CHAPTER “VITE

GENERAL EQUATION.- OF THE SECOND DEGREE.

140. It has been shown (Art. 23) that every equation of
the first degree between two variables is the equation of a
right line. We have seen that the equations of the circle,
parabola, ellipse, and hyperbola are all of the second degree.
We shall now show that every equation of the second degree
between two variables is the equation of a circle, a parabola,
an ellipse, an hyperbola, or two right lines, intersecting,
parallel or coincident, or a point.

141. The most general form of the equation of the second
degree is
av® + bxy + eyt +dz + ey + f = 0, (1)

where a, &, ¢, d, ¢, f are all constants.

Pive relations between the coefficients are snfficient to
determine a locus of the second degree, although (1) con-
tains siz constants. The nature of the locus depends, not
on the absolute magnitude of the coefficients, but on their
mutual ratios, for if we multiply or divide (1) by any con-
stant, it will still clearly represent the same locus. We
may, therefore, divide (1) by £, so as to.make the absolute
term — 1, and there will then remain but five constants to
be determined. ;

If the locus passes through the origin, /' = 0 (see Art. 41,
Cor. 2), and (1) becomes

ar® + bay + cy® + do + ey = 0, (2)
which is the equation of the locus when it passes through
the origin.
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If the origin of co-ordinates e taken at the centre of the
locus (Art. 71, Sch.), for every point (2, ') whose co-ordi-
ua‘tes satisfy the equation, there will be a corresponding
point (— 2, — y') whose co-ordinates also will satisfy the
equation ; hence, when the centre is the origin, the equation
will not be altered by writing — z, — Y for @, y ; therefore
the terms of the firstedegree must vanish from it. In orderi
thfn?, to find the cenire of the locus, we must transfer the
origm to & point (2, %), and then see what valnes of z, o
will make the new coefficients of z and y vanish. These
values of 2’ and y' will be the co-ordinates of the centre of
the.docus referred to the original axes. In the following
transformations, we shall suppose the co-ordinate axes rec-
tangular ; for if they were oblique, we might transform the
equation to one in which the axes were rectangular, without
affecting the degree or form of the equation.

FIRST TRANSFORMATION.

A
| 142. The object of this transformation is to remove from

ar? + baxy + cy® + dv + ey + /=0 (1)
the terms involving the first power of 2 and . To do this
we transform (1) to parallel axes passing t.hrough a new
origin (2, y').

The formule for transformation to parallel axes through
(#', ¥') are (Art. 83), 2 = 2’ + =, Y =y + y, where 2’ and _
y'_are put for m and 2. Substituting these values.for z and
y in (1), and arranging the terms of the resulting equation,
we have

a? + bay + ey + Rw’w + 2eyly + az'¥ = 0, (2)
+ by + | + ba'y
+ dl + | + cy'?

+ da
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216 FIRST TRANSFORMATION.

or az® + bay + eyt + d'z + €'y e kR (3)
from which we see that the coefficients of 22 zy, and y? are,
as before, a, b, ¢; that

the new d is d = 2aa' + by + d;

the new ¢ is d =2y + br' + e;

the new fis f = aa'* + b2y +vy'?t + do' + ey + f.
“Hence, if the equation of a locus of the second degree be

transformed to parallel azes through a new ortgin, the coqf-

ﬁcim;ts of the lighest powers of the variables will remain
unchanged, while the new absolute term will be f’-ke result of
substituting in the original equation the co-ordinates of the
new oregin.

Putting the coefficients of = and y in (2) equal to 0, we

4 Raz' + by' + 4 =0, “ - A (4)

2y + b2’ +e =0 < (5)

which are the equations for the centre’of (1).

Equations (4) and (5) may thus be obtainedf For (4) lake
only those terms of (1) which involve = ; multiply each term
by the exponent of z in i, and diminish Hr.(ze‘- exponent b.y
unity. BEquation (5) may be obtained similarly byj substi-
tuting y for  in the above rule. Thus, the equations for
the centre of the locus represented by

42 + Bay + 2 — 14y + 17 =0
are 8z + 3y =10 and 3z +4y—14=0.
Som.—Solving (4) and (5) for 2’ and g, we find them to be

. 2ed — be 6
T =B _ dac’ )
; 2ae — bd -
which are the co-ordinates of the centre with reference to
the old axes. ;
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It is plain that these values of 2’ and y" will always be
finite, except when & — 4a¢ = 0, in which case they will
be infinite. Hence, loci of the second degree may be divided
into two classes: I, those which have @ centre ; 11, those
which in general %ave not a centre, or rather, whose centre
is infinitely distant. The first are often called Central
Curves, while the second are called Non-central Curves.
We shall first consider the case of central loci.

Substituting (4) and (5) in (2), and representing the
absolute term by /', for shortness, we have

az® + bxy + cy* + ' = 0. (8)
We see that if (8) is satisfied by any values, «’ and 3’ for
z and y, it is also satisfied by the values — 2’ and — /.

Hence, the origin of co-ordinates in (8) is the centre of the
locus which (1) or (8) represents.

SECOND TRANSFORMATION.

\ 143. The object of this transformation is to remove from

ai® + bzy + ey + [ =0 (1)
the term involving 2y, and leave (1) in the form
a®+ P+ f =0,
where if any value be given to one of the variables, the

other will have two equal values, with contrary signs.

To effect this transformation, we revolve the axes of co-
ordinates through the angle 0 till they coincide with the
axes of the locus. The formuls for this transformation
(Art. 35, Cor. 3), are

x = 2' cos # — y' sin 6,
y = ' sin 0 4+ ' cos 6.

Substituting these values for z and y in (1), and arranging

the terms, we have
10
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@cos?0 |z —2asinfcos O 2"y’  +asin?0|y?4f'=0.
+bsinfcosd + b cos?d —bsinfcos
+¢sin?6 —bsin%0 +ccos?d (2)
+2csinfcosf
If we equate the new coefficient of 'y’ .to 0, we obtain
2 (c — a)sin 0 cos 6 + & (cos? 6 — sin?0) = 0,
or (¢ — @) sin 20 4- bcos 20 = 0;
therefore, tan 20 = 4 Yo A 7 (3)
a4 —¢
from which we may determine the angle 8 through which
the co-ordinate axes must be turned to remove the term
containing zy.

As the tangent of an angle may have any value, positive
or negative, from 0 to w, it follows that (3) will always give
real values for 2 6; that is, there are two real lines at right
angles with each other to which when the locus is referred,
the term involving 2y vanishes.

Substituting (3) in (), we have, for the required trans-
formation of (1),

(@ cos?0 + b sin 8 cos 0 + ¢ sin?6) 2’2
z + (@sin®*® —bsin b cos O+ ccost)y'? - =0, (4)
+ I
or, omitting the accents from the variables, and writing &’
and ¢ for the coefficients of 22 and ¢?, we have
a2+ 'y + ff =0, (®)
which is the equation of the locus referred to its centre and
axes,
To find the values of ¢’ and ¢’ in (5), we have

@' = acos*f + bsinfcos O + csin?0 [from (4)]
=} [@cos? 0 4 a (1 —sin?0) + c¢sin*f + ¢ (1 — cos®h)
+ 20 sin 6 cos 0]
¥ [@ + ¢+ (@ — ¢) cos 20 + b sin 26). (4)
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Similarly, ¢’ = § [¢+¢ — (a— ¢) cos 20 — b sin RO, (5)'

From Trigonometry we have

co8 20 = —— ,l,ﬂ— = -
V1 + tan? 20
[from (3)]; also
sin 20 = /1 — c0s? R0 = -
: VPt (a — o)
Substituting these values of cos 26 and sin 26 in (4)" and
(5)', we get
(2 —e) + &
T — PR
%':a e VP + (a6 — 6)2]

=i+ o vFTa=ah Lo

? —¢)? 52/
also, CE R ahe= «ﬁf;u—gut—c)'&

:%[in+c—:ﬂ/52+(rz-—c)9]. (‘?')

Hence, we see that the general equation .0f the second

degree given in (1) of Art. 141 can always be transformed

to the form given in (5), provided that it is not subject to
.LF_EI_}(; condition & — 4ac =0 (Art. 142, Sch.).

Cor. 1.—Multiplying (6) and (7) together, we have
ac' =} [(a+ e — 8 — (@ — )] = (dac — BY).
Hence, if 4’ and ¢’ have like signs, 4ac — 8 will be positive,

or i* — 4ac will be negative ; but if o' and ¢ have unlike
signs, &* — 4ae will be positive.

CoR. 2.—When # — 4ac < 0, @' and ¢’ have the same
sign (Cor. 1); if f' have a contrary sign from ¢’ and ¢,
(5) becomes

(8)




b
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which is the equation of an ellipse [Art. 71, (3)] whose axes
are \/J:: and \E
a ¢
If ¢/ = ¢/, (8) becomes
ﬁ+¢=§, @
f

which is the equation of a circle whose radius is \/ i

If /" =0, (8) becomes
a'z® + G'ye =0,

which is the equation of the two imaginary right lines

zvd +yvV—c =0, and avad —yv—¢ =0,

which meet in the real point z =0, y =03 or it 1'5. the
equation of the origin, or the ellipse diminished indefinitely.

If ' have the same sign as &' and ¢, (5) becomes

a
7 j'y

which cannot be satisfied by any real value of z and y ;
therefore the locus is imaginary.

- Hence, if & — 4ac < 0, the general equation of the second
degree between two var m!)lm represents an ellipse, a circle, a
point, or an imaginary locus.

;2 A+ —1,

Cor. 3.—Wh&es
(Cor. 1). Suppose :
negative; (5) become

0, @' and ¢’ have unlike signs
e_positive, and «' to be

which is the equation of'u,‘,hypcrbola [Art. 102, (3)] whose

r B
axes are \/—‘ - and e
a ¢
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If @' and f’ are positive, and ¢ negative, (8) becomes

)

a Z
P — PR = —
7 f,?j 1, (11)

which is the equation of an hyperbola [Art. 105, (1)] conju-
gate to (10).

If f' =0, (10) or (11) becomes
a'zt — iR = 0,
which is the equation of the two lines

i
,)I — :E i V;r

intersecting at the origin.

If ¢ =4, (10) and (11) become

Y,

mz—gﬁ:{;,, and 2?— 2=

al"
which are equilateral hyperbolas [Art. 105, (2) and (3)].

Hence, if & — dac > 0, the general equation of the second
degree between two variables represents an hyperbola or its

conjugate, an equilateral hyperbola, or two right lines inter-
secting each other.

0 144. We have shown (Art. 142) that the coefficients of
the first three terms of the general equation of the second
degree between two variables are not altered by a transfer
of the origin; we shall now show that when the axes are
turned through an angle 6, and the new coefficients of the
first three terms are denoted by «', ¥', ¢/, we have the rela-
donsa’ + ¢ =a + ¢ and 8'2 — 4a'e’ — B — dqe.
From (2) of Art. 143, we have
@ "= acos*0 + bsin Ocos O 4 ¢sin26
3 [ate+(a— ¢) cos 26 + b sin 20] [from (4)]. (1)
2 (c — @) sin 0 cos 0 + b (cos?f — sin?h)

= (¢ — a) sin 20 + b cos 260, (2)
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= @ 8in®*f — bsin 6 cos @ + ¢cos@
= 4 fa+c—[(a—c) cosR6+bsin 0]} [from (5)']. (3)
Adding (1) and (3), we get 3
ad 4+¢ =ate * (4)
Also, from (1), (2), and (3), we have
[(c — @) sin 26 + b cos 20]2 }
— {(a+¢)*— [(a—¢) cos 26 + bsin 20]°}
— § (@—c)?(sin? 20 + cos®206)
+ 5 (cos®20 - gin?26) — (a + ¢)? }
= (@ —c)?+ B — (a + c);
that is, ' — da'c’ = B® — 4ac. ' (5)

b2 — dale = {

Thus, the expression .4 — 4ac has the same value
whether it be formed from the coefficients of the general
equation of the second degree, as given in (1) of Art. 141,
or after one or both transformations have been made, as in
(8) of Art. 142, or (5) of Art. 143.

“145. To sum up briefly :

1st. In order to reduce the equation of a central
locus to parallel axes through its centre, we have the
following directions:

1. The coefficients of the first three terms remain unal-
tered (Art. 142).

2. The co-ordinates of the centre of the locus are given
by (6) and (7) of Art. 142, Sch.

3. The absolute term is replaced by a new one, which is
the result of substituting in the original equation the co-
ordinates of the centre (Art. 142). ;

The equation is now reduced to the form

az® + by + ey? + f' = 0 [Art. 142, (8)] 1)
where the origin is at the centre of the locus.
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2d. To reduce (1) to the form a'a* + ¢'y? + f =0 by
b

turning the axes througy, the angle 6 = } tan=
a4 —c

(Ai‘b. 143.)

4. The coefficients «' and ¢’ are given in (6) and (7) of
Art. 143.

5. The absolute term, f*, remains unaltered [ Art. 143, (2)].
The equation is now reduced to the form

@'z + ¢y + f' = 0 [Art. 143, ®)]. (2)
146. We shall now consider the case in which
B — dac = 0.

We saw (Art. 142, Sch.) that in this case the centre was
infinitely distant, or, in other words, that there was o
centre.  We cannot, therefore, remove the terms do and ey
from the general equation by changing the origin to the
centre, as we did in Art. 142 ; but we can remove the term
¢y from the equation by turning the axes through the
angle 6, as we did in Art. 143, where 6 is obtained from (3)
of Art. 143.

Substituting 2’ cos 6 — y'sin 6 for z, and ' ¢in 6 + y' cos O
for y in (1) of Art. 142, and arranging as in (2) of Art. 143,
we have

(—Ra sind cosd + b cos? — b sin* +- 2¢ sinb cosh) o'y’
(+ asin?@ — bsinOcos 6 + ccos?0) y'2 [~ 0

(+ dcost + esinb) 2’ ( —

o

(2 cos?@ + bsin 0 cos O + csin®6) x’2>

(+ ecos 0 — dsin 6) y'
ko

: b
Now, for tan 20 — R the term containing 2y’ in

(1) vanishes, by Art. 143, (2); and if we denote the coef-
ficients of 2% y'2 o', ', by o', ¢, d', ¢/, (1) becomes

a'z'? 2 Cr?jtz + d'a' At t},"-'jf +j‘: 0, (2]




