and
. /the tangent at the principal vertex.
Cor. 1.—When y =0 in (2), we have z = 0, which
shows that the curve euts the axis of # at the origin. When
2 =0, y = + 0, which shows that the axisof y is tangent
to the curve at the origin.

DISCUSSION OF EQUATION.

Cor. 2.—Solving (2), for y, we get
Y = £+ V2u,

which shows that for positive values of z there are two real
values of y, numerically equal, but with contrary signs.
'Hence, for every point P on one side of the axis of x, t}?ere
1s a point P’ on the other side, at the same distance from it
.:m.d therefore the curve is symmetrical with respect to thé
axis of 2. If we suppose p to be positive, which is the case
whenlthe focus is to the right of the origin, we see that
negative values of & do not give real values of ¥; hence, no
point of the curve lies to the left of the axis of y. Asz ;113y
¥1ave- any positive value whatever, the curve extends to an
infinite distance in the direction of positive abscissas. In
the same way, if we suppose p to be negative, or the focus
to be to the leff of the origin, it may be shown that no part

of the curve lies to the right of the origin, while it extends
without limit to the left of it.

CoR. 3.—To find the value of the ordinate passing through
the focus, make # = 3p, and get, from (2),
P = or 2y = 23);

Hence, the double ordinate passing through the focus is
equal to the constant quantity 2p. This double ordinate
through the focus of a conic section is called the Principal
Parameter, or Latus Rectum.

Cog. 4.—From (2) we have the proportion,

Ty oy 2p;

ﬂmt‘is, Rp; the latus rectum, is a third proportional to any
abscissa and its corresponding ordinate.

Cor. 5.—If (', y') and (2", y") be any two points on the
curve, we shall have, from equation (2),

ytg — 2pr,, ynz o 2“”‘
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Hence, forming a proportion, we have
. g Rt a2l
That is, the squares of any two ordinates are to each othet
as their corresponding abscissas.
CoRr. 6.—A point is outside, on, or
inside the parabola, according as

PpB—pr >, =, or 0.

Thus, if the point is on the curve,
as at P, its co-ordinates satisfy the
equation of the curve, giving

Figl 52.
o — 2pz = 0. 5

int i ] y at B, its abscissa
int is ouéside of the curve, as at_ i ;
wi{f ;E:elzgs than at P, while its ordinate will be the same,

giving e ‘

If the point is inside of the curve, as at C? its abscissa w11)¥
be greater than at P, while its ordinate will be the same,
i Y — 2px < 0.

54. To find the equation of the tangent at any
point of a parabola (see Def., Art. 42).
! oy two points on the curve.
Let (', ') and (z", y") be any ts on .
The cq(uatizlz of the secant through these points is (Art. 26)
y—y=4="L o) (1)

ae—l
Since (2, y') and (2", y") are on the parabola, they will
satisfy its equation, giving us
y'? = 27, (?)
yﬂg — 2}’3"0 (3)

TANGENT TO THE PARABOLA. 109
Subtracting (3) from (?), factoring, and dividing, we have
Y=y g
@ g’ gl ylts
which, in (1), gives y—y'= —22__(; _ (4)
' ¥y +y
When the points become consecutive, y"'—=y'; hence (4)
becomes

y—y'="6—a). (%)

Clearing of fractions, and substituting for y" its value in
(?), we have ¥ =p+ ), (6)
which is the required equation of the tangent at =, ).

Cor. 1.— To find the point in which the tangent cuts
the axis of z, make ¥ =0, in (6), and we have

O=p(+2); S B=—g
that is, the subtangent is bisected at the vertex.

ScH.— This result enables us to
draw a tangent to the curve at a
given point. Let P be the given
point, and MP its ordinate. Lay _r,/A
oft AT to the left of the origih 7
equal to AM. Draw a line through
T and P, and it will be the tangent
required. ¢ 7

(s X y St'g- 53,
Cor. 2. From equation (6) we have

!

7 L +2—_

=L Ly P dY p g
y¥‘?[’&+‘q/"'h_' A o ilr —

Yy Y Y

AR ) R :
Put ol a, and -, SR G and (7) _bewmes
Y = azit 22:— (8)
We might have found (8) by the method of Art. 45,
Cor.

NOTE.— In the solution of examples we should take whichever form of the equa.-
tion of a tangent appears the more suitable for the particular case,
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55. To find the equation of the normal at any
point of a parabola.

Let (', y') be thfe point ; the equation of the tangent at
(2, y'), (Art. 54), is

y=Le+a). (1)

The equation of a right line through (2, y') perpendicu-
lar to (1) is, by Art. 27, Cor. 2,

r y’ I P
y_.y =—E}(x——-x), ()

which is the required equation of the normal at the point
(', ¥). o

Cor.—To find the point in which the normal at (2, ')
cuts the axis of z, we make ¥ = 0 in (2), and get, after
reduction, ;

z=2 +p; or z—2z' =p.

That is, the subnormal 1s constant, and equal to half the

latus rectum.

ScH. — This furnishes a second
method of drawing a tangent to a
parabola, at a given pom!;.

Let P,be the given point, and PM
its ordinate. From the foot of the
ordinate lay off a distance MG on the
axis, to the right, equal to half the i
latus rectum, and draw GP ; througItl Fig. 54
P draw PT perpendicular to GP. : ‘
PT will be the 5Langent required, and GP will be the normal

56. To prove that a tandent to the parabola at any
point malkes equal angles with the axis of the curve
and the focal line to the point of contact.

A Focal Line is a line drawn from the focus to a point
of the curve.

INTERSECTION OF TANGENT AND PERPENDICULAR. 111

Let PT be the tangent at P, FP
the focul line to the point of contact,
MP the ordinate, GP the normal.
and OD the directrix. Then (Art.
54, Cor.), !

AT = AM;

also, BT — AT 4 AF
= AM + AF foute:
=AM + A0 = OM : Flg, 8.

that is, FT = FP (Art. 52).
Hence the angle FTP — angle FPT.

D

BT, To find the locus of the intersection of the
tangent to a parabola with the perpendicular on
it from the focus.

The equation of an

Yy tangent to the parabola is (Art. 54,
Cor. 2),

y=az+ EPZ (1)

The equation of the line thr-ough the focus perpendicular
to (1) is (Art. 27, Cor. 2),

o= _%, (:7-' = %P);

S 9
S e 2a )

Since the lines (1) and (2) have the same intercept on
the axis of y they meet in that sxis,
¥, or the tangent to the curve
locus.

Hence the axis of
at the vertex, is the required

CoRr.— The result of this Art. can be easily obtained from
geometric considerations, Thus, let FB, Fig. 55, be a per-
pendicular from the focus to the tangent PT. Tt will in-
tersect P'T' at its middle point B, because the triangle TFB
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is isosceles. 'The vertical tangent at A also intolrsects 1llPl
at its middle point B, because it IJiSECtE-S MT and is pa:rale
to MP. Therefore the point B, at which the |:»el'pendlcu£ at.r
intersects the tangent, is on the axis of y, or the tangent to
the curye at the vertex.

B 58. To find. the co-ordinates of the ;ermﬁ_of contact
of a tangdent to a parabola from a fixed point.

Let (', y') be the required point of contact, and (2", ¥"')
be the fixed point through which the tangent passes.
Since (2', ') is on the parabola, we have
y'? = o (1)
The equation of the tangent at (', y') is
9y =p(@ + @)
Since this tangent passes through (2", y"), we have
¥y =p @ + %) @)
Solving (1) and (2) for 2’ and ', we have
pr =yt — pa" £y VY = T
g =y + Vy— .

These values indicate that from any ﬁxled _pomt tzfm- tan-
gents can be drawn to a parabola, real, cotncident, 01t gn;a_'q—
inary, according as y"'? — Wz > 0, = 0, or < 0 ,_ﬁ '?t}llsé
according as the point (2", y") is without, on, or wihir
« = :
curve (see Art. 53, Cor. 6).

Cor.—The ordinate of the middle point of the chord

joining the wo real points of con.t:a.ct is equzf,l ‘.co_fhe h?ltf{-}
gum u? the ordinates of the two points; thatis, it1s equalt

: e int, paraliel to the |
y". Hence, a line through the fixed point, para

axis of the curve, bisects the chord joining the two ]101!11:,3
uf contact, This chord is called-the Chord of Contac

EXAMPLES.

EXAMPLES

1. Are the points (6, 6), (4, 6), (4, 3), (4, 4), (4,—5)
outside, on, or inside the parabola y* = 6z ?

2. Are the points (0, 0), (0, 1), (3,—2), (5%, 4 4/5) on the
parabola y* = 5z ?

3. The distance from the focus of a parabola to the
directrix is 4: find its equation when the origin is (1) at
the vertex, (2) at the focus, and (3) at the intersection of
the axis and directrix.

Ans. (1) y*=8z; (2) =8z + 16; (3) y* = 8z — 18.

4. At what point of the parabola 2 = 16z is the ordinate
equal to twice the abscissa ? Ans. (4, 8.)

5. If the distance of a point in the parabola 3* = 2pa
from the focus is equal to 2}p, what is the abscissa of the
point ? Ans. 2p.

6. The equation of a parabola is 2= 9z : find the equa-
tion of the chord through the points whose ordinates are

3 and 6. ¢ Ans. y=z 4+ 2.

7. Find the equations of the tangent and the normal to

the parabola y* = 42 at the point whose abscissa is 9 and
ordinate positive.

Ans. Tangent, 2 — 3y + 9 =0; normal, ¥ + 3z = 33.
' 8. Find the equations of the tangents and the normals to
the parabola »* = 8z at the ends of its latus rectum.

Ans. { Tangents, ;“;gi g z g; normals, gi?;g = 8’

9. Find the equations of the-tangents and the normals
to the parabola y® = 4az at the ends of its latus rectum.
Ans. txy+a=0; y + 2 3a=0.

10. Find the points where the line Y= 3x— a cuts the
parabola y* = 4aa. Ans. (a, 2a), (}a, — § a).




