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chord of contact.

Let (2, ¥') be the external point
P'; (z,, y,) and (z,, y;) the two
}‘J()iTIth‘ P, and P, where the tan-
gents meet the parabola. ~Then
T’ P, will be the chord of contact

158 ; i
whose equation is required.

The equations of the tangents at
P, and P, (Art. 54) are

Yy, =@ + 2,) (1)

Yy =2 (& + 2,). (2)

Since .these tangents pass through P’ (2, ), the co-
01'(iinates of P’ must satisfy both equations.

Yy =p@E + ), (3)

Yy =p (@ +z,). (4)

But we see that (3) and (4) are the conditiona} tha.tlthe
two points (@, ¥4), (%, y.e) may lie on the line whose

equation is : 5
; vy =p(@+2). 5)

Hence (5) is the equation of the line _thlrough the .two
hoints t'x ;) and (z,.4,). Therefore it is the required
23 LA 5,
l:r.iuation of the chord of contact P, P,.

60. Through any fived point a chord is drawn t?
a pa r.‘a,bola, and tangents to the pa,ra/bqla; are drrzr'ma
: il hord; to find the equation
t the extremities of the ¢ ord; 1 :
:f‘ the locws of the intersection of the ta{bgemés when
the chord is turned about the fixed point.
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Let (¢, y') be the fixed point P!
through which the chord Passes; and
(". y") the point P" in which the two
tangents drawn at the extremities Q
and R of one position of the chord in-
tersect. It is required to find the locus
of P" as the chord turns about B
The equation of the chord of contact
(Art. 59) is Fig. 57

Yy ' =p @+ 2").
Since this chord passes through P/, we have

¥y ' =p( + 2"). (2)
Now, (2) is the condition that the point P” (2, y") lies
on the right line whose equation is

¥9'=p @ +a), (3)
“and this is true for any position of the chord P'QR passing
through P’, Thus, if P'QR be turned about P’, the point
P” will move along the fixed line PP, whose equation is
(3). Therefore (3) is the equation required, and the locus
is a right line.

ScH.—The line YY'=p(x + 2') is called the Polar of
the point (2, %') with regard to the parabola 42 — 2pz, and
the point (z', 4/') is called the Pole of the line.

It will be seen (Art. 60), that if (2, y) be any point
whatever, the equation ¥'=p @+ 2 represents the locus

of the intersection of the tangents at the extremities of the
chord through («/, y).

61. The statements in Art, 49 with respect to the sircle
may all be applied to the parabola. Thus, we see that the
equations of the fangent, of the chord of contact, and of the
locus of the intersection of tangents at the extremities of
chords that pass through a fized point, are all identical in
form ; and inasmuch as the fixed point (2, ¥'), in the case
of the chord of contact, is restricted to being without the
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curve, and in that of the t.an'gent to ]3?111g on the m;*:};f
while in the ease of the locus just described it -1lb Tl?f {w'lci
whatever, it follows that the tangent and chulvu o‘ L((]Jue.m
in the parabola are particular cn.ses‘nf‘ t.‘lm io{:;:.u ke
bringing the point (2', y') on the curve, or outside oL It.

L " 62. A Diameter of a curve is the locus of the middie
points of parallel chords. .

To find the equation of any diameter.

Let (z, y) be the middle point,' P
of the chord P'P”; (z', y') the'pc':’mt
P’ or P"; 6 the inclination of P'P” to
the axis of 2, the axis of the curve ;
r the length of PP, half the line

P'P". Then
2 — AM 4+ MN = z + r cos 8;
y = NR + RP' =y + rsin®. ‘
Now as P’ is on the curve, its co—qrdiuat_est @', y' will sat-
isfy the equation of the curve y* = 2pz, gving

Fig. 58.

(y + rsin 6) = 2p (= + r cos 6),

. : B gy et iy
or 72sin20 + 2r (y sin 0 — pcosB) + y* — 2z =0, (1)

from which quadratic we can determine the I:\;lo \'(al.hl?s (f 1(‘).
i i i " the chord, the tw
is the middle point P o’tlt o S0

?'::zeis E)C;" f)are numerically equal with contrary mgns;

‘]Zl.erefore (Alg, Art. 135), the coefficient of the first powe

of r vanishes, giving us :

g sin @ —pcos =0,
vhich represents the locus of the mi.ddle point_P ot; 1;1110
Lhord P'P". Hence the required equation of any diameter is

y =p cot 6. (?)
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Since p is fixed for any given parabola, and 0 is constant
for any given system of parallel chords, the second member
of (2) is constant ; and therefore it is a right line parallel
to the axis of  (Art. 22, I, Cor. ?). Hence, every diameter
i8 a right line parallel to the axis of the parabola. By giving
to 6 a suitable value, equation (2) may be made to represent
any right line parallel to the axis, Henee it follows that
every right line parallel to the axis of the parabola is a
diameter ; that is, it bisects some system of parallel chords.

Scr.—To draw a diameter of a parabola, draw any two
parallel chords, bisect them ; the line passing through the
points of bisection is a diameter.

2 63. To find the equation of the parabola referred
to any diameter and the tangent at its vertex,

Let (m, #) be any point A’ on the
parabola; - take this point for the
new origin, and draw through it
the diameter A'X’ and the tangent
A'Y' for the new axes of co-ordi- /_4
nates. Let X'A’Y' = 3; then
(Art, 54),

Y
tan 8 = ;jf—, — g Fig. 50,

Let (z, y) be any point P on the curve referred to the
old axes AX and AY. Draw PM parallel to A’Y’, and
draw PM, M'N, and A'L parallel to AY ; then

z =AM = AL + A'M' + M'R = m + @' + y' cos B. (1)
¥y = MP = LA'4+ RP - =mn + y'sin . (2)
Substitute these values of 2 and ¥ in the equation

¥ = 2pz,

and obtain (r + y'sin B)2 = 2p (m + 2" + y' cos B),




- e S ——— B
e e e e =

118 FQUATION OF PARABOLA REFERRED TO NEW AXES.

or y'2sin?B+2y (nsin B—p cos B) + (n2—2pm) = 2pa’. (3)
But n zt?i'ﬂ:p%g;
nsinB —pcosfB=0;
also, since A’ is on the curve, its co-ordinates m, n will
satisty 92 = 2pz, giving us,
w* = 2pn.
Hence (3) becomes y'?sin?f = 2pa’,

2p ’

o Jre BERN ] ot S
or ¥° = smg”"

Putting qi?f‘;ﬁ = 2p’, and dropping. the accents from
« and v, since they are general variables, we have
¥ = W' (4)
which is the required equation, and is of the same form as
the corresponding equation referred to the axis of the curve
and the tangent at the principal vertex.

ScH.—We might have obtained equations (1) and (2)
from the formule to pass from rectangular axes to oblique
(Art. 35, Cor. 1), by remembering that, since the new axis
of & is parallel to the old, « = 0, and therefore sin & = 0,
and cos ¢ = 1.

Cor. 1.—Solving equation (4) for y, we have

which shows that, for every positive value of @, there are
two real values for y, numerically equal, but with contrary
signs. These two values, taken together, make up a chord
parallel to the axis of y, and which is bisected by the axig
of 2. Hence the axis of z bisects all chords of the curve
parallel to the axis of y; that is, the system of chords
bisected by any diameter (Art. 62), is parallel to the tangent
at the vertex.
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The quantity 2", or

. 2
6 Ly
its equalagg-—ﬁ, 18 called the

Parameter of the diameter that ig ta

. ’ &lld A 't', € an W 1 (1)

ken as the axis of z.

re T /

= ?px 3 YN =",

: Y2:9"% 0z 2,
That is, the squares

t{o each other as the ¢

therefore,

of the 01_-dinai;es to any diameter are
rresponding abscissas,

i 64. The parameter of’
times the distance
to the focus.

By Art. 56 we have, in Fig. 59,

any diameter is ¢
qual to fou
from the vertex of that dmmf(;te:

FA"—= AL + AT — |
and by Art, 63, R

n2

m =2—}-) = $p cot? B (since » = p cot §8);

therefore sm 4 1 = $peot2p + 19— P
] ” B= 2sin2p — FA'
hence, PN '

sin?3 — 4EAL

But (Art. 63, Cor. 1), -2
i vl i
2ohemes k - )s S 8 the parameter of the
r A'X’, which wag represented by 2p'
parameter of any diameter is equal to 4FA’

65. 7o find the e
referred to an
vertex.

5 therefore the

?ua,tion of a tangent to o parabola
Yy diameter and the tangent at its

The equation of g 1i
the same form
lar axes ;

ght line referred to oblj

que axes
e }EArt. 22{ IV) as when referred to recta
© equation of the parabola referred to

is of
ngu-
any
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diameter and the tangent at its vertex is of the same form
(Art. 63) as when referred to the axis of the curve zm(.l tan-
oent at the principal vertex. Hence, the investigation of
D -
Art. 54 will apply without any change to the equation

9 o 2p'z,
giving us the required equation,

9 =1 (@ + ).

Cor—Making » = 0 in this equation, we get = —2,
which shows that the tangent cuts any diameter on the l_eft
of its vertex, at a distance equal to fhe abscissa of the point
of contact. Hence, the subtangent to any diameter of a
parabola is bisected al the vertez.

66. To find th~ polar equation of the parabola, the
focus being the pole.

Tet FP = r, XFP = 0; then we
have, from the definition of Art. 52,

FP — OM = OF + FM;

that is, r=gp + rcost;

£ )

therefore, T ={_cosf”

Fig. 60,
which is the required equation.

P

1 -1
the radins-vector ‘which coincides with the axis does not
meet the curve, or rather meets it at an infinite distance.
For any value of 6> 0, however small, » is finite, which
shows that if a line be drawn from the focus making any
angle, however small, with the axis of the curve, it will
meet the curve at a finite distance.

Cor—When 0 = 0,7 = — oo, which shows that
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When @ = 90% 7 = », as it should. When 6 = 180°
= }p,oas it should, since AF — ip (Art. 53). Whel;
6 = 27()_ > = p, a8 it should. The two values of » cor-
responding to 90° and 270°, taken together, make the
;ﬂez’rameter of the axis of the curve, which is a,frain seen to
Je equal to 2p, as it was shown to be in Art. 53?3001*. 3.

67. A chord passing throug

e h the fo : :
is called o Focal Chord. Joout of oo s

If' tangents are drawn at
focal chord of parabola :

L. The tangents will intersect on the directriv.
IL. The tangents will meet at right angles.
OI.  The line drawn Jrom the point of intersection

0? t e tandgen S t e f CUS p 7
jb 1 ?(’ t( 150 j 0CU. M,LZ pﬂ} ('J&(ZLGI&E(L? to

e extremities of any

L The tangents will intersect on the directriz. If the
tangents to a parabola meet at the point (z’

i ! . the Jqua-
tion of the chord of contact (Art, 59) is L4 % i

¥ =p @+ 2).

If the chord pass through the focus, its co-

e : i . ordinates,
=3P, Y = 0, must satisfy this equation,

giving

O=p@Epr+2); 7' = —4p;

that is, the point of intersection of the tangents is on the
directrix, ;

L. The tangents will meet at right angles.

: Th -
tion of the tangent to a parabola ( L

Art. 54, Cor. 2) ig

8 T P
=g
Yy ae 2a (1)
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If the tangents meet at (2', ¥'), we have
y'=az'+ 2"—;;

Yoy =0 @
R ga + 2xr 2
1 ini two values of @, which are
a quadratic for determining the .
:h?: tangents of the angles that the two tar;gent linessthrough
d i i he parabola.
2!, y') make with the axis of £
: El‘a‘ﬂl) the two roots of (2), ¢, and @,, and we have from

Algebra, Art. 140,

or a?

3
aiaa:%- @)

From (1) we have 2" = — % p, which in (S)Igives
a, a6, =—1, “1:“5;5

that is, the two tangents are perpendicular to each other
(Art. 27, Cor. 1), | ‘

11L. The line drawn from the point o:;" intersection qr;
the tangents to the focus will be g)e?'peml-szlm- to the }{o&a.
chord. The equation of the right line passing through the
focus and the point (', y'),. by Art. 26, is

p— yf s 4 (4)
V= Frmla—i)

From (I), 2’ = — }p, which in (4) gives

y:—%(-’ﬂ—%}’}- (5)

The equation of the chord of contact (Art. 59) is
yy' =p @+ 2),
which becomes for the focal chord,
s v — 19),
Al )
which is perpendicular to (5), by Art. 27, Cor. 1,

EXAMPLES,

EXAMPLES,

1. Find the intersections of the parabola ¢® = 82 and
the line 3y — 22 — § — ¢, Ans. (2, 4) and (8, 8).
2. Find the equation of the right line passing through
the focus of the parabola ¥ = 42, and making an angle of
45° with the axis of the curve, Ans. y=z—1.
3. Find the points in which the focal chord, y — z — 13
intersects the parabola, Y2 = da.
Ans. (3 +£2v/2,2 + 2/3).
4. Find the equation of the right line passing through
the vertex of any parabola and the extremity of the focal
ordinate. Ans, y = 2.

5. Find the equation of the circle which passes through
the vertex of any parabola and the extremities of the double
ordinate through the focus. Ans. o = §pw — 22,

6. Find the equation of the circle which passes through
the vertex of the parabola % =12z and the extremities of
the double ordinate through the focus.

Ans. 32 = 15z — 22,

7. Find the equations of the tangent and normal to any
parabola at the extremity of the positive ordinate through
the focus. Ans. y =z + 3p and ¥Y+a=4gp

8. Find the equations of the tangent and normal to the
parabola »? = 4z, at the extremity of the positive ordinate
through the focus. Ans. Yy=z+4+1; y+a2=3.

9. Find the point where the normal in Ex. 7 meets the
curve again, and the length of the intercepted chord.

Ans. ($, — 3p);.length of chord — 4p/2.

~10. Find the point where the normal in Ex. 8 meets the
gurve again, and the length of the intercepted chord.

Ans. (9, — 6) ; length of chord = 84/3,
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11. Find the point in a parabola where the tangent is

inclined at an angle of 30° to the axis of #
Ans. (-&p, p’\/g)

12. Prove that the normal at any point of a parabola
Sisects the angle between the focal line and the diameter
sassing through that point. [See Art. 56.]

13. Prove that the quantity 2’, in equation (4) of Art. 63,
which in the corollary of that article was called the parame-
“er, is equal to the double ordinate passing through the
focus. [See Art. 64.]

14. On a parabola whose latus rectum is 10, a tangent is
drawn at the point whose ordinate is 6, the origin being at
the principal vertex; determine where the tangent cuts the
two co-ordinate axes. Ans. (— 3.6, 0) and (0, 3).

15. Determine where the normal in the preceding exam-
ple, at the same point, if produced, will cut the two axes.

Ans. (8.6, 0) and (0, 10.3).

16. Find the angle which the tangent in Ex. 14 makes
with the axis of z. Ans.- 39° 48' 20",

17. In the parabola g2 = 12, find the length of the per-
pendicular from the focus to the tangent at the point whose

abscissa is 9. ! Ans. 6.

18. In the parabola 3?® = 8z, find the length of the nor-
mal at the point whose abscissa is 6. Ans. 8.

19. Prove that the circle described on a focal chord as a
“iameter is tangent to the directrix.

20. Prove that the tangent at any point of a parabola will
meet the directrix and latus rectum produced, at two points
equally distant from the focus. 7

921. Prove that a right line drawn from the point of the

parabola of which the abscissa is 4p, and cutting the axis ab
the point z = 2p, will, if produced, meet the curve again at

EXAMPLES.

the point z = », and be

: a4 normal ¢ i ing
the latus rectum, misa L e 2 s

o 22, T ary é i ?
n the parabola ¥ =2pz find the equation of the

(5}1(!1'(1 “"llich p‘ SBEE i se
asses thl'Oll‘-’ll the i
: g e vertex and is bisee
the L]l:ll]lOtCl' ¥ =uqa. ‘"1;1 i —Lte(l h‘Y
Ans., ay .

].'2.3. ;_Slww that the tangent to t}
the point (2, 4') is perpendicular

(_ri —4q?
R;fs yr T8

?4. Show that the line y=2% + 2 ouis Y= dax i
5 = 4az in co-

1€ parabola y? — 444 at

ol to the tangent at the

incident points.

Show that it also cuts 2022

ot ik + 20y =a? in coincident

5. Show that the line 7z + 6
curve y* — Yz — 8y + 14 — 0,
M;%L;Sb 11 ;n'tgents are drawn from the point (— 2, 5) to th
parabola y* = 6z: find the equation of the chord :)f (:ont‘tcte

ta Ans. 3z —sy—¢g.
: 7. Show that the equation y*>— 8y — 6z 4 28 —vl; r #
;C;lth a pzu-ub‘ola whose vertex is at the point (2 :) \:lele‘
atus rectum 1s 6, and whose axis is parallel to tf;e é;iq o]‘foSe

IQ g : 1‘.
‘ ztt'. Show that the equation 22 4 44z 4 Ray = 0 repr
sents a parabola whose vertex is at the poini; (—2a 8‘5"3)-

= s ~l),

108¢ Iatlls Ieetunl 18 2(3 l <
'—“1'.1 Wh(] € axis 1 Jar “ I t
“] C J s Be 4 8 aralle t he

Y = 13 is a tangent to the

29. Find the co-ordinates
& _ : of the focug and t i
of the directrix of each of the following paraboh:z .Cflllatwn
(1) =52 + 10; (R) a® — 4« +2y=0;
B)(y—22=5(@+ 4),

(1) (— 4,0
Ans. ((3) (2, 3), 2)
(3) (— 1,

2

A
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30. If perpendiculars be let fall on any tangent to a
‘parabola from two given points on the axis equidistant from
the focus, show that the difference of their squares will be
constant,

31. Show that two tangents to a parabola which make
equal angles respectively with the axis and directrix, but
are not at right angles, intersect on the latus rectum.

32. From any point on the latus rectum of a parabola
perpendiculars are drawn to the tangents at its extremities:
show that the line joining the feet of these perpendiculars
touches the parabola.

33. Show that if tangents be drawn to the parabola
42 = daz from a point on the line 2 + 4a = 0, their chord
of contact will subtend a right angle at the vertex.

34. Show that the locus of the middle point of a chord
of a parabola which passes through a fixed point is a para-
bola.

35. The extremities of any chord of a parabola being
(«, ¥), (¢, y"), and the abscissa of its intersection with
the axis of the curve being z, to prove that

2z = 22, y'y” = — 2})21

36. Two tangents of a parabola meet the curve in (z', ¥')
and (2", y"), their point of intersection being (z, y); show
that ;

z= 22", y=

L

37. The latus rectum of a parabola is 10, and the radius
vector is 25 ; find the variable angle. Ans. 86° 52" 12".

38. The latus rectum of a parabola is 10, and the variable
angle is 144°, the pole being at the focus ; determine the
radius vector, Ans. 2.6,

/J“

CHAPTER VI
THE ELLIPSEY.
68. The Ellipse is the locus of a Pobntimoving inla <
] a pantmoving inla S
plane, s that its distance from a fixed poitt moe’f:-;%‘ma
stant ratio to its distance from a fixed right line; the
being less than unity.* BIBLIOTECA
From this definition the ellipse
may be constructed by points
thus: ,
Let F be the fixed point, DD’
tl'le fixed right line, and e the
given ratio. Draw thronugh F the

line OA perpendicular and EE’
parallel to DD’. Take

FE (=FE)) : FO :: a3 1, Fig. 61
1g: .

fmd dr'aw OE and OE’ produced s
111((11e5i)mi:ely. 'Draw parallels to EE’, meeting the lines 0G
;m G . With the half of any one of these lines, as KH
or a rax!ms, and the fixed point F for a centre, describe ar:
arc tlmttnjxg KH at P; this is a point of the curve; for
Joining P and F, and drawing PD perpendicular to ’DD”
wo have KH (=FP) : KO (= PD) :: FE : Fo.

That is, by construction we have, FP : PJ)

SEi B ]
In the same way any required .
[ ¥ required number of points in t]
curve may be found. If A and A’ be found sé) that 1‘3
AF : AO ¢:¢: 1,
and AF: A0 ::6: 1

then A and A’ are points of
and A’are points of the curve. Connecting all

—_—

* Todhunter’s Conic Sections, p. 143,




