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o CHAPTER II.

THE RIGHT LINE.
é— 172. To find the equation of a right line in space.

Since a line in space is known when two of its projections
are known (see Church’s Desc. Geom., Art. 12), we need
only find the equations of the projections of the line upon
two of the co-ordinate planes. :

Let AB and A'B’ be the projections
of a right line on the co-ordinate
planes 2z and yz. Draw through the
origin OC and OC’, parallel respec-
tively to AB and A'B". Let (z,2) be
any point in AB, and (y, #) be any
point in A'B’'; let ¢ = tangent of
CO0Z, and b = tangent of C'OZ; and
let ¢« and B be the intercepts OA and OA’ respectively.
Then we have ' -

Fig. 113,

T=az + e, (1)
and y=bz+ 0, (2)

for the equations of the projections of a right line on the
co-ordinate planes 2z and yz.

Now, since the z and z of any point in the given line in
space are equal and parallel to the z and z of the projection
of the same point on the plane zz it follows that (1) ex-
presses the relation between the z and z of every point of
the given line. Also, since the y and z of any point in the
given line in space are equal and parallel to the y and # of
the projection of the same point on the plane yz, it follows
that () expresses the relation between the y and z of every
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point of the given line, Hence, making (1) and (2) simul-
fcz:aeo{r.s, that is, making the co-ordinates the same in both
equations, they together will express the relation between
the co-ordinates z, y, 7 of every point of the given line:
therefore (1) and (R) are the equations J'cqu-ired.a :

(JL.)H. 1.—Combining (1) and (2), and eliminating 2, we
obtain o

b

Yy —B==(x—

y—B 3 (@ @), (3)
wlfich expresses the relation between the 2
pomnt of the given line; hence it is the
Jection of the line on the plane xy.

and y of every
equation of the pro-

Cor. 2.—If y = 0, we get

& B be — af3
2= ——, 2= —"".

b e
hence the line pierces the plane #z in the point

(5« =4 0 ﬁ')

b ; bl

Similarly, we find it pierces the plane #z in the point

and the plane zy is the point

(“: B: 0)'
Uok. 3.—If the line passes through the origin, we have @
and B equal to 0; therefore (1) and (2) become
T = az, Y= b, (4)
which are the equations of a line
the origin.
12

in space passing through
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T 173, To find the equations of a right line in space.
I. Passing through a gdiven point ;
II. Passing through two Siven points; and
ITI. Passing throwgh a given point, and making
the angles a, B, y with the co-ordinate axes.

I. Let (2, 9, #) be a given point, and let the equations
f the right line be
T r=az + a, (1)

Since the point (z, ¥/, #') is to be on the line, it must
satisfy its equations, giving us

 =a? + a, (3)

y =10 +8 (4)

Eliminating « and 3 by subtracting (3) from (1), and (4)
from (), we get . 3
Sheree z—2 —a(z—12), ‘ (3)
y—y =06(E—7) (6)
for the equations of a right line passing through a given point
in space.

IL Let (2", y", #") be the second given point. Since‘ this
point is to be on the line, it must satisfy its equations,
giving us
Bk ' =ad + a, ()

y' =" + B (8)

Eliminating « and B by subtracting (?) from (3) and (8)
from (4), we get
- A e :’!r 9

2 —a'=a(@ —2"), or a el : )

Tf’ Tk ?lfl
Yy —y"=b( —2"), or b= i (10)

Substituting these values of ¢ and & in (5) and (6), we get
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.’If' sy ;CN :

= zl’ IR zr: (2; e )s {11)
al — oy y

oy el (z — 2'),

7 — 2" (12)

which are the equations of a right line passing through twae
given points in space; or, as they may be more symmetri-
cally written,

Al Gy, N

7 — ;{;J! —— yr ST é/r] 2= z'r __zir'

IIT. Let (2, y, #z) be any variable point on the line. By

Art. 169, 2 — ', y — ¢/, z — 2’ are the projections of the

distance between the points (2/, ¥, #') and (z, y, 2) on the

axes; and since this distance is equal to its projection on

either of the axes divided by the corresponding direction-
cosine, we have .

2—2 y—y z—2

cose ~ cosB T cosy’

(13)

which are the equations required, and are known as the
symmetrical equations of a right line in space. (See
Art. 22, II).

—

V174, To find the angdle between two right lines in

space in terms of the angles which they malke with
the co-ordinate axes.

The angle between any two
right lines in space is equal to
the angle between two lines drawn
through any given point, and
parallel respectively to the given
lines. Therefore, let OP’ and OP” :
be drawn through the origin and i "4,'
parallel to the given lines; the Y
angle between OP’ and OP" will be equal to the required
angle,
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Let (2, ¥, 2") and (2", y", Z) be the points P’ and P’
respectively, and OP' = ¢/, OP" = ", P'P" = d; also, let
the angles which OP’ and OP" make with the co-ordinate
axes be @, 8,7y, and &, B/, 7', respectively; and denote
the angle P'OP" by v.

Then, by Trigonometry, we have

r' 4@
et L By (1)

CoO8 v =
2r'r

But (Art. 169) we have
P=(—dP =y P+ =P (@)
Substituting (2) in (1), and remembering that
224 Y222 =12 24y 4 ="

xlxﬂ v f? " + z.l'zl'! ;
2 i [ . (3)

we get cos v =
1t A

But (Art. 170) we have
! =9 cose, y =1 cosp 2

i

r

= 7' cosy;

"

e _?.N cos “J’ y — .?_H CO8 ﬁ!, zrf

=r"cosy, (9)
which in (3) give
cos v — cosecose + cosBcosPB’ 4 cosycosy.. (6)

That is, the cosine of the angle between two right lines in
space is equal to the sum of the products of the cosines of the
angles formed by these lines with the co-ordinate azes.

175. 70 find the angdle between two right lines in
space in terms of the tangents of the angles which
the projections of the lines on the planes oz and Y=z
make with The axis of z.

The equations of OP' and OP" (Art. 172, Cor. 3) are,
(0P, B="ay, y = bz, (1)
and (OP"), ¢ =d% y=10bu (2)
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- ol ' (e . A e
Since (', y', #) is on OP/, it must satisty (1), giving us

J
o (rz",

y' = bz (3)

S | e A T - .
Since (2", y", 2') is on OP”, it must satisfy (2), giving

"
T L)

= a'z!!, gyl =l (4)
Substituting these values of 2’ and ¥' given in (3) in

24y M=

we get 6%’ + B2 4 2 — '3

2

7
or zl 7

VR TBR+1
which in (3) gives us
S .{1'?‘
Ve + 5 +1°
or'
y' = — .
V) +5# 41

r

Now these values of ', 4/, 2’ in (4) of Art. 174 give us

(®)

(6)

CBY = ————
Ve + B +1 i @)
In like manner, we find

r

a

VAT L
b!

cos -3: = -V
VT YT 41

cos ' —
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Substituting these values of the cosines in (6) of Art. 174,

e geb ;
Fae aa' + b + 1 )

V@& + B+ 1V + 02+ 1

Cor. 1.—If the lines are parallel to each other, » =0,
and cosv= 1; hence, clearing (8) of fractions and squaring,
it becomes

(@ + B + 1) (@2 + 0'* + 1) = (ad’ + 88’ + 1)%;
transposing and uniting, we obtain
(@a—aP+ (b—0)P + (ab' — a'bp = 0.

Each term being a square, and therefore positive, this
equation can be satisfied only when the terms are separately
equal to 0, giving us

a=a, b=20 ab' = a'b.

COs8 ¥V =

But the third term follows directly from the other two-
o a=a and =20 (9)
are the equations of condition that two lines in space shall
be parallel to each other; that is, if two right lines in space
are. parailel, their projections on the co-ordinale planes are
parallel. [Art. 172, Egs. (1) (2), (3); also Art. 27, Cor. 1.]

Com. 2.—If the lines are perpendicular to each other,
cos ¥ = 0, and hence (8) becomes
L A I St (10)

which is the equation of condition that makes two right
lines in space perpendicular to each other. :

176. To find the condition that two right lines
in space may intersect, and the position of the point
of intersection.

Let

@ az + «, (1)

INTERSECTION OF TWO RIGHT LINES.
and { z=az+ ¢,
¥y =10bz+p,
be the equations of two right lines in space which intersect.
If these lines do intersect, the co-ordinates of the point of
intersection must satisfy all the equations. But as there
are four equations, containing only firee unknown quanti-
ties, the equations cannot all be satisfied by the same set of
values of z, y, z, if they are independent of each other.
That is, there must be such a relation between the known
quantities as to make one equation depend upon the other
three ; and the equation expressing this relation will be the
required condition of intersection,
We form this condition, of course, by eliminating , ¢, z
from the four equations. Solving (1) and (3), and also *®)
and (4) for z, we get

’
®“ — -
Z=_a_a” (;))

B'—p
i b (6)

Equating the two values of z in (5) and (6), we get

¢ —ea« B =B, 4y "
a—a — b—0" (‘f’ (7)
which is the required condition that two lines in space
shall intersect.

Substituting (5) in (1), and (6) in (2), we get

?_-b@r_!)r@
=y

These values of #z and y. with the value of z from either
(5) or (6), will give the point of intersection when (7) is
satisfied.
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and =1zt 1, y = 2z

EXAMPLES.

EXAMPLES,

1. Find the distance between the points (3, 2, 1) and
(4, 5, 3). Ans. d = 4/14.
9. Find the distance between the points ( —5,5, —3) and
(1, 0, 5). Ans. d = 11.18.
3. Find the equatiovs of a right line passing through
the point (2, 8, 4).
Ans. z—2=a(z—4); y—3 =10b(z—4).
4. Find the equations of the right line passing through
the two points (3, 4, 2) and (4, 1, 5).
Ans. 3z =z + 7; 3y = — 3z + 18
5. Find the points in which the line last found pierces
the co-ordinate planes.
Ans. (24, 6, 0), (41, 0, 6), and (0, 13, — 7).
6. Find the equation of the projection of the line in
Ex. 4, on the plane 2y. Ans. 3z = — y + 13.
7. The equations of the projections of a right line on 2z,
yz, are
z=1z+1, y=13—2;
required its equation on the plane zy.
- Ans. 2y = @ — 5.
8. Find the equations of the three projections of a right
line which passes through the two points (2, 1, 0) and
(‘_ 3: 0) o 1)-
Ans. =52+ 2; y=2z+1; Sy =2 + 8. -
9. Find the angle between the right lines

x = 3z + 9, y:;‘jz"':}:

Ans. 14° 58'.

 10. Find the equations of a right line through the origin
and perpendicular to both the lines in Ex. 9. :
Ans. v = 3z; y = — 2

EXAMPLES.

4 11. Find the cosiné of the angle between the lines
E— A tei] i

and T ="2%-+0b, y =4z + 1.

11

3 12. Find the point of intersection of the two lines
x= —22+ 3, Yy=z—2;

and z=38z—1, Sy':—IOz-}-E;

and the cosine of the angle between them.

Ans. (3, =4, 4), cosv=F vF

13. Find whether the two lines

Ans. Cosv =

=2z + 1, Yy=3z+4;
and r=—22+43, y= z—2;
are parallel or perpendicular to each other.
Amns. Perpendicular.
s .Find the equations of the line which passes through
the point (— 3, 2, — 1) and is parallel to the line z
= —3z—1, y—=4z + 3;
(see Art. 175, Cor. 1), also of the line through the same point
::Eg ierrt[.:relnﬁgular to the same line. (See Art. 175, Cor. 2,
Ans, To first,

(13

T=—32—6, y=4z+ 6;
To second, 27z = 49z — 32, 9y = 10z 4 28.

J 15. Find the direction-cosines of
=4z 4 3, Yy =38z—2.
1

Ans. Cos e = 4 Cos 3 ::*—3: .
V26

VT 1/%; Cos y =

{ 16, Fil"ld th-e equation of a right line through the point
(4, 5, 7), its direction-cosines being %, 3, $.
z2—4 y—5 z—1

=T =2 or { i '_'3}.
23{: 3
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< 17. A right line makes an angle of 60° with one axis
and 45° with another. What angle does it make with the
third axis ? (Art. 170.) Ans. 60°.
18. Find the angles which the line z= —2z + 1,
y = z + 3, makes with the co-ordinate axes.
Ans. e = 144° 44'; B = 65° 54’ ;
(Art. 175.)
D 19. The equations of two lines are
y=2+2;
y =4+ B
find the value of 3’ so that the lines shall intersect each

other, and also the point of intersection. (Art. 176.)
Ans. B' = — 63 the point of intersection is (9, 10, 4).

y = 65° 34',

and t= 2z+39,

20. Find the angle between the lines
=272, y=¢z R

and z =y /3, z =0,

[Here 3’ =  and ' = o 4/3. See Art. 172.]

Ans. 30°.
< 21. Show that the lines 4z =3y = — 2, and 3z = — g

— — 4z are at right angles to each other.

Nore.— The equations are here written in their symmetric form (Art. 178),

<23 Find the angle between the lines Z=d= g!

1
B YR
R
23. Find the acute angle between the lines whose
direction-cosines are 1 /3, 1, }v3,and } 4/3, 1, — 3 V3.
Ans. 60°.

and

Ans. cos-‘l.
10

24. Find the equation of the right line through the

point (2, 8, 4), which is equally inclined to the axes.
Ans. 2 —2=y—3=2z—4.

- The equations of a line throu

CHAPTER I1IL

THE PLANE.

177. The Equation of a Plane is the e
expresses the relation between the co-
point of the plane. '

quation which
ordinates of every

To find the equation of a plane.

: A‘p]ﬁne may be generated by revolving a right line about
its intersection with another right line, to which tt is
perpendicular. The revolving line is called the .
tor, and the line to which it is perpendicular is
Director.*

Let T=az -+ e,

Genera-
called the

y=bz 4B, (1)

bfa the equation of a given line which we fake for ths
filrector.‘ If the director passes through the point (', ¢, /)
its equations will be o

¢ —2' =a(z—72); (2)
Yy—¥=56(—7).

: gh the same point (2, o/, 2/
and perpendicular to the director are . g

z—2'=a'(z—2); 3)
Y—y =0 (s—72).

The equation of condition that makes i
: : 3) perpend:
to () is (Art. 175, Cor. 2) e

ad' + Bb' + 1 = 0. (4)
ST T e :

* i .
In using these words T follow Gregory and Salmon, instead of giving them a

femini‘nc_lﬂrminntion, and calling them ** generatriz  and * directriz.”  Also, the
W o@ dtrocr_n; has already been used in a different sense (see Art. 51) fram‘ the
present, and it is well to distinguish between the two,




