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A

vertically, ‘hence coinciding in the radius or axis of that
point of “the surface. It is hence termed the axial ray.

In Fis. 2026 let ¢ bea point in the air from which rays
proceed toward the convex surface b ¢ separating the air
from the glas Let ¢ be the centre of curvature of the

cting surface b e. Let the ray a ¢ be vertical to the

e., coinciding with the direction of the radius

o ¢ ; it will hence not be deflected from its course. The
rav a b is, however, refracted. If o5 is the lius of the
surface, and is hence vertical to the point b, the angle

[ action & o ecan be found by the formula:

sine fbo : sineabd =n : 7

It is evident from Fig. 2026, that if 11:- point @ be not
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ing surface is s0 small as to permit the substitution of its
chord for its arc without practical error. In the case
.m}(\ ts of dimensions exce *eding this limit, the im
inacurved line, with the u:mlnn\ toward the refracting
surface, as shown in F =5

Such extensive image s ]_.lurrml_ on account of
spherical aberration. (See Section 4.

10. Cireles of Diffusion.—An image is sharply defined
only in the I»hun of focal reunion of the rays. In any
plane anterior to this the rays are not yet united; in any
plane posterior to this the rays diverge again. Hence a
screen placed in front or in the rear of the foeal reunion
receives a blurred image, since e very point of the object
is represented—not by a single point—but by a circle of
diffusion. The size of the circles of diffusion increases
with the distance of the screen from the point of foeal

A

1nion in l]'lJr r direction, and with the extent of the re-
1 e through which rays pass. This is evi-

s to the s

rom the optic

m the same
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A B from o, the optic centre, as g’, and the dis-
of the image a & from o as g", we can expre
relation of size by the f\':!‘l]lli]‘}'
ad = A B= Y- 4)

the truth of which is evident t'rum the similarity of the
s Boand a bo. For certain calculations
the relation of size can be more conveniently stated
ab: AB=f*—F":1I"

in which formula F” is the principal p
length, and f” the distance of the image from th
The drrn(umn of this Turmnm is shown in F

For if we draw in this figure the ray A d from the
point A parallel to the axis. it is refracted as if it were a

A d

Lo
B

FIiG. 2033.

ray coming from some point in the axis at an infinite
distance, that is to say, it is deflected to F~ the posterior
focus, and proceeds beyond F” until it meets the other
rays coming from A in the point of focal reunion a.
Thereby are formed the two similar triangles d ¢ ¥” and
a b F'. Hence,

ab:de=F"F" :cF'

Since the line A d has been drawn parallel to B e, the
side d e is equal in size to the object A B. If we substi-
tute the term F'” for the line ¢ ¥, and the term I
for the line f* F" according to our premises we
1ation :
ab: AB=f"—¥F" :F*

12. Virtual Images.—When the object is nearer to the
rulm(nn » surface than the principal anterior focus, there
is no real image, but only a virtual image is formed on
the same side the surface as the object is itself. In
this case f” hence negative, otherwise the same for-
mul:e apply as above. Since the rays of direction do not
cross, this virtual image is erect, and since it is always
farther from the optic centre than the object, it is la
than the object. The amplification of the image din
ishes as the object approaches the refracting surface,
when the object has just p d through the anterior
focus the image is at an infinitely great di :
therefore most enlarged, while \\hgu the Mmu
the refracting surface, objec 0
tion \lﬂil s m‘ The formation of virtual 1‘rm-ru

to images
1 in front

, are equally tr
medium of
behind the refracting
14. H, T‘,"uu'a by Concave
3 ll‘.t".l\'r_ on the E ]
any one po are n ed in an

actual focus. But if the dir rection which they assume
after their refraction be prolong ged backward, the pro
Jonged rays will meet in a point represen 1t the focus.
This focal length is therefore always negative, that is to
say, the focus is always on the same side of the surface
s the object itself. The position of the principal foci or
njugate point of focal reunion can be found by

the same formul as in the case of a convex surfac bu .'
these values are always negative, because the radius
curvature of the concave surface isnegative rection.
The images formed by a concave ref
lun(r always on the same side as the
say, they are not real, but virtual, ;
rl an the object, as is shown in Fig

15. Refraction by Sucee e - '\\'m n li'ﬂh:
passes through a number of surfac es C
the above-developed formulze apply fo
through each surface. Thus the focusof llu
forms the luminous point for the secomd refrac nnn its
distance being counted positive when it is in front of the
second surface, and negative when it happens to be be-
hind that surface. Similarly the image formed by the
second surface is the object for the third surface, and so
on. But such calculations become very cumbersome if
we try to follow actually the course of the rays 111-~\11\rh
their ive refractions. The matter is \1..1plme :d by
treating the series of surfaces as one system having cer-
tain ed points, the position of w hich determin s the
path of all rays. These are called the cardinal points.
Their pc )sition remains constant in any given system, and
can be calculated, if the refractive indices of the medi
the radii of curvature of all the surfaces, and the dis
tances of all the surfaces from each other are known,
p]m'niul the centres of curvature of all the surfaces lie
in a straight line, the axis of the system. If the latter

condition is fulfilled. the system is said to be centred.
The cardinal points are the two foci, the two principal
points and the two nodal point ;
16. The Foci.—The foci, anterior or first, and posterior
or second, are the two points—one on eithe le of the
at such distances that rays w»’ln'u from the
rendered parallel to each other b Tlnir 1;1-l
Conveérsely parallel rays, enteri
ither side e united in a point in
other side, as has been shown to occur
single refracting s ce. The distance « r one of
he i system from the surface next to
following man - et n be
»x of the first medium, 7,
i , be the fi
rvatu ;
on. ,mn of ris
he lumi-
nous point; negative i oncave. et d, be the dis-
tance from the first i 3. B j- *0n [ from
1d to the third, and s n. 1e the foci of
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rior focus for the fi and second surfaces taken
now ind y ideri F," as the
1ous point f . . on applying the formula (3),

which states » distance of the sterior foc of the
system of st ces S, and S 1 s The distance of
the terior focus of S8, and &; together, from 5;, is simi-
larly found by the application of formula (3a), viz., ' =

and following the light in the reverse direction,

hence

(5a)

By treating the surfaces &, and S, as one system, we can
then proceed to determine the foci for S8(; 42 and S;,
and so on.

The foci of an optic system having been determined,
the focal length is now measured by the distance of each

3. 2086.

focus from its corresponding principal point. If we call
the anterior or first principal point A’, and the posterior
econd principal point H", then ¥’ H’ is the anterior
1 length, and H" F" is the posterior focal length.
] ke Principal Poi nts.— he principal points are the
wo points where v}w d\p. e system is cut by the two
i al planes. The significance ] cipal planes
best explained on comparing the refraction by a
single surface with the course of rays through a com-
pound syste In the case of the surface a &
Fig. 2036, the ray F' @, coming fr anterior focus,
is, by its refraction, made ]uim:l 1 to the axial ray F' F".
Incident and refracted rays intersect ]1! re in the ] Inm- of
he refracting surface
oming from the poste 11-~r‘ 1‘ eus, and il-s continuatic
r refraction. In 3 , howe 2
refract surfaces, @ i d a’ &, the ray, F' a,
from ; > focus, i ice bent from its
viz., at ; , 80 as to finally assume the
el to the axial ray. In this case the
1d the refracted ray, @' d, do not i
ated by the space between @ and a' ;
them thr this space, their pro-
A plane, A" H’,

axis, is the fir

the backwa rold the refracted

e point A", v 3 int i the posi-
second princi plar t is evident, from
the ray ich 1 1t the svstem

Eye.

for any distance at which the points A" and &~

may be from the axis within the limitations of § ion 4.
In other words ¥ r i directed ru\\.lr.i a given
poi n the princips ane on the side from which it

true also

d

comes, apparently emerges from the other principal 1

at the same di 1wce from the axis. We can thus deter-
mine by construction the direction of any ray after its
refraction through a compound system, and thereby find
the places of the image formed by such rays, if we know
the position of the foci and the two principal planes. In
Fig. 2038, let @ a’ be the first, and X X' be the last refract-
ing surface of a compound system; let H be the first,
and H" be the second principal point, ¥ the anterior,
and F* the posterior focus. Draw theaxis F' ¥°. From
the point B there proceeds the ray B a, parallel to the
axis, and verging toward the point s’ in the first prinei-
pal plane. Hence, after its last refraction, that ray h

a direction as if it came from the point m” in the second
principal plane, going through the posterior focus F*
Another ray convenient to follow is the one coming from
B and }lh-n r through F'. This verges toward the
point #n’ in the first principal plane. }h-m by its re-
fraction, it is turned in the direction n” &, if coming
from n” and proceeding parallel to the axis. Where the
two refracted rays meet, at the point 3, is the image of
the luminous point B. =

Since the course of rays is determined by their relation

s ¥ principal planes, the focal lengths of
a system must be measured by the distance of each focus
from its corresponding principal ]m.m and not by the
distance of the foci from the refractin faces. Indeed,
for all subsequent purposes, we can practically ignore the
position of the refracting surfaces of any system, after
we have once determined the position of the foci and of
the principal planes. For now all the problems relative
to the position of object and image can be solved by the
same formul® as in the case a single refracting sur-
face, by measuring the focal lengths from the principal
planes.

18. The position of the two princips : deter-
mined by the position of the two planes in \\]_ndj the
images of a certain other plane are of equal size and di-

In every refracting system there exist only two
5, and these are the prine ipal plan and there
eover, only one plane of which two images of

> and direction are possible. Hence, in order

e principal points, we must determine where a
st be in order to form two ims of the same

i i xd then learn the place of these two




Eye.
Eye.

axis by the surface s” S”. By the intersection of the pro-
longed incident and refracted rays the point #’ determines
position of the first principal plane. Similarly a re-
going from F~ to ¢ is bent twice, so as to fol-

s/ ¢

low ultimately the direction &' b parallel to the axis The
prolongations of the ray before entering and after h.\\mtf
ive us the point 4°, and thereby the position of
second principal plane. If we draw a line d 4’ verti-
cal to the axis from the point d, where the rays coming
ffom each side intersect after their first refraction, the
virtual image of d d’ produced by the surface & 8’ coin-
cides with the first principal plane 2’ H’, while the image
formed by the surface & S" coincides with the second
principal plane 2" H", as is evident from the refraction of
the rays according to the construction; and these two
images are alike in size. The distance of d' from each

surface is determined by the equation (4a).

a b (vmage) : A B (object) =f" — F" : F"
or more conveniently, on account of the erect position of
the virtual image,

ab: AB=F"—f": F*
Each surface is here considered independently of the
other. Hence it can be deduced that the distances of d
from each surface must be to each other the focal
lengths of the surfaces, in order to have the images
tnrmed by the two surfaces of equal size. This shown
”l'ill where P’ 8" is the focal length of the sur-
in the mc;hum between the two surfaces and

rface s s
A L‘(.lllhlL]t‘Tci.IIOLl of the two triangles P' 8" 8" and P"
and their segmentation by the line € @' proves that

B d B =P §T P8 (6)
Hence, in order to find the principal planes of a sy
determine the position of a pointin the axis, the di

o \s
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of which from the two refracting surfaces are to each
other as the focal lengths of these surfaces in the medium
between them. Then calculate the place of the images
of this point formed by each surface independently of
the other, according to formula (3).

When the optic system consists of more than two re-
fracting surfaces, determine the prineipal points for two
adjoinir urfaces, and then divide the distance between
the one principal point next to the third surface and the
third surface into two parts, which are to each other as
the corresponding focal lengths in the intervening me-
dium. The images of the dividing point formed inde-
pendently by the third surface, and by the system of the
other two surfac are then the principal points of the
system of three sur

19. The Nodal Points.—The modal points of a com-
pound system replace the optic centre of a single refract-
ing surface. For while all rays of direction pass unde-

88
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flected through > optic centre of a single surface, a
second surface will deflect all rays with the exception
only of the axial ray. Henceasingle ic centre cannot
exist in a compound system. there exist two points
in the axis, viz., the nodal points, of such properties that
a ray directed toward the first before entering the system
pursues a course after its final refraction as if it had
passed through the second nodal point parallel to its
original direction.

That a pair of points of such properties must exist in
any compound system is evident from Fig. 2041, where
F' is the first and #” the second focus, and m' H' n' the
first and m” H" n" the second principal plane. A ray B
m', coming hnm the luminous points B, forms with the
refracted ray m” b any angle of less than 180° as seen
from below, while the r v B n' forms with its refracted
prolongation »” b an angle gr eater than 180° as seen from
below. Somewhere between m’' and »’ there must be a
level where the incident ray includes with its continu 1a-
tion beyond the second principal plane an ang

this be at the level /. If we prolong the incident ray
>

2 U, the points where this prolor 1 ray and the refracted

n n”
FiG. 2041.

ray 1" b cut the axis, viz., A ' and K ", answer the require-
ments of the nodal points. The position of the nodal
pt>1m~ relative to the principal points is made evident in
Fig. 2042.

In this figure we will draw the line B ¥’ on F’ verti-
cal to the axis. From the point B there proceeds a ray
of direction B K' to the first nodal point £'. According
to our premises the ray K b must be parallel to B K’
and in the direction K " b lies the image of B, at an infi-
nite distance from the optic em. Since the point B
lies in the anterior focal [wL ne, every ray proceeding
from it is rendered parallel by its refraction to the ray of
direction coming from B. Hence the ray B %' parallel
to the axis is continued after passing through the
principal plane, as 2" F” parallel to K" 4, and hen
to B A. From the similarity of the triangle B F’ K’
and &° H" F”* it is evident that the distance

iR — g M
and by reversing the figure and constructing the course
of rays coming from the posterior focal plane, we can
‘-l'lllllull\ learn that the distance

FrE=RH"F
and that hence

H B —=K'&"
which latter corollary is also apparent from Fi;

The position of the nodal points can hence be at once

B
F

HH KK
FiGc. 2042.

learned by formule (7) and (7a), after knowing the posi
tion of the principal points and of the foci. And thus
we have all n;LJ,m necessa 0 follow the course of rays
through any cor S : S
20. Lenses.—It will 1_ best to refer briefly to the optic
properti glass 1 s before we proceed to the eye
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urvature of their sur
the distance between 1t lenses either reunite i
Pe the rays com from
Ilu‘n The former, or « seti ses, > a positive
llength. They form in »d actnal images of distant

rerging
h, form only erect
ges, smaller than their object.t When both
f a lens are convex, or one is convex and the
other plane, the lens belongs to the former variety; when
one surface is concave and the 3 1e, or when both
are concave, we have a diverging lens with negative
focus. When one surface is convex and the other con-
cave, > positive or negative value of the resulting focal
epends not only on the curvature of the two
but also on the distance between them.
ctive index of the glass used for spec "les is
so_near 1.5 that we can calculate on that basis without
important error, at least for spectacles. Taking this
index we find that in a plano-concave, or plano-convex
lens, the focal length is twice the length of the radius
of the curved surface, measuring from the curved sur-
face, according to formula (2) or (2a). The first and sec-
ond focal lengths are of course equal to each other, when
the lens is surrounded by the same medium on both sides,
according to (2b). The distance of the foci from the
plane surface is, however, not the same’ as from the
curved surface, for the focal lengths are measured from
the principal points, one of which coincides with the
curved surface, while the other is between the two sur-
faces. But for most of our purposes we can ignore the
thickness of the glass lenses, as long as this isslight com-
pared with the other dimensions, and practically measure
the focal length from the surface, or, indifferently, from
the centre of the lens. If, hence, we express the focal
length of a plano-convex lens as

Fr=F"=2r
e get for a biconvex lens the formula

B }-‘—_‘ » -

If the radii of curvature of the two surfaces are alike, we
find the focal length equal to the radius, provided the
index of refraction is practically 1.5. This applies simi-
larly to biconcave lenses, F being, however, negative.
In lenses with one convex and one concave surface, the
measurement of the focal length is not quite so simple,
because the thickness of such a lens cannot be ignored
without error, and the principal points can in such a
combination be outside of the substance of the lens.

The so-called strength of lenses is measured differently
according to the unit which we adopt. Formerly a lens
of the focal length of gne inch—either negative or posi-
tive—was ts 1 as the standard and called 1. Any lens
of longer focal distance could be named only in fractions,
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Eye.

tl S , havin
, and 5 havi twelve
nger lens, greater than 1,
spondi I r 1 1 distance. Since the
of the metri m in r-;whl!m]mu]-n'\t
y of et ion has been employed
focal ) f11 re is now taken
one dioptri - . Any lens of lor
length is expressed i lecimal fraction,
means a lens of 4 metres focal
on the other hand, are m
trics; thus, 10 D, being a lens of ; metre, or 10 ¢.¢
o Since both systems of measurement are
. it'is best to become ar with both.
convenience in calculation, for which |
dioptric system was introduced, there is really not much
difference between them. In order to convert the num-
ber of a lens from one .-_\'en-m into another, it is to be
remembered that the metre is equal to 39.37 English
inches, or 36.94 F renc h inches. On account of inaccura-
cies in grinding glasses, the whole numbe 40 (English),
and 36 (French), are close enough for practical purposes.
Hence, to get the dioptric equivalent of an English num-
ber, divide that number into 40, apd to translate a cer-
tain number of ptrics into the French inch system,
divide the number into 36.

21. In order to examine the refraction in the eye we
must determine the refractive indices of the different
media, the curvature of the surfaces, and the distances
between the separate surfaces.

22. Refractive Indices of the Media of the Eye.—The re-
fractive indices have been measured by various observers
in dead eyes by means of different physical methods. On
account of 1 perfect methods former results must be
taken with some caution. Even the more recent deter-
minations made with Abbe’s refractometer have yielded
not inconsiderable discrepancies among different observ-
ers, which may perhaps be attributed to individual vari
ations. The fable of refractive indices, given below, is
copied from Zehender and Matthieson.! It is the most
complete of all recent determinations.

The indices of cornea, aqueous humor, and vitreous
body are so nearly alike that an ave > index of the
three can be used as a basis for calculation without ap-
preciable error. Helmholtz assumes 1.3365 as the most
nearly correct average in his latest publication. While
the index of the (dpsuif of the lens is considers above
this figure, this membrane is so thin and its surfaces are so
nearly parallel to each other that its influence on the ra
can be neglected without error. Th: index of Ihr h ns
itself increases fro B SO
that the ler ally c S a large number of Lnnr\
of increasing u;»m density. B_\' reason of this stratified
arrangement the total refractive power of the lens is
greater than it would be were the entire lens of the re-
fractive index of its nucleus. For each layer, as we pro-
ceed toward the nucleus, increases not only in refractive

(ZEHENDER AND MATTHIESON

Cornea.




