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P R E F A C E . 

E D U C A T I O N aims at mental culture and practical skill; and for the 
attainment of both of these objects the mathematical sciences have in all 
ages been highly valued. 'They train the mind to logical methods of 
thought, give vigor and intensity to its operations, and lead to the import-
ant habit of resting only in certainty of results; while as instruments of 
investigation they stand pre-eminent. 

Among the three fundamental branches of mathematics, Algebra occu-
pies a prominent position in view of both of these objects. As a method 
of calculation it is the most powerful of them all, and for giving mental 
acuteness and the habit of analytic thought it is unequaled. With the 
advance of education this science is growing in popularity, and is being 
introduced into our best public schools, as well as academies and semi-
naries. Many teachers are beginning to see that a knowledge of elementary 
algebra is worth more than a knowledge of higher arithmetic, and are 
omitting the arithmetic, when necessary, for the algebra. This has in-
creased the demand for good text-books upon the subject; and to assist 
111 meeting this demand the present worlc has been prepared. Some of 
its general and special features will be briefly stated. 

G E N E R A L FEATURES.—This work is not a mere collection of problems 
and solutions, but the evolution of a carefully-matured plan, the embodi-
ment of an ideal formed by long and thoughtful experience in the school-
room. Attention is called to its extent, its matter and its method. 

Extent.—The work embraces just about as many topics as it is thought 
the ordinary pupil in elementary algebra should be required to study. 
These topics have been presented, not superficially, but with comparative 
thoroughness, so that the knowledge given may be of actual use in calcu-
lation, and afford a basis for the study of a higher work if desired. 
While not presenting quite as much as some teachers might prefer, the 
author has been careful not to make the work too elementary. Superficial 
scholarship is one of the growing evils of our country, and teachers and 
text-books are responsible for it. It should never be forgotten that it i* 
better to know much <>f a few things than lo know a little of many things. 
While endeavoring to avoid superficiality, the author lias been caiefui 
to f,o simplify the subject as to render it suitable to those teginning the 
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study. The object, has been to hit the golden mean, and thus adapt it 
to the wants of the majority of pupils and teachers. 

Matter. In the development of the various topics, care has been taken 
to combine in due proportion theory and practice. The French work» on 
algebra are very complete in the discussion of principles, but are deficient 
in matter for the attainment of skill in their application. The English 
works abound with practical examples, but are usually less complete in 
their theoretical discussions. I have endeavored to combine both of 
these features, by giving an ample collection of problems, as well as a 
thorough discussion of principles. The aim has been to make the work 
both philosophical and practical. 

T'ae problems were prepared with especial reference to the principles 
and methods which they are designed to illustrate. They are often so 
related that one problem prepares the way for the succeeding one, thus 
making a problem which alone might be quite difficult, comparatively 
easy. The miscellaneous examples at the close of the book embrace a 
choice selection from American and English works, especially from the 
excellent collection given by Todhunter in his Elementary Algebra. 

Method of Treatment.—In the treatment of the various topics I have 
aimed to simplify the subject without impairing its logical completeness 
and thoroughness. In this respect the skill of an author is particularly 
shown, and in this consist the principal merits of a text-book. The 
difficulty of a subject is not so much in itself as in the manner in which 
it is presented ; special pains have therefore been taken to pass so gradu-
ally from the simple to the complex as to make easy what otherwise 
might be complicated and difficult, 

I have also been careful to give conciseness, clearness and simplicity to 
its methods of explanation. There is a simple and direct method of 
stating a solution or demonstration that is much more readily compre-
hended by the learner than a talking about it in a popular sort of style. 
The scientific method is usually the simplest method. Text-books on 
algebra have been especially defective in this respect. The methods of 
mental arithmetic have created a revolution in the forms of explanation 
in the science of numbers, giving beauty and simplicity to that which was 
before awkward and complicated. Geometry, coming to us as the prod-
uct of the Greek mind, is characterized by the simplicity and elegance of 
its demonstrations; while algebra, mainly the product of modern thought, ' 
has been less clear, logical and finished in its methods of development I 
have endeavored to make an improvement in this respect, by combinlno 
the simple and natural analytical methods of mental arithmetic with the 
elegance of form and logical exactness of the geometrical methods. 

S P E C I A L FEATURES.—'The principal merits of the work are supposed ta 
consist in its methods of treatment, its solutions, discussions and explana 

t i o n a - in br ief , i n t h e gene ra l sp i r i t t h a t p e r v a d e s it, g i v i n g s impl ic i ty 
a n d u n i t y to t h e w o r k as a who le . T h e r e a re , howeve r , s eve ra l spec ia l 
fea tures to w h i c h t h e a t t e n t i o n of t e ache r s is r e spec t fu l ly i n v i t e d : 

1. T h e definition of algebra seems s i m p l e r a n d m o r e c o m p l e t e t h a n 

a n y w h i c h t h e a u t h o r h a s me t . • . 
2. T h e classification of algebraic-symbols u n d e i t h r e e d i s t . n c t he : ds is 

c i f f e r e n t f r om a n y t h i n g he re to fo re p r e sen t ed . 
3. T h e method of explaining a d d i t i o n a n d s u b t r a c t i o n b y m e a n s of a n 

m ü i a r y q u a n t i t y is a new f e a t u r e w h i c h m e r i t s notice. 
4 T h e new topic , ca l l ed Composition, as a s y n t h e t i c process co r re l a t ive 

to t h e a n a l v t i c process of Factoring, w i l l no d o u b t a r res t a t t en t ion . 
5 T h e va r i e ty of t h e cases in f ac to r ing , t h e d e m o n s t r a t i o n of t h e d iv is i -

b i l i ty of a»-b" b y a - b , a n d t h e e x p k n a t i o n of t h e g r e a t e s t c o m m o n 
div isor a n d least c o m m o n m u l t i p l e , sol ic i t no t ice . _ 

6 T h e t r e a t m e n t of i nvo lu t ion a n d evo lu t ion possesses s o m e p o i n t s of 
nove l ty , a n d especia l a t t en t ion is ca l l ed to t h e second m e t h o d of cube root 

7 P a r t i c u l a r a t t en t ion is inv i t ed to t h e d iscuss ion of t h e C o u r i e r P r o b l e m 
a n d to t h e d e v e l o p m e n t of t h e p r o p e r t i e s of t h e incomple te Quadra t ic e q u a 

" T T h e v a r i e t y a n d a p p r o p r i a t e n e s s of t h e p rob lems , t h e f r e q u e n t gen-

era l iza t ion f r o m a p a r t i c u l a r to a gene ra l p r o b l e m , a n d t h e v a r i a t i o n of 

old p r o b l e m s , a r e des igned to a d d in te res t to t h e s t udy a n d g i v e d i s c i p l i n e 

to t h e s t uden t . 
9 U n u s u a l c a r e h a s b e e n g i v e n to t l i e t y p o g r a p h y of t h e w o r k , i n o rde r 

to m a k e i t a t t r a c t i v e a n d i n t e r e s t i ng to t h e p u p i l . T h e i n t r o d u c t i o n of 
t h e s m a l l s y m b o l s fo r a d d i t i o n , sub t r ac t ion , m u l t i p l i c a t i o n a n d d iv i s ion , as 
used in t h e best E n g l i s h works , is r e g a r d e d as a g r e a t i m p r o v e m e n t . 

E n c o u r a g e d b y t h e a p p r o v a l of m a n y of t h e best t e ache r s of t h e country 
w h o h a v e used m y f o r m e r works , a n d y i e l d i n g to t h e i r w i s h e s as wel l as my 
own inc l i na t i on , I h a v e f o u n d t i m e a n d s t r eng th , a m i d t h e cares a n d duti<* 
of a l a r g e in s t i t u t ion , to p r e p a r e t h e p r e s e n t w o r k ; a n d I n o w send i. 
for th t r u s t i n g t h a t i t m a y af ford d i s c i p l i n e a n d k n o w l e d g e to m a n y youth-
ful m i n d s of t h e p r e s e n t g e n e r a t i o n , a n d convey a k i n d l y r e m e m b r a n c * 
of m y own l a b o r s to t e a c h e r s a n d p u p i l s of t h e f u t u r e . 

S T A T E N O R M A L S C H O O L , 
Milltrsville, Pa., May, 1871. 

E D W A R D BROOKS. 



SUGGESTIONS TO TEACHERS. 

THE following suggestions are respectfully made for the benefit cf 
roung or inexperienced teachers: 

1. It will be well to make frequent use of the inductive method of 
teaching, as suggested in the Introduction, leading pupils from the ic eas 
and methods of arithmetic to those of algebra. 

2. Drill thoroughly upon the fundamental operations, especially upon 
the use of the minus sign, the use of exponents in multiplication and 
division, and the methods of factoring. Slowness here is speed afterward. 

3. Where there are two solutions, the teacher may select the one he 
prefers, and drill the pupils thoroughly upon it before they attempt the 
other. The first of two given solutions is usually regarded as the simplest, 
though not always the best. 

4. Frequently require pupils to change a particular problem into a 
general one, as on page 107, and also to make special problems out of 
general ones. Have pupils to make problems by changing the conditions 
of given problems, or by using a required condition and requiring some 
given condition, as in problems on page 111. Pupils should be encour-
aged'to form new problems, and to originate new methods of explanation 
and solution. We should always aim to make thinkers of our pupils 
rather than mathematical machines. 

5. A Shorter Course.—While this work is the author's ideal of the ex-
tent of an elementary algebra, yet it may be used by teachers who desire 
a shorter course. For such the following omissions may be made without 
impairing the unity of the subject: 

Omit the second methods of Greatest Common Divisor and Least Com* 
rnon Multiple, the Supplement to Simple Equations, Imaginary Quan-
tities, Principles of Quadratics, Quadratics of Two Unknown Quantities, 
and the Miscellaneous Examples at the close of the work. A etill shorter 
course may be attained by the further omission of the latter half of the 
examples under each subject. 

6. In conclusion, the author suggests to teachers of public schools to 
give their pupils a course in elementary algebra before completing higher 
arithmetic. His own experience is, that pupils cannot thoroughl r under 
stand arithmetic until they have studied algebra. 

' .A '$> ' ' . - • 

T H E 

N O R M A L 

ELEMENTARY ALGEBRA. 

I N T R O D U C T I O N . 

THE object of the exercises in the Introduction is to lead 
pupils from the ideas and operations of Ari thmetic to those of 
Algebra. 

L E S S O N I . 

1. Henry 's number of apples, increased by three times his 
number, equals 24; how many apples has he? 

SOLUTION. By arithmetic this problem is solved in tlie following 
manner: 

Henry's number, plus three times his number, equals 24 ; 
hence, 4 times Henry's number equals 24, 
aftd once Henry's number equals one-fourth of 24, or 6. 

ABBREVIATED SOLUTION. I f w e r e p r e s e n t t h e e x p r e s s i o n 
Henry's number by some character, as the letter x, the solution 
will be much shor te r ; t hus : 

x plus 3 times x equals 24; 
hence, 4 times x equals 24, 
and once x equals 6. 

ALGEBRAIC SOLUTION. I f w e u s e 3.-5 a n d Ax t o d e n o t e 
" 3 times x" and " 4 times x," the sign = for the word " equals," 
and the sign + foi the word " plus," the solution will be p u r e l j 
algebraic; t h u s : 

a;+3.-c = 24 ; 
4z = 24, 

x = 6. Ans. 



SYMBOLS.—It will be seen tha t this last solution is the same 
as the first, except that we use characters instead of words. 

These characters are Called symbols. The method of solving 
problems by means of symbols is called Algebra. 

Addition is denoted by the symbol +, read plus; subtraction 
if denoted by the symbol —, read viinu-s. 

The expressions 2x, Sx, 4x, etc., mean 2 times x, 3 times x 
4 times x, etc. One-half of x, one-third of x, two-thirds of x, -Ac, 

are denoted by -J®, \x, etc., or etc. 

The symbol = denotes equality, and is read equals, or is 
equal to. The expression x+3a; = 24 is called an equation. 

The pupil will now express the following in algebraic symbols: 

2. Three times John 's number of apples equals 27. 
3. One-half of Mary's number of peaches equals 12. 
4. A's number of books, plus three times his number, equals 16. 
5. B's number of dollars, minus half his number, equals 18. 
6. Two-thirds of C's fortune, minus one-half of his fortune, 

equals $50. 

NOTE.—The pupil may be led to see, from the solution given, which is 
the unknown quantity and which the known quantity, and how each is 
represented. 

Also, that the symbols of Algebra are of three classes: symbols of 
quantity, symbols of operation-, and symbols of relation. 

L E S S O N I I . 

1. John has a certain number of peaches, and James has 
three times as many, and they both have 40 ; how many has 
each? 

SOLUTION. Let x equal John's number; 
then, since James has 3 times as many as 
John, 3a? will equal James' number, and 
since they together have 40, x + 'ix will 
equal 40, or, adding, 4x will equal 40. If 
ix equals 40, v will equal one-fourth of 
40, which is 10, John's number; and 3x 
will equal i times 10, or 30, James' number. 

OPERATION. 

Let x = John's number. 
3x = James' number. 

x + Sx = 40 
4x = 40 
x = 10, John's number. 

3a: =-30, James' number 

2. Mary's age is twice Sarah's, and the sum of their ages is 
36 years; what is the age of each ? 

Arts. Sarah, 12 years ; Mary, 24 years. 
3. A man bought a coat and a vest for $40, and the coat 

cost 4 times as much as the vest; required the cost of each. 
Ans. Coat, §32; vest, $8. 

4. In a mixture of 360 bushels of grain there is 5 times as 
much wheat as corn; how many bushels of each ? 

Ans. Wheat , 300 bushels; corn, 60 bushels. 
5. Divide the number 144 into two parts, such tha t the 

larger part will be 5 times the smaller part. Ans. 120; 24. 
6. The sum of two numbers is 120, and the larger number is 

4 times the smaller number ; required the two numbers. 
Arts. 24 ; 96. 

7. A man bought a span of horses and a carriage for §1000, 
paying three times as much for the horses- as the carriage; 
required the cost of each. Ans. Horses, 8750; carriage, §250. 

8. The salary of a clerk for a year was §1500, and he spent 
five times as much of it as he saved; how much did he save ? 

Ans. §250. 

L E S S O N I I I . 

1. The difference of two numbers is 24, and the larger equals 
4 times the smaller; required the numbers. 

SOLUTION. Let x equal the smaller num- OPERATION. 

ber; then 4a; will equal the larger number. ^ ^ ^ p m a l l e r_ 
And sit re the difference of the two numbers is 4a;=the larger 
24, 4x—x will equal 24, or, subtracting, 3a; 4 e _ x _ ' ° 
will equal 24. If 3a; equals 24, x will equal ' 
one-third of 24, which Is S, the smaller number; ^ = ^ g n r | ] ] ( „ 
and 4a; will equal 4 times 8, or 32, the larger • 4 a . = 3 2 ' the larger." 
number. 

2. The difference of two numbers is 28; and 5 times the 
smaller equals the greater ; what are the numbers ? 

Ans. Smaller, 7 ; greater, 35. 
3. A has 28 cents more than B, and 3 times B's numbei 

equals A's ; how many has each? Ans. A, 42 ; B, 14. 



4. Mary gathered 21 flowers more t han her sister; how many 
did each ga ther if M a r y gathered 4 times as many as her sister ? 

Ans. Mary, 2 8 ; sister, 7. 
5. Seven times a number , diminished by 3 times the number, 

equals 4 8 ; what is the number? Ans. 12. 
6. Marie has 40 cherries more than J a n e , and 5 times Jane'a 

uumber equals Marie 's n u m b e r ; how many has each ? 
Ans. Marie, 50 ; Jane , 10. 

7. A bought a house and lot, paying 5 times as much for the 
liouse as the lo t ; what did he pay for each if the house cost 
$2560 more than the lot ? Ans. House, $3200; lot, $640. 

8. A and B enter into a copartnership, in which A's interest 
is 6 times as great as B ' s : A ' s gain was $650 more t han B's 
ga in ; what was the gain of each ? 

Ans. A's, $780; B's, $130. 

L E S S O N I V . 

1. Ju l i a and A n n a had 24 oranges, and Ju l i a had one-half 
as many as A n n a ; how many had each ? 

SOLUTION. Let x equal Anna's number; 

then will - equal Julia's number; and since A 
they together have 24, x+- equals 24. 

Adding, x plus \ of x, or | of z, equals 24. 
It f of a; equals 24, \ of re equals ->- of 24, 
which is 8, Julia's number; and § o f x , or x, 
equals 2 times 8, or 16, Anna's uumber. 

2. A's money, increased by one-half of his money, equals 
$60 ; what is his money ? §4q_ 

3. W h a t number is tha t to which if its one-third be added, 
the sum will be 36 ? A_ns. 27. 

4. W h a t number is tha t to which if its two-thirds be added, 
the sum will be 45 ? 27. 

O P E R A T I O N . 

Let x = Anna's number. 
x 
~ = Julia's number. ¿i 

A ; + - = 2 4 
2 

§ r 
3/ — = 8, Julia's number. Z 
x = 16, Anna's number. 

5. W h a t number is tha t which being diminished by its three-
eighths, the remainder will be 30? Ans. 48. 

6. Mary ' s age, diminished by its three-fifths, equals 6 years; 
how old is M a r y ? Ans. 15 years. 

7. I f one-half of my age be increased by one-third of my age, 
the sum will be 40 years; what is my age? Ans. 48 years. 

8. Eour times the distance f rom Phi ladelphia to Lancaster , 
diminished by times the distance, equals 102 miles; required 
the distance. Ans. 68 miles. 

9. Benton lost four-fifths of his money, and then found 
three-fourths as much as he lost, and then had $120; how 
much money had he a t first? Ans. $150. 

10. Bessie gave three-fourths of her money to the poor, and 
then found two-thirds as much as she gave away, and then had 
$30; how much had she a t first ? Ans. $40. 

L E S S O N V . 

1. A man bought a hat , vest and coat for $35; t he vest cost 
twice as much as t he hat , and the coat cost four times as much 
as the h a t ; required the cost of each. 

SOLUTION. Let x equal the cost of the hat; O P E R A T I O N . 

then will 2x equal the cost of the vest, and Let x = cost of the hat. 
4x equal the cost of the coat,-and their sum, 2«=cost of the vest. 
x-i-2x+4x, will equal the cost of all, or $35. 4a; ̂  cost of the coai. 
Adding, we have 7x equals $35. If 7x equals x-r2x+4x = 35 
$35, x equals one-seventh of S35, or $5, the 7x = 35 
cost of the hat; 2x equals 2 times S5, or $10, X = 5, hat; 
the cost of the vest; and 4x equals 4 times $5, 2x = 10, vest; 
or $20, the cost of the coat. 4x = 20, coat. 

2. Divide the number 105 into three such par t s t h a t the 
first shall be twice the second and the second twice the third. 

Ans. 60 ; 3 0 ; 15. 
3. Three men, A, B and C, earned $216; A earned twice as 

much as B, and C earned as much as both A and B ; how much 
did each earn ? Ans. A , $72; B, $36; C, $108. 

4. The sum of three numbers is 63 ; the second is one-half of 
the first, and the th i rd one-fourth of the first; wha t are the 
numbers? A T I S . 1st, 36 ; 2d, 1 8 ; 3d, 9. 



, n a u > wiwi His wire ana son, earnea i ^ z m a 
the man earned twice as much as his wife, and three times aa 
much as his son; what did each earn ? 

Am. Man, $12; wife, $6; son, $4. 
6. A man bought a horse, a cow and a sheep for $315; 

the cow cost 5 times as much as the sheep, and the horse cost 
three times.as much as the cow; required the cost of each. 

Am. Horse, $225 ; cow, $75; sheep, $15. 
7. A tax of $450 is assessed upon three persons according 

to the relative value of their property; A is worth two-thirds as 
much as B, and B is worth three-fourths as much as C ; what 
is each man's tax ? Am. A's, $100; B's, $150; C's, $200. 

L E S S O N VI . 

1. A being asked how much money he had, replied tha t three 
times his money increased by $8 equals $80; how much had he? 

, S o l u t i o n - L e t * e1« a l A's money; then, by 
tne condition of the problem we shall have 
ax+ 8 = 80. Now, if 3x increased by 8 equals 80, L e t A ' s m°ney. 
ox will equal 80 diminished by 8, which is 72; 3»+.8-80 
if 3x equals 72, x will equal one-third of 72, which S x = 7 2 

is 24. Hence A had 24 dollars. x = 2 4 

2. I f three times a number increased by 12 equals 57, what is 
that number? Ans. lb. 

3. I f three-fourths of the distance from New York to T r o j 
be diminished by 21 miles, the result will be 90 miles; what is 
the distance? Am. 148 miles. 

4. I f A's age be increased by its two-thirds and-7 years more, 
it will equal 32 years; what is his age ? Ans. 15 years. 

5. I f 2f times the money a boy spent on the Four th of July 
be diminished by 40 cents, the result will be $5.65; how much 
did he spend ? Ans. $2.20. 

6. One-half of my fortune, plus one-third of it and $380 more, 
equals $2580 ; what is my fortune? Ans. $2640. 

7. One-third of the trees in an orchard bear apples, one-fourth 
bear peaches, and the remainder, which is 100, bear p lums; re-
quired the number of trees in the orchard. Am. 240. 

8. I f 4 times what Mr. Jones spent during a summer vaca-
tion be diminished by three-fifths of the sum spent and $680 
thè result will be $5100 ; what did he spend? Ans. $1700. 

L E S S O N V I I . 

1. Anua has 8 oranges more than William, and they to 
gether have 36; how many has each ? 

SOLUTION. Let x equal William's OPERATION. 

number; then, since Anna has 8 Let CK = William's namber, 
oranges more th&'n William, » + 8 will £+8 = Anna's number, 
equal Anna's number; and since they a; + a;+8 = 36 
both have 36, x plus x+8 will equal 2a;+8 = 36 
36. Adding, we have 2a;+8 = 36. 2^ = 28 
If 2x increased by 8 equals 36, 2x will £ = 14, William's number, 
equal 36 diminished by S, or 2S. If a;+8 = 22, Anna's number. 
2x equals 28, x equals one-half of 28, 
or 14, William's number; and re+8 equals 14+8, or 22, Anna's number. 

2. A" and B together have $35, and A's money, plus $9 
equals B ' s ; how much has each ? Am. A, $13 ; B, $22. 

3. The sum of two numbers is 100, and the smaller number 
equals the larger diminished by 16; what are the numbers? 

Ans. 42 ; 58. 
4. A watch and chain cost $220, and the chain cost $20 

less than five-sevenths of the cost of the watch; required the 
cost of each. Ans. Watch, $140; chain, $80. 

5. A house and lot cost $5800; required the cost of each 
if the lot cost $300 more than three-eighths as much as the 
house. Ans. House, $4000; lot, $1800. 

6. Blanche, Lidie and Kate, went a-shopping and spent $70. 
Lidie spent $4 more than Kate, and Blanche spent $6 more than 
Ka te ; how much did each spend ? 

Am. Blanche, $26; Lidie, $24; Kate, $20. 
7. A, B and C contributed $125 to a Sabbath-scliool; A 

gave $10 less than twice as much as C, and B gave $10 mora 
than twice as much as C ; what did each contribute ? 

Am. A , $40; B, $60; C, $25. 



16 I N T R O D U C T I O N . 

8. A lady bought a hat , cloak and shawl for $78; what did 
she pay for each, supposing tha t the cloak cost twice as much 
as the hat, plus §4, and the shawl twice as much . as the cloak, 
lacking §4? Ans. Ha t , 810; cloak, 824; shawl, 844. 

L E S S O N V I I I . 

1. I f the height of a tree be increased by its two-thirds and 
10 feet more, the sum will be twice the he ight ; what is the 
height of the tree ? 

SOLUTION. Let x equal the height of the 
tree; then, by the condition of the problem, 
we have the equation x+fa; + 10 = '¿x. Add-
ing, we have fa;+10 = 2®. If fa;+10 equals 
2x, then 10 will equal 2x minus fa;, or —; or 

3 
x 
— will equal 10; hence x equals three times 
10, or 30. 

2. If twice the length of a pole be increased by two-thirds of 
its length and 8 feet more, the sum will equal three times its 
length ; what is its length? Ans. 24 feet. 

3. Three-fourths of Nelson's age, increased by 6 years, equals 
four-fifths of his age, increased by 5 years ; how old is he ? 

Ans. 20 years. 
4. F ive times the money Jennie paid for her bracelets, dimin-

ished by $8, equals three times the money she paid, increased 
by $8; what did she pay ? Ans. $8. 

5. E m m a bought a fan, shawl and c loak; the fan cost S4; 
the shawl cost §4 more than two-thirds of the cost of the c loak , 
and the cloak cost $4 more than the fan and shawl; required 
the cost of the shawl and the cloak. 

Ans. Shawl, $28 ; cloak, $36. 
6. A ' s money, plus $12, equals B's, and B's, plus $6, equals 

C's, and the sum of their moneys equals four and one-half times 
A's money; how much money has each ? 

Ans. A, $20; B, $32; C, 838. 
7. Three times what it cost H a r r y to attend college a year 

O P E R A T I O N . 

Let x = the height. 
9T 

x + — + 10 = 2x 
3 

f x + 10 = 2a; 
1 0 = -

3 
- = 10 
3 
a; = 30, height. 

I N T R O D U C T I O N . 

increased lty $50 equals twice the sum obtained by increasing 
the amount by $150 ; what did it cost him ? Ans. $2o0. 

8. A man driving his geese to market was met By another, 
wh i said, " Good-morning, master, with your hundred geese." 
H e replied, " I have not a hundred, bu t if I had as many 
more, and half as many more, and two geese and a half, I 
would have a hundred." H o w many geese had he? Ans. 39. 

L E S S O N I X . 

I n Problem 1, Lesson I., we supposed Henry ' s number, plus 
three times his number, to be equal to twenty-four. Suppose 
now instead of representing the number twenty-four by the 
figures 2 and 4, we use one of the first letters of the alphabet, 
as a to represent it. The problem will then become— 

1.' Henry 's number of apples, plus three times his number, 

equals a ; how many apples has he ? O P E R A T I O N . 

SOLUTION. Let x equal Henry's number; Let x = Henry's number, 
then, by the condition of the problem, we will a;+3a; = a 
have x + 3a; = a, or 4x = a; hence x equals a 4x = a 

a 
divided by 4, which we express thus, - . x - ^ 

K n o w n N u m b e r s — N o w , it is evident t h a t a may represent 
any other number, as 12, 16, etc. Hence, we see we may repre-
sent known numbers by letters as well as by figures. 

A number represented by figures expresses a definite number 
of units, and may therefore be called a definite numberA 
number represented by a letter does not express a definite 
number of units, and may therefore be called an indefinite 
number. 

Subs t i t u t i on .—Since a represents any number , let us sup-
pose, as at first, its value to be 24 ; if we then use 24 foi 

a in the result x = we will have x = j , or 6, which is the 

same result as we obtained by using 24 in the solution in 
Lesson I . . 

This using some particular value of a general quanti ty m an 
expression containing the quantity is called Substitution. 



2. Mary's age is twice Sarah's, and the sum of their ages is 

a years; how old is each ? Am. Sarah, - ; Mary, — . 

3. F ind the age of each when a = 36, by substituting the 
value of a in the result. Ans. 12 years; 24 years. 

4. Divide the number m into two parts, such tha t the 

larger part will be 5 times the smaller. Ans — • — 
' 6 ' 6 

5. F ind the value of each part when TO = 144, by substitut-
ing the value of TO in the results. Am. 24; 120. 

6. The difference of two numbers is a, and 5 tunes the small«» 

equals the larger ; what are the numbers ? Am — • 
' 4 ' 4 

7. F m d the value of each par t when a = 24, by substituting 
the value of a in the results. A m , 6 • 30. 

8. W h a t number is that to which if its one-thirdv 'be' added 

the sum will be b ? 
4 ' 

9. Divide the number c into three such parts that the first 
shall be twice the second, and the second twice the third. 

Am. 1st, 2d, 3d, ^ 

10. I f three times a number increased by n equals a, what 

is the number? a ~ n 

3 ' 
11. The sum of two numbers is a, and the smaller equala 

the larger diminished by c; what are the numbers ? 
• a+c a — c Am. ; 

2 ' 2 

12. One-half the length of a pole is in the mud, one-third 
in the water, and h feet in the a i r ; what is the.length of the 
P°le? , Am. 6h. 

NOTE.—Let the pupil give special values to the general quantities u 
each of the above problems, and find the results by Substitution. 

ELEMENTARY ALGEBRA, 

S E C T I O N I . 

DEFINITIONS AND EXPLANATIONS. 
1. Mathemat ics is the science of quantity. I t treats of 

the properties and relations of quantity. 
3 . Quantity is anything that can be measured. I t is of two 

kinds, Number and Extension. 
3 . Ari thmet ic is the science of Number; Geometry is the 

science of Extension. 
4 . A l g e b r a is a method of investigating quantity by means 

of general characters called symbols. 
5. A l g e b r a i c Symbols are the characters used to represent 

quantities, their relations and the operations performed upon 
them. 

6 . The Symbols Of A l g e b r a are of three kinds, namely— 

1. Symbols of Quant i ty ; 2. Symbols of Operation : 

3. Symbols of Relation. 

NOTES.—1. With beginners we regard Algebra as restricted to number», 
or as a kind of general Arithmetic. They may afterward be led to see how 
general symbols introduce ideas not found in Arithmetic; and eventually, 
that Algebra is a general method of investigation that may be applied to 
all kinds of quantity. 

2. Some writers divide Algebra into Arithmetical Algebra and Symbol*-
ical Algebra. Newton called it Universal Arithmetic, and many writer? 
speak of it as General Arithmetic. D'Alembert divides Arithmetic int« 
Numérique, Specia" Arithmetic, and Algebra, General Arithmetic. 
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S Y M B O L S O F Q U A N T I T Y . 

7. A S y m b o l of Quantity is a character used to represent 
a quantity. 

8 . The Symbols of Quantity generally used are the figures 
cf arithmetic and the letters of the alphabet. 

9 . K n o w n Quantit ies are represented by figures and the 
first letters of the alphabet, as 1, 2, 3, etc., and a, b, c, etc. 

1 0 . U n k n o w n Quantit ies are usually represented by thé 
final letters of the alphabet, as x, y, z, v, etc. 

11 . The Symbol 0, called zerb, denotes the absence of quan-
tity, or tha t which is less than any assignable quantity. 

1 3 . The Symbol co, called infinity, denotes tha t which is 
greater than any assignable quantity. 

1 3 . Accents are small marks used to denote different quan-
tities which occupy similar positions in an operation ; as a', a", 
a'", etc. These are read a prime, a second, etc. 

1 4 . Subscr ipt figures are sometimes used for the same 
purpose ; as a„ a2, a3, etc. These are read a sub. one, a sub. 
two, etc. 

1 5 . The S i g n of Continuation i s . . . . I t denotes that the 
quantities are continued by the same law, and is read and so 
on. Thus, a, 2a, 3a . . . . , means a, 2a, 3a, 4a, 5a, etc. 

16. Quantities represented by letters are called Literal Quan-
tities. Quantities represented by figures are called Numerical 
Quantities. 

NOTE—These symbols are the representatives of quantities, but for con-
venience we speak of them as quantities, meaning the quantities which 
they represent. Thus we say, the quantity a, the quantity b, and also a 
and b ; as, add a to 6 ; subtract a from b, etc. 

S Y M B O L S O F O P E R A T I O N . 

1 7 . A Symbol of Operation is a character used to indicate 
the operations of quantities. 

1 8 . The S i g n of Addi t ion is +, called plus. Thus, a+b 
indicates the addition of a and b, and is read a plus b. 

1 9 . The S i g n of Subtract ion is - , called minus. Thus ; 

a-b denotes the subtraction of b from a, and is read a 
minus b. 

2 0 . The S ign of Mult ipl icat ion is x, read into, times or 
multiplied by. Thus, a x b denotes that a is to be multiplied 
by b, and is read a into b, or a times b, or amiultiplied by b. 

Multiplication is also denoted by a simple point ; thus, a. b 
denotes the same as a x b . Wi th letters the sign is usually 
omitted; thus, lab denotes the same as 2 x a x b . 

The Coefficient of a quantity is a number written before it to 
show how many times the quantity is taken. Thus, in 3ab the 
3 is the coefficient, and shows tha t ab is taken 3 times; in ax, 
the a is the coefficient of x, showing tha t x is taken a times. 
When the coefficient is expressed by a figure, it is called a 
numerical coefficient; when it is expressed by abetter, it is called 
a literal coefficient. 

3 1 . The S i g n of Divis ion is read divided by. Thus, 
a^b denotes that a is to be divided by b, and is read a 
divided by b. 

Division is also indicated by writing the dividend above and 

the divisor below a short horizontal line, as in a fraction, as y • 
b 

The expressions a\b and a(b also denote the division of a 
by b. 

3 3 . The S i g n of Involution, called the Exponent, is a 
number written at the right of and above a quantity to indicate 
its power. 

The Poiver of a quantity is the product obtained by using the 
quantity as a factor any number of times. Thus, ax a is the 
second power of a ; a x a x a is the third power of a, etc. 

The Exponent of a quantity is the number which indicatea 
Vow often the quantity is used as a factor. Thus, in a3 the 3 in-
dicates that a is used as a factor three t imes; a? is equivalent 
to ax ax a. a'2 is read " a square," or " a second power;" a3 is 
read "a cube," or " a third power," or " a third;" an is read 
" a iith power," or " a n th ." 

When the exponent is expressed by a figure, it is called a 



numerical exponent; when it is expressed by a letter, i t is (¡ailed 
a literal exponent. W h e n no exponent is written, the e x p o 
nent 1 is understood. 

2 3 . The S i g n of Evolut ion is y , called the Radical Sign. 
I t indicates tha t some root of the quantity before which it is 
placed is to be extracted. Thus, tfa, {/a, ^a indicate, respect-
ive ly , the square root, the cube root and the fourth root of a. 

The Index of the root is the number written in the angle of 
the radical sign to indicate-the required root. W h e n no index 
is written,2 is understood; thus, j / a is the same as ¿ a . 

A Fractional Exponent is also used to indicate some root of 
a quantity. Thus, ah indicates the square root of a, ah the cube 
root of a, etc. 

2 4 . The S igns of A g g r e g a t i o n are the Vinculum, • 
the Bar, | ; the •Parentheses, ( ) ; the Brackets, [ ], and the 
Braces, \ }. These indicate that the quantities connected or 
enclosed are to be subjected to the same operation. Thus 

+ a 
a+bxc; +b c; («+&>; [a+b]c; \a+b]c, each indicates that 
a+b is to be multiplied by c. 

S Y M B O L S O F R E L A T I O N . 

2 5 . A Symbol of Relat ion is a character used to indi-
cate the relation of quantities. 

2 6 . The S i g n of Equa l i ty is read equals or equal to. 
Ihus , x = a indicates the equality of * and a, and is read * is 
equal to a, or x equals a. 

2 7 . The S i g n of Ratio is :, read to or is to. Thus, o : b 
indicates the ratio of a to b, and is read the ratio of a to b 

2 8 . The S i g n of Equa l i ty of Rat ios is : : , read equal, 
or as Tims, a-.b-.-.c-.d indicates the equality of the ratios 
of a : b and c : d, and is read the ratio of a to b equals the ratio 
of c to d, or a is to b as c is to d. 

2 9 . The S igns of Inequal i ty are > , read is greater than, 
and < , read less than. Thus, a>b and a<b indicate the 
inequality of a and b; a>b is read a is great.v, than b, and 
«< o is read a is less than b. 

3 0 . The S igns of Deduct ion are .-., read therefore or 
hence, and v , read since or because. 

NOTE.—The signs of Deduction are used when the relation is inferred 
from some previous relation. It is evident, therefore, that they may be 
classed with Symbols of Relation. 

A L G E B R A I C E X P R E S S I O N S . 

3 1 . An A lgebra ic Express ion is the expression of a 
quantity by .means of algebraic symbols. Thus, a+3b — c. 

3 2 . The Terms of an algebraic expression are the parts 
connected by the signs + and - . Thus, in a + 3b -c the terms 
are a, 3b and — c. 

3 3 . A Pos i t ive Term is one having the plus sign pre-
fixed to it, ^s +3ct. W h e n no sign is expressed the sign + is 
understood. 

3 4 . A N e g a t i v e Term is one having the minus sign pre-
fixed to i t ; as — 3a. This sign should not be omitted. 

35». Similar or L ike Terms are those which contain the 
same letters affected by the same exponents; as, Sab2 and - hob2. 

3 6 . Dissimilar or Unl ike Terms are those which contain 
different letters or exponents; as, 3ab~ and — 5a?bsc. 

3 7 . A Monomial is an algebraic expression consisting of 
one t e rm; as, a, 4a, 5a3, etc. 

3 8 . A Polynomial is an algebraic expression consisting 
of two or mere terms; as a+b, a+b + c+d+e, etc. 

31?. A Binomial is a polynomial consisting of two terms • 
as, a + 6 and 3a+46 s . 

4 0 . A Trinomial is a polynomial consisting of three terms; 
as, a+2ab+c. 

4 1 . The D e g r e e of a term is determined by the number of 
literal factors it contains. Thus, 2a is of the first degree, 3a' 
or 3ah of the second degree. 

4 2 . Homogeneous Terms are those which are of the same 
degree. Thus, 3abc and 5ab2 are homogeneous. 

4 3 . A Polynomial is homogeneous wheu all of its terms are 
of the same degree; as, a1 -iaJ'b + d'b2. 



A L G E B R A I C L A N G U A G E . 

4 4 . A l g e b r a i c L a n g u a g e is a method of expressing mathe-
matical ideas by means of algebraic symbols. 

4¿5. N u m e r a t i o n is the ar t of translating algebraic ex-
pressions into common language. 

4 © . Notat ion is the a r t of expressing mathematical idsas 
iü algebraic language. 

E X E R C I S E S I N N U M E R A T I O N . 

1. Read a+b. 
2. Read a2+2ab. 
3. Read (a+b^c. 
4. Read - j / ( a + b ) . 
5. Read 2(a+è3) . 
6. Read x2 + 2xy+y3. 
7. Read ( a + x ) ( a - a ; ) . 

8. R e a d ^ x ^ . 
a+b a+x 

9. Read 1/
/a+(x-z)2. 

10. Read 4 ^ a + ^ W ^ e . 

E X E R C I S E S I N N O T A T I O N , 

Express in algebraic language— 
1. The sum of a and è. Am. a+b. 
2. Three times b subtracted from a. Ans a- 3b 
3. The sum of a and b, minus c. Am a+b — c 
4. The product of a and b, minus c squared. Am. ab - &. 
o. The sum of a and b, multiplied by c. Am. (a+b)c. 
6. The square of m, minus m into n. Am. m2-mn. 
7. The sum of a and b, into the difference of a and b. 

Ans. (a+b) (a-b). 
8. I h e square of a, plus the square root of a. Am. a2

+l/a. 
9. The square of the sum of a and b. Am. (_a+b)\ 

10. Four times a square into b, minus three times c square 
into x cube. Am. Wb-3c>x\ 

11. The square of a plus b, divided by a minus b, plus four 
(a + b)2 . ,, 

times a into b square. Am. — — - - +4a6 . 

12. The sum of a times x, and the square of b, divided by 
ax+b2 

a minus x. ns• a _ x' 

13 The sum of the squares of b and e, divided by the dif 
. V + c2 ' 

ference of three times a and twice c. Am. g a _ 2c' 

14. The cube of a-x, diminished by the square root of a 
plus a;. Ans- (a-xf-^a+x. 

15. The cube of a, minus x, diminished by the sum of a and 
the square root of a;. Am. a3 - x - (a + y x). 

16. A trinomial with its second term negative, and twice the 
product of the other two terms. 

17. A homogeneous trinomial of the fifth degree, with the 
second term negative. 

N U M E R I C A L V A L U E S . 

4 7 . The Numer ica l Va lue of an algebraic expression is 
the result obtained by substituting for its letters definite numer-
ical values, and then performing the operations indicated. 

1. F ind the numerical value of (a2 - ab)c when a = 5, b - 4, 
and e = 3. 

S O L U T I O N . Substituting for a, b and O P E R A T I O N . 

o their assigned values, we have (5 2 -5 ( a 2_ a6)c = (5 2 -5 x 4) x 3 
x4) x 3; performing a part of the opera- = (25-20) x 3 = 5 x 3 - 1 5 . 
tions indicated, we have (25 - 20) x 3, which 
equals 5x3, or 15. 

E X A M P L E S . 

Find the numerical value of the following expressions when 
a = 6, 6 = 5, c = 4, m = 3, n = 2 : 

2. a2-ab. fi-
3. (a2 - bc)n. 32. 
4. ab-\3a2-5m. .. Aw. 98. 



5. («4 &)(«-&). ' A m n 

6. ( a + i > - ( « - b ) n . AjUm 31; 

7. ( a ' - * ) (« - .» ) . ^ 22. 

(mm). 
a - n j 20. 

9. ^ » K r f - n ) . ^ 7 7 . 
10. m ^ c x a - c ^ A m 2S_ 
H . a + 6 + c + a - m . < . 
12. ^ 2 l , £ £ 
16. ya+2b+Zmn. A 99 

14. ( 2 * + 2 6 + 3 ) t A m B. 
-j- ao + bc+mn 

a+2b — nc' • Ans-

P O S I T I V E A N D N E G A T I V E Q U A N T I T I E S . 

4 8 . A quantity with the plus sign prefixed is called an 
Additive, or Positive quant i ty; a quantity with the ramus sign 
prefixed is called a Subtraetive or Negative quantity. 

A Positive Quantity indicates addition, or that, when used 
something, is to be increased by it. A Negative Quantity indi-
cates subtraction, or that, when used, something is to be dimin-
ished by it. 

. F o s i t i v e ; a n d Ke9ative quantities, being thus opposite in mean-
ing, may be conveniently used to represent quantities reckoned 
in opposite directions. 

Thus, if we use + to represent a person's gains in business 
we may use - to represent his losses; north latitude may be 
represented b y + , south latitude by future time by 4- p ( l s i 
time by - , etc. ' 

The symbols + and - may therefore indicate the nature of 
the quantities to which they are prefixed, as well as the opera, 
tions to be performed upon them. 

. f ' 9 ' The ^Jwftite Value of a quantity is its value taken 
independently of the sign prefixed to it. Two quantities are 
evidently equal when they have the same absolute value and the 
tame sign. 

If I take any number, as 8, and increase it by 5, and then 
diminish it by 5, the value of 8 will remain unchanged; hence 
I may infer tha t uniting a positive and a negative quantity of 
the same absolute value gives nothing for the result. 

If I unite 8 with +4, the result is 12; and if I unite 8 with 
- 6 , the result is 2 ; hence, since + 4 united with 8 gives a 
greater result than - 6 united with 8 , 1 may infer that + 4 is 
greater than - 6, and in general that a positive quantity in Alge-
bra may be regarded as greater than a negative quantity. ^ 

5 0 . The above explanations may be formally stated in the 
following principles. 

P R I N C I P L E S . 

1. A Positive quantity indicates that, when used, some quantity 
is to be INCREASED by it, and a Negative quantity that some quan-
tity is to be DIMINISHED by it. 

2. Positive and Negative quantities are sometimes used to indi-
cate quantities reckoned in opposite directions. 

3. A Positive and a Negative quantity of the same absolute value, 
united, amount to nothing. 

4. In Algebra a Positive quantity is regarded as greater than a 
Negative quantity, whatever may be their absolute values. 

A L G E B R A I C R E A S O N I N G . 

5 1 . All Reasoning is comparison. The reasoning in Algebra 
consists principally of the comparison of equals. 

This comparison gives rise to the equation. The equation 
is therefore the fundamental idea in Algebra; it is the basis 
of all its investigations. 

Comparison is controlled by certain laws called axioms, and 
gives rise to certain operations called processes. 

5 2 . A lgebra ic Reasoning is employed in the solution of 
problems and the demonstration of theorems. 

5 3 . A Problem is a question to be solved. A solution 
of a problem is the process of obtaining a required result. 

5 4 . A Theorem is a truth to be demonstrated. A demon-
» 



stration of a theorem is a course of reasoning employed in estab-
lishing its truth. 

5 5 . An Axiom is a self-evident truth. Axioms are the laws 
which control the reasoning processes. 

A X I O M S . 

1. If equals be added to equals, the sums will be equal. 
2. If equals be subtracted from equals, the remainders will 

oe equal. 
8. If equals be multiplied by equals, the products will be 

equal 
4. If equals be divided by equals, the quotients will be equal. 
5. If a quantity be both increased and diminished by another, 

the value of the former will not be changed. 
6. If a quantity be both multiplied and divided by another, 

the value of the former will not be changed. 
7. Quantities which are equal to the same quantity are equal 

to each other. 
8. Like powers of equal quantities are equal. Like roots of 

equal quantities are equal. 

R E V I E W Q U E S T I O N S . 

NOTE.—These R E V I E W Q U E S T I O N S are simply suggestive to the teacher, 
who can extend them as fully as is deemed desirable. 

Define Mathematics. Quantity. Arithmetic. Geometry. Algebra. 
Symbols of Algebra. State the classes of symbols. 

Define a Symbol of Quantity. Name Symbols of Quantity. Of Known 
Quantities. Of Unknown Quantities. Use of 0; of co . Of Accents. Of 
Subscript figures. The sign of continuation. 

Define a Symbol of Operation. Explain the sign of Addition, Sub-
traction, etc. Define Coefficient. Power. Exponent. Index. 

Define a Symbol of Relation. Explain the sign of Equality, etc. 
Define an Algebraic Expression, the Terms, etc. 
Define Algebraic language. Numeration. Notation. Numerical 

Value. State jrinciples of positive and negative quantities. Define 
Reasoning. A Problem. A Theorem. An Axiom. Enunciate the 
Axioms. 

SECTION" I I . 

FUNDAMENTAL OPERATIONS 
A D D I T I O N . 

5 6 . Addition is the process of finding the sum of two or 
more algebraic quantities. 

57. The Sum of several algebraic quantities is a single 
quantity equal in value to the several quantities united. 

NOTE—The symbol + was introduced by Stifelius, a German math© 
matician, in a work published in 1544. 

CASE I. 

58. To add when tlie terms are similar. 
C L A S S I . When the terms have the same sign. 
1. Find the sum of 2a, 3a and 5a. O P E R A T I O N . 

2 a 
S O L U T I O N . 5a, plus 3a, are 8a; and 8a, plus 2a, are 

10a. Hence the sum of 2a, 3a and 5a is 10a. . 5 a 

10a 

Rule.—Add the coefficients, and prefix the sum with its proper 
sign to the common literal part. 

E X A M P L E S . 

(2.) (3.) (4.) (5.) (6.) 
3a 5x — 5 ax 4a2c — 9a2£>*c 
4a Sx -lax 5a2e — 18a26sc 
5a Ix — 6a» 12a2e - aV/c 
7a 8x — 8a« 15a2e - 6 a'b'c 

19a 23s — 26aa; 36a2c — 34a2ö3e 

7. Find the sum of 4a, 6a and 7a. Ans. 17a. 
8. Find the sum of - 2a, - 3a and - 5a. Ans. - 10a. 
9. F ind the sum of 3ab, 5ab, Gab and Sab. .Ans. 22ab. 

10. Find the sum of - 3 a c , - 4 a e , -lac and - 9 a e . 
Ans. —23a«, 

»* « 



stration of a theorem is a course of reasoning employed in estab-
lishing its truth. 

5 5 . An Axiom is a self-evident truth. Axioms are the laws 
which control the reasoning processes. 

A X I O M S . 

1. If equals be added to equals, the sums will be equal. 
2. If equals be subtracted from equals, the remainders will 

oe equal. 
8. If equals be multiplied by equals, the products will be 

equal 
4. If equals be divided by equals, the quotients will be equal. 
5. If a quantity be both increased and diminished by another, 

the value of the former will not be changed. 
6. If a quantity be both multiplied and divided by another, 

the value of the former will not be changed. 
7. Quantities which are equal to the same quantity are equal 

to each other. 
8. Like powers of equal quantities are equal. Like roots of 

equal quantities are equal. 

REVIEW QUESTIONS. 
NOTE.—These R E V I E W Q U E S T I O N S are simply suggestive to the teacher, 

who can extend them as fully as is deemed desirable. 
Define Mathematics. Quantity. Arithmetic. Geometry. Algebra. 

Symbols of Algebra. State the classes of symbols. 
Define a Symbol of Quantity. Name Symbols of Quantity. Of Known 

Quantities. Of Unknown Quantities. Use of 0; of co . Of Accents. Of 
Subscript figures. The sign of continuation. 

Define a Symbol of Operation. Explain the sign of Addition, Sub-
traction, etc. Define Coefficient. Power. Exponent. Index. 

Define a Symbol of Relation. Explain the sign of Equality, etc. 
Define an Algebraic Expression, the Terms, etc. 
Define Algebraic language. Numeration. Notation. Numerical 

Value. State jrinciples of positive and negative quantities. Define 
Reasoning. A. Problem. A Theorem. An Axiom. Enunciate the 
Axioms. 

SECTION" I I . 

FUNDAMENTAL OPERATIONS 
A D D I T I O N . 

5 6 . Addition is the process of finding the sum of two or 
more algebraic quantities. 

57. The Sum of several algebraic quantities is a single 
quantity equal in value to the several quantities united. 

NOTE—The symbol + was introduced by Stifelius, a German math© 
matician, in a work published in 1544. 

CASE I. 

58. To add when tlie terms are similar. 
C L A S S I . When the terms have the same sign. 
1. Find the sum of 2a, 3a and 5a. O P E R A T I O N . 

2 a 
S O L U T I O N . 5a, plus 3a, are 8a; and 8a, plus 2a, are 

10a. Hence the sum of 2a, 3a and 5a is 10a. . 5 a 

10a 

Rule.—Add the coefficients, and prefix the sum with its proper 
sign to the common literal part. 

E X A M P L E S . 

(2.) (3.) (4.) (5.) (6.) 
3a 5x — 5 ax 4a2c - 9 a26!c 
4a Zx -lax 5a2e -18a26 sc 
5a Ix — 6ax 12a2e - aV/c 
7a 8x — 8ax 15a2e - 6 a'b'c 

19a 23s — 26aa; 36a2c - 3 4 aVc 

7. Find the sum of 4a, 6a and 7a. Ans. 17a. 
8. Find the sum of - 2a, - 3a and - 5a. Ans. - 10a. 
9. F ind the sum of 3ab, 5ab, Gab and Sab. Ans. 22ab. 

10. Find the sum of - 3 a c , - 4 a e , -lae and -9ac. 
Ans. —23a«, 

»* i« 



11. F ind the sum of 5a2b\ 7aW, 9aW and lOa'b3. 

Am. 81 d°b\ 
12. F ind the sum of Qxhf, 7x\f, 9 a V and 12x3f. 

Am. 34.r-y. 
13. F ind the sum of - babe, - Aabc, - lobe and - 9abc. 

Am. - 2babc. 
5 9 . C L A S S I I . When the terms have different signs. 
1. F ind the sum of 7a and -4a. 

S O L U T I O N . 7a is equal to 3a-¡-4a. Now, -4a united O P E R A T I O N 

with +4a, a part of 7a is equal to nothing, Prin. 3, Art. 7a 
50; therefore -4a added to 3a + 4a equals 3a. Hence, - 4 a 
— 4a added to 7a equals 3a. 3 a 

SOLUTION 2D. Plus 7 A may indicate some quantity increased by la, 
and —4a may indicate some quantity diminished by 4a. A quantity 
increased, by la and then diminished by 4 a is evidently increased by 3 a 
hence the sum of la and —4a is plus 3a. 

2. F ind the sum of - 8 a , 4a, - 7 a and 9a. 
S O L U T I O N . The sum of the positive quantities, 9 a and O P E R A T I O N . 

4a, is 13a; and the sum of the negative quantities, -la —8a 
a n d - 8 a , is - 1 5 a . Now, - 1 5 a = - 1 3 a - 2 a ; +13a 4a 
united t o - 1 3 a is equal to nothing, and there remains -la 
—2a. Hence the sum is — 2a. 9a 

S O L U T I O N 2D. The latter part.may be given thus: -2a 
Any quantity increased by 13a and then diminished by 15a is evidently 
diminished by 2 a ; hence the sum is minus 2a. 

R u l e — I . Find the sum of the coefficients of the positive and 
negative term separately. 

I I . Take the difference of these sums, and prefix it, with the sigh 
9f the greater, to the common literal part. 

E X A M P L E S . 

C3-) (4.) (5.) (6.) (7.) 
+ 7 ax — 5 a V - 7 z 2 +27 xy - 2%'fz 
-9a.-c + 3aV - s 2 -Uxy - \2x\fi 
+ 8ax — 9 a V + 9s2 - 1 5 0 xy +xhfz 

+ 4 a V - 5 / + 27 xy +28 xhfz 
+ 3 ax -7 a V - 4 2 2 ~ 
Find the sum— 

8. Of Gab, - 5ab -f 8ab and - Sab. Ans. Gab. 

9. Of 3erf, - Gcd, -7cd, -i 8cd and -4c.d. Am. - Gcd. 
10. Of 7xy, 4- 8xy, - dxy, + ?>xy and —4xy. Ans. bxy. 
11. Of 5an, +7an, - 1 2 a n , + loan, —19an. Ans. —4an. 
12. Of 7a"b, -9a26,+10a26, + 12a26, -30a 2 6 . Ans. -10a 2 6 . 
13. Of 12aV, - 6 a ¥ , + a V , - 1 5 a V , +7aV. Am. -a2cs. 
14. Of ldxy-z, - 1 9 x y % +12xy'z , - 10xy 2 z , - 1 5 x i f z and 

+ 22xy2z. Ans. bxtfz. 
15. Of 5ac365, + 6ac355, — 7acsZ>5, + 8a<?bs, -17ac3b s , -4aczb\ 

+ 5ae365. - Am. —4ae3b5. 
16. Of 21a?nIna;3, - 19am2na;3, - 21am2?ia;3, + 2bam2nx3, + 1 9 a m W , 

— 2bam2nx3. Am. 0. 
C A S E I I . 

60. To add when the terms are dissimilar. 
1. Find the sum of 3a, 4b and — ab. 

SOLUTION. Since the quantities are dissimilar, we can- OPERATION. 

not unite them into one sum by adding their coefficients; 3a 
we therefore indicate the addition by writing them one 4b 
after another with their respective signs. We thus have ' — ab 
3a+4b-db. 3a+4b-ab 

2. F ind the sum of 2a+3a6, 3 a - 4 a 6 + 56 and bab-7b. 
SOLUTION. We write the similar terms in the same 

column for convenience in adding, and begin at the left OPERATION. 

to add: 3a and 2a are 5a, which we write under the 2a+3a& 
column added; 5ab, —4ab, +3ab are +4a&, which we 3a—4ab + 5b 
write under the column added; —lb, +5b equals —2b, bab — lb 
which we write under the column added. Hence the sum + 4ab — 26 
is 5a+4a6-26 . 

Rule.—I. Write similar terms, with their proper signs, in the 
same column. 

I I . Add each column separately, and connect the results with 
their proper signs. 

E X A M P L E S . 

( 3 ) (4.) (5.) 
2a +36 3« - bxy 12a62 + 28cx? 
5 a - 7 6 7x+8xy -ab2+2bcx% 

c + 9 6 a — 9« - Gxy 24a62 - 23ez3 

3a - 86 4a — ox+ 7xy - 3 5 a 6 2 - 17cs3 

11a - 36 5a - 4x + 4xy + 13e;c5 



6. F ind the sum of 3ae - 5ax, 7ac + Qax, 5ac-\2ax ana 
9ae+15ax. Ans. 24ac+4ax. 

7. F ind the sum of 5 a 6 + 1 2 6 c - 7 e d , Qab-18bc+llcd and 
17ab-15bc + lScd. Ans. Slab -21bc+17cd. 

8. F ind the sum of 3ax-2b2c, 5ax+7e3, %2c-12â, 8ax-\ 15c! 

uad 146*0- 18e3. Ans. 16ax+21 6 2e-8c 3 . 
9 ?:_ud the sum of m + 3n2 - 5mn, dm - 8n\ 7n2-8mn, 

1 9 n + 2 7 m n and 16>t2 - 1 7 m n . Ans. 23m - 3mn +18n2. 
10. F i n d the sum of a+2b + Zc, 2a- b -2c, b-a-c and 

c — a — b. Ans. a + b + c. 
11. F i n d the sum of Za-4p+q, 7p + 3q-6, 9a-7 + 3p and 

9 ? - 1 2 + l i p . Ans. 12a + 17p + 13q- 25. 
12. F ind the sum of a+b-c, a-b+c, a+c + b and b-a+c. 

Ans. 2a+26+2c . 
13. F ind the sum of 4a+7a2c - 8m3, 7a+ 16m3,15a2c - 20m3+17 

and 12m3 - 5 - 22a2e. Ans. l l a + 1 2 . 
14. A d d 34CKS3 - lQay2, - 25ax3 -13atf + Uatf, 16 + 15ay3, 

15a?/ 2 -16 and 22ax3 + 7ay2-llay>. Ans. 31axs+20ay2-cJay\ 
15. Add 12x + 9y-6z, 5a-12y + lZx, ly-16x + 10z and 

10a ; -5a+12z . Ans. 19z+4i/+16z. 
16. Add xn-ax2+3.b, Zax2-2b+y2n, 5xn+4b-3y2n, lb - 4x" 

+Î/2" — 3aa;2. Ans. 2x" - ax2 - if" + 126. 
17. A d d 5a—96 + 5 e + 3 - d , a-Zb — 8-d, 3a+2b — 3c+4 + 5d, 

2a + 5e—6 —3d. Ans. l i a - 1 0 6 + 7 c - 7 . • 
18. Add x'-4x3y+Qx2y2-4xf + y\ 4xsy - 12x?y2+12xy" - 4y\ 

6x2y2 -12xif + Gif and 4xif — 4 y \ Ans. x' - y\ 
19. A d d a3+ab2 + ac2-a2b-abc-a2c, a2b + 63 + 6c2 - ab* - b2c 

— abc and a 2 e+6 2 c+e 3 - a6c — 6c2 — ac2. Ans. a!+63+c3 — 3a6c. 
20. Add 4'.\b — 3mn+10am — Gan, Imn — 7am+4a?i, Zab + 7an4 3, 

ß - 4mn - 3am - 5«,2 and 4n2 - 1 5 — 2m2. 
Ans. lab - 2m2 - n2 + ban. 

F A C T O R E D F O R M S . 

6 1 . S imi lar quant i t ies in any form may be added by 
taking the algebraic sum of their coefficients. 

E X A M P L E S . 

(1.) (2.) (3.) (4.) 
6 / 7 8(a - 6) — 1 2 / a + 6 5 ( m - u + 2 ) 
4,/l - 5(a —6) 1 5 / a + 6 7 ( m - n + 2). 
5 / 7 6(a —6) - 1 8 / o h 6 — 9 ( m - ? i + 2 ) 

1 5 / 7 9(a — 6) - 1 5 / a + 6 3(m-n+2) 

5. W h a t is the sum of 5(x - y), — 12(x - y), 3(x - y), 10(z - y) 
and - 14{x-y)'? Ans. -8(x-y). 

6. W h a t i s - t he sum of v7(a-6) 3 , - 9 ( a - 6 ) 3 , + 1 2 ( a - 6 ) 3 , 
+ 1 6 ( a - 6 ) 3 , — 18(a —6)3? Ans. 8(a-b)s. 

1. F ind the sum of 3 | / a + x , 5 j / a + x , — 7 / a + s , + 8 / a + # , 
- 5 ] / a + x and 1 2 | / a + x . Ans. 1 6 / z + x. 

8. Add 4ax + 7 (a2 - 62), 6ax - 5 (a2 - 62), + 3(a2 - 62) - 5ax , 
12(a2 - 62) - lax, 16(a2 - b*) + 9ax, - 33(a2 - b2). Am. lax. 

9. Add 2a2-3(a+x), 5d'+G(x-y)2, 4a2-7(x-yfi 9 ( « + » ) -
6a2, 3(a+®) - 9 0 - y)2, a2 - (a + x) + (x - y)2. 

Ans. 6 a 2 + 8 ( a + x ) - 9(x - y)2. 
6 3 . Diss imi lar T e r m s having a common factor may be 

added by taking-the algebraic sum of the dissimilar parts, en-
closing it in a parenthesis, and affixing the common factor. 
• 1. F ind the sum of ax+bx-cx. 

OPEKAT'OST. 

ax 
bx 

-ex 
(a+b- c)x. 

E X A M P L E S . 

2. Find the sum of ax3-bx" + cx3. Ans. ( a - 6 + c)ar. 
3. F ind the sum of uz* - mi + wz" - qz\ 

Am. (a — m+n — q 
4. F i n d the sum of 2ax - 2bx + (a - b)x. Am. 3(a - b)x. 
5. F ind the sum of 4a:c+3»+2ax - 5x+bx - 5ax+2x - 2bx. 

Ans. (a-b)x. 
6. F ind the sum of Zay-2by+(a+2b+c)y. Am. (4a+c)y. 
1. Find the sum of 3 a n - 5am+2an-3bn + 3am-5m+Gbn-\ 

2am - Zbn -i 5m i on. A m. (5a * e)n. 

SOLUTION*, a times x, +b times x, — c times x, equals 
(a-t b- e) times x; hence the sum is (a+b — c)x. 



S U B T R A C T I O N . 

6 i 8 . S u b t r a c t i o n is the process of finding the difference ol 
two algebraic quantities. 

6 4 . T h e S u b t r a h e n d is t he quant i ty to be subtracted. 
4>5. T h e M i n u e n d is the quant i ty from which the subtra-

hend is to be subtracted. 
The D i f f erence or R e m a i n d e r is a quant i ty which, 

added to the subtrahend, will equal the minuend. 

NOTE.—The symbol — was introduced by Slifelius, a German mathe-
matician, in a work published in 1544. 

CASE I . 

67. To subtract when al l the terms are positive. 

1. Subtract 4a f rom 7a. 
O P E R A T I O N 

SOLUTION. 4 times a quantity subtracted from 7 times 7 a 
the quantity equals 3 times the quantity; hence, 4a sub- 4 a 
tracted from 7a equals 3a. 3 a 

2. Subt rac t 7a from 4a. 

S O L U T I O N . 4a equals 7a—3a; 7a subtracted from O P E R A T I O N . 

7a—3a leaves—3a; hence 7a subtracted from 4a 4a —7a —3a 
equals - 3a. 7a = 7a 

- 3 a - 3 a 
S O L U T I O N 2D. Plus 4a may indicate some quantity increased by 4a, 

and + 7 a may indicate some quantity increased by 7a. A quantity 
increased by 4a is evidently 3a less than the quantity increased by 7a; 
hence, 7a subtracted from 4a equals minus 3a. 

3. Subtract 6 + c f rom a. 

S O L U T I O N . Subtracting b from a , we have the remain- OPERATION. 

der a—b; but we wish to subtract b ina-eased by c from a., a 
hence the true remainder will be a — b diminished by c, or b + <: 
a-b — c. ' a—b — c 

Rule . — Change the signs of the subtrahend and proceed as in 
addition. 

NOTE.—Signs of terms are said to be changed when, being plus, they 
are changed to minus, or being —, they are changed to + . 

E X A M P L E S . 

( 4 . ) (5.) ( 6 . ) (7.). 
1 2 a 15 x2y 2 1 m V 5 a 2 + 3 6 

9a 9 x2y 28 m V 3 a 2 + 7 6 

3a Gx'y - 7m V 2 a 2 - 4 6 

3a+ 46 
96 +2c 

3a - 56 — 2c 

9. F r o m 19a6 t ake 12a6. Ans. 7ab. 
10. F r o m 21ae2 t ake 16ac2. Ans. 5ac2. 
11. F r o m 10axy take 17axy. Ans. -7axy. 
12. F rom 1 2 m V take 1 8 m V . Ans. - 6 m V . 
13. F r o m 4a 2 +66 take 126. Ans. 4 a 2 - 6 6 . 
14. F r o m 7a+5c take 10c. Ans. 7a-.be. 
15. F r o m 3a;2 + 2y2 t ake 4x2+y2 . Ans. -x2+y2. 
16. F r o m 2 a + 3 6 t ake a+26 . Ans. a + 6 . 
17. F r o m 4 a + 2 6 t ake 2a+36. Ans. 2a-b. 
18. F r o m a 2 +4a6 + 62 subt rac t a 2 +2a6 + 62. An-s. 2a6. 
19. F rom a2+62 subtract a 2 +2a6 + 62. Ans. - lab. 
20. F r o m 4 a + 2 6 subtract 3a+ 46 +2c. Ans. a - 2 6 - 2 c . 
21. F rom 7a26 + 3ac subtract 5ac+4a26. ' Ans. 3 a 2 6 - 2 a c . 
22. F rom a6 + 6c+cd subtract 6c+2ed + c. Ans. ab -cd- c. 

CASE I I . 
68. To subtract when one or more terms are 

negative. 
1. Subtract - c f rom + a . 

SOLUTION, a equals a+c—c, since increasing and OPERATION. 

diminishing a quantity by the same quantity does not +a=a+c—c 
change its value. Now, —e subtracted from a+C — C, —c=° —c 
leaves a+c. Hence, — c subtracted from +a leaves a+c a + o 
a + c. 

SOLUTION 2D. The difference between any quantity O P E R A T I O N . 

increased by a and diminished by c is evidently the sum + Ci 
ot a and c; hence, — c subtracted from + a equals- — c 
a + c. a+c 

2. Subtract 6 — c f rom a. 
SOLUTION. Subtracting b from a, we have the re- OPERATION, 

mainder a — 6 ; but we wish to subtract b diminished a 
by c from a; we have therefore subtracted c too much, b — c 
consequently the remainder, a—6, is c too small; hence a—b + a 
the true remainder is a— b increased by c, or a—b + c. 



Rule.—I. Write the subtrahend under the minuend, placing 
similar terms one under another. 

I I . Conceive the signs of the subtrahend to be changed, and 
then proceed as in addition. 

(3.) 
9 a*b 

- 6 a26 
15a2b 

(70 
2a2 - 5a + 65 

- a 2 - 3 a + 4 6 
3 a 2 - 2a + 26 

E X A M P L E S . 

(4.) (5.) 
5a2 - 2 a 
3 a 2 - 2 6 a — b 

(6.) 
' 7 m 2 - 3 n 

- 4 m2 - 6n +c 
2a2 4 26 - 3 a + 6 11m 2 +3 n-o 

(8.) 
c - 5 m + 4 

-3c - 7 m - 2 
4c + 2?n. + 6 

(9.) 
ax2 — 2ac+3è 
a 3 2 - 5 a c + 2 i - z ' ' 

3 a c + H + z 2 

10. F r o m a+6 take a - 6 . Ans. 26 

11. F r o m 10a take—10a. i m . 20a 
12. From a — b take 6 — a. Ans. 2a — 26 
13. F r o m a+26 take a - 6 . Ans. 36 
14. From 5m - 5n take 4m+6n. Ans. m - 1 1 n 
15. F r o m 1 + a V take 1 - a V . Ans. 2aV 
16. F r o m 4am - 36" take 2am - 56". Ans. 2am+ 2b" 
17. F r o m a2+2a6 + 62 take a2 - 2a6+62. Ares. 4a6 
18. From a2 - 62 take a2 - 2a6 + 62. Ans. 2ab-2b2 

19. F r o m 3 a + c + d - / - 8 take c+Sa-d. Ans. 2 d - f - 8 
20. F r o m 4a6 + 362 - 2e take 4a6 - 2b2 - 3d. 

Ans. 5b2 - 2c f 3d 
21. F r o m 7am - 36c - c2 take 5am - 2c2 - 36c - 5a;3. 

Ans. 2am+e2+5x¡*. 
22. F r o m 2 a + 2 6 - 3 c - 8 take 3 c + 4 6 - 3 a - 5 . 

Ans. 5 a - 2 6 - 6 c - 3 . 
23. F r o m a5 + 3a26 + 3a62+63 take a3 - 3a26 + 3a62 - 63. 

Ans. 6a26 + 26s. 
24. From a2 - 3ab - b2 + 6c - 2c2 take a2 - 5a6 + 56c - 362 - 2cJ 

Ans. 2a6 -f 262 - 46c. 

F A C T O R E D F O R M S . 

6 9 . Similar quantit ies in any form may be subtracted by 
taking the algebraic difference of their coefficients. 

E X A M P L E S . 

(1.) ( 2 > (3.) (4.) 
9 / 6 • 1 2 ( a - 6 ) 1 5 / a + 6 - 7 ( a —6 + 4) 

5 / 6 7 (a — 6) - 7 / a + 6 - 1 2 ( a - 6 + 4) 

4 / 6 • 5(a - 6) 2 2 / a + b 5(a —6+4) 

5. 'From 5(x> - y2) take - 7(V - y2). Ans. 12(x2 - y2). 
6. From - 6(a2 - 62) take 12(a2 - 62). Ans. - 18(a2 - 62).' 
7. F rom 6a2(a - 6) take - 4 a \ a - 6). Ans. 10a2(a - 6). 
8. F ind the value of 5 / 2 - 7 / 2 + 6 / 2 . Ans. 4 / 2 . 
9. From - 5s2(c - d) take - 12a;2(c - d). Ans. 7 x \ e - d). 

10. Find the value of 7c2(m - n ) - 13c2(m - n ) + 12e2(m - n) . 
Ans. 6 e 2 ( m - n ) . 

7 0 . Dissimilar terms having a common factor may be sub-
tracted by taking the algebraic difference of the dissimilar parts, 
enclosing it in a parenthesis and affixing the common part. 

1. From ax subtract ex. 
O P E R A T I O N 

S O L U T I O N , a times x minus E times x is evidently equal 
tc (a — c) times x, which is expressed thus (a — o)x. 

ax 
ex 

(a-c)x 

E X A M P L E S . 

(2.) (3.) (4.) (5.) 
ax2 mz2 axy az 
bx2 - nz2 cxy z 

(a - h)x' (vi+ri)z2 (a-c)xy (a-l)z 

6. From 5az take baz. Ans. (5 - b)az. 
7. From cax take -3ax. Ans. (c+3)ax. 

4 



F U N D A M E N T A L O P E R A T I O N S . 

8 F rom az take bz-3z. Ans. ( a - 6 + 3 > . 

9. F r o m 4n2c+3c t ake 7c - 4ac. Ans. (a* - 1 + a)4c. 

10. F r o m an+cn+dn t ake n + an + dn. Ans. (c - l)n. 
11. F r o m (6a+2x )cd t ake 4acd+2cdx. Ans. 2acd. 
12. F r o m 5a2+1062 t a k e - 3 a 2 + 2 6 2 . Ans. 8(a2+b'1).. 
13 F r o m Gay - 3my subt rac t - 5my + Gey. 

%ns. ( 3 a - 3 e + m ) 2 y . 
14. I- rom 6 ] / e - a , / c + 6 / c subtract 2av'c + 6 / c - 2 j / c 

4 n s . ( 8 - 3 a + a & ) , / f l . 

U S E O F T H E P A R E N T H E S I S . 

7 1 . The P a r e n t h e s i s is f requent ly used in Algebra : we will 
therefore now explain its use in Addi t ion and Subtraction. 

T h e plus sign before a parenthesis indicates that the quantity 
within the parenthesis is to be added, and the minus sign indi-
cates t h a t it is to be subtracted. 

P R I N . 1 . A parenthesis with the plus sign before it may be re-
moved from a quantity without changing the signs of its terms. 

Thus, a+(b — c + d) is equal to a + 6 —c + cZ. 

PRIN. 2. A quantity may be enclosed in a parenthesis preceded 
by a plus sign without changing the signs of its terms. 

Thus, a+b-c+d-e is equal to a+(b-c+d-e), or to a+b+(-o 
+ d - e ) , etc. 

PRIN. 3. A parenthesis preceded by the minus sign may be re-
moved from a quantity if the signs of all its terms be changed. 

This is evident from the rule for subtraction. Thus, a-(b-c+d) is 
equal to a — b + e—d. 

P R I N . 4 . A quantity may be enclosed in a parenthesis preceded 
by the minus sign if the signs of all its terms be changed. 

This is evident from the principles of subtraction, and also from the 
previous principle. Thus, a-b+c-d is equal to a-(b-c-id)- or tc 
a—b-(—o+d), etc. 

T H E P A R E N T H E S I S . 39 

E X A M P L E S . 

Find the value— 
1. Of - ( - a2) and x-(a- b). Ans. a2-, z-atb. 
2. o f + ( - a 6 ) and a-(.b-c+d). Ans. -ab; a-b+c-d. 

3. Of - (b2 - a2) and 3e - (2c - 5). Ans. a2-b2; c+ 5. 

4. Of 4 a - 5 6 - ( a - 5 6 +3c). Ans. 3 ( a - e ) . 

5. Of 5 a - 2 6 - 3 c - ( - 5 c + 2 a - 2 6 ) . Ans. 3a+2c . 
P u t in a parenthesis preceded by a plus sign the last three 

terms of a + 2 6 r 3c+d-4. Ans. a + 26 + ( - 3 c + d - 4 ) . 
7. P u t in a parenthesis preceded by a minus sign the last, 

three terms of 3a - 46 + 5c - Id. Ans. 3a - (46 - 5c+7d.) 
8. F i n d the va lue of 2a-(b+c-d+e-f) plus 2b-(a-c 

+ d-e+g). Ans.a+b-g+f. 

7 2 . Expressions sometimes occur containing more t han one 
pair of brackets, as a - {6 - (c - d) J. 

Such brackets may be removed in succession, beginning, for 
' convenience, with the inside pair. 

NOTE.—Brackets may also be removed by beginning with the outer 
pair, or with any pair. 

Find the value— 

1. Of a- ]b + (.c — d)\. 

SOLUTION, a-\b+{c-d)\ \b+c-d\ = a-b-c+d. 

2. Of a-\b-(c-d)\. 
3. Of a - \ b - c - ( d - e ) \ . 
4. Of 2a-\b-(a-2b)\. 
5. Of 3a — {6 + (2a — 6) — (a - 6) J. 

6. 7a - [3a — {4a — (5a — 2a)}.]. 

7. Of 6a — [46 — {4a - (6a — 46) \ ]. 

8. Of a- [26+ { 3 c - 3 a ~ ( a + 6)} + {2a - (6+c)}] . 
Ans. 3a - 2c. 

Ans. a-b + c'-d. 
Ans. a-b + c+d — e. 

Ans. 3a — 36. 
Ans. 2a — 6. 

Ans. 5a. 
Ans. 4a. 



REMARKS UPON ADDITION AND SUBTRACTION. 

1. Addition and Subtraction may also be explained by regarding the 
positive and negative quantities as representing, respectively, gain and 
loss in business, distance north and south, etc. But these illustrations, though 
they may lid the beginner, are not sufficiently general to be embodied in 
a solution. 

2. The problem, subtract 7a from 4a, may be explained by the follow-
ing method: 7a equals 4a+3a; subtracting 4a from 4a, nothing remains, 
and there is still 3a to be subtracted, which we may represent by writing 
- 3a. This method, however, is not general; it will not explain several 
eases, such as - 7a from 3a, nor the general problem, subtract - c from a. 

3. Special attention is invited to the method of explaining Addition and 
Subtraction given in the " Solution 2d" of Articles 67 and 68. The pecu-
liarity of the method consists in regarding a positive term as indicating that 
some quantity is increased by the term, and a negative term as indicating 
that some quantity is diminished by that term, or in using an auxiliary 
quantity. 

Thus, to subtract - 2 a from + 3a, we regard +3a as indicating that 
some quantity is to be increased by 3a, and - 2 a that some quantity is te be 
diminished by 2 a ; then since a quantity increased, by 3 a is greater than 
the quantity diminished by 2a, by the sum of 3a and 2a, or 5a, we infer 
that - 2 a taken from +3a leaves +5a. Hence we use "a quantity" as 
auxiliary. 

The same idea is presented in the following form of statement: The 
difference between a quantity increased by 3 a and diminished by 2a is evi-
dently the sum of 3a and 2a, or 5a; hence - 2a subtracted from 3a leaves 
•i 5a. The phis sign before the remainder will show that the minuend is 
greater than the subtrahend ; the minus sign before the remainder will show 
that the minuend is less than the subtrahend. 

4. This method enables us to give a simple explanation to each of the 
«•ight possible cases in the subtraction of monomials. It will be well t<i 
have the pupil* explain each of the cases given below: 

(2.) (3.) (4-) (5.) (6.) (7.) (8.) 
la 4 a - 7 a - 4 a - 7 a 7 a 4a — 4-.Ï 
4a 7 a - 4 a - 7 a 4a - 4 a - 7 a •7a 
3a -3a - 3a + 3a - 1 1 a . 11a 11 a - 11a 

« 

M U L T I P L I C A T I O N . 

7 3 . Mult ipl icat ion is the process of taking one quantity as 
many times as there are units in another. 

7 4 . The Mult ip l icand is the quanti ty to be multiplied. 
7 5 . The Mult ipl ier is the quantity by which we multiply. 
7 6 . The Product is the result obtained by multiplying. 
7 7 . The Multiplicand and Multiplier are called factors of 

the product. 
NOTE.—The symbol x was introduced by Wm. Oughtred, an English 

mathematician, born in 1574. 

P R I N C I P L E S . 

1. The product of two or more quantities is the same in whatever 

order the factors are arranged. 
Thus, a times b is the same as b times a, as may be seen by assigning 

special values to the letters; and the same is true of any number of 
quantities. 

2 . Multiplying any factor of a qitantity multiplies the quantity. 

Thus, 4 times the quantity 2x3 equals 4x2x3, which is 8x3, or 
2x3x4, which is 2x12. Thus, also, 3 times 2a is 6a; 4 times 3a6 
is 12a£>. 

3. The exponent of a quantity vin the product is equal to the 
sum of its exponents in the two factors. 

Thus, a 2 xa 3 equals o5, since a used as a factor twice, multiplied by a 
used as a factor three times, equals a used as a factor five times. It may 
also be seen thus: a2 x a3 = aa x aaa, which equals aaaaa, which 
equals a5. 

4. The product of two factors having DIKE signs is positive, and 
the product of two factors having UNLIKE signs is negative. 

To prove this, multiply b by a ; —b by a ; b by —a, and - b 
by - a . 

First, +Z), taken any number of times, 
as a times is evidently -1- ah. 

Second, — b taken once is — b ; taken 
twice, is — 2?, etc.; hence, — b, taken 
any number of times, as a times, is 
— ab. 

O P E R A T I O N . 

+ b -b +b -b 
+ a +a —a - a 
+ab -ab —ab -(-ab) 

= 4 (/.ft 



Third, 6 multiplied b y - a means that b is to be taken subtractively a 
tunes; b taken a times is ah, and taken subtractively is - ab. 

Fourth, -b multiplied by -a means that - 6 is to be taken sub-
tractively a times; -b taken a times is -ah, and used subtractively is 
-(— ab), which by the principles of subtraction is + ab. 

Hence we infer that the product of quantities having L I K E signs is P L U S 

and having UNLIKE signs is MINUS. 

CASE I. 
78. To multiply a monomial by a monomial 
1. Multiply 3b by 2a. 

S O L U T I O N . T O multiply 36 by 2a , we multiply by 2 

and by a. 36 multiplied by 2 and by a equals 36 x 2 x a, 
which, since the product is the same in whatever order the 
factors are placed, equals 3 x 2 x a x 6 , which equals 6a6. 
Therefore, 36 multiplied by 2a is 6a6. 

2. Multiply 4a3 by 3a2. 

S O L U T I O N . T O multiply 4a3 by 3a2, we may multiply 
one factor by 3 and the other factor by a2 (Prin. 2). 3 times 
4 are 12, and a2 times a3 is a5 (Prin. 3). Therefore 4a3 

multiplied by 3a2 equals 12a5. 

Rule.—I. Multiply the coefficients of the tivo factors together. 
I I . To this product annex all the letters of both factors, giving 

each letter an exponent equal to the sum of its exponents in the 
two factors. 

I I I . Make the product positive when the factors have like 
signs, and negative when they havi unlike, signs. 

O P E R A T I O N . 

36 
2a 
6ab 

O P E R A T I O N 

4a3 

3a2 

12a5 

E X A M P L E S . 
( 3 . ) ( 4 . ) ( 5 . ) ( 6 . ) 
5 a - 6 a 2 5 a 3 -Qc'b 
2 b 3 a 4 a 2 -3c 

10 ab - 1 8 a 3 2 0 a 5 
+ 18e36 

( 7 . ) (8 . ) (9- ) ( 1 0 . ) 
8 ab* 12aa; 15m2?i — 5a 3 c 
3 a2b 4 ex — 5 a n 6c2d 

2 4 a3V 48 acx2 — 75 am2n2 30 a3c3d 

11. Multiply 7 m V by -5n1x. Am. - 3 5 m V z 
12. Multiply 1 2 a V y by 7a3e2xy. Ans. 84a5c!«Y 
13. Multiply - 9 a W b y - 7 a W Ans. 6 3 a 4 6 W 
14. Multiply 4(a+6)2 by 2a. Ans. 8¿(a+6)1 

15. Multiply - a(a - x) by b. Ans. -ab(a-x) 
16. Multiply (a+6)3 by (a+6)2 . Ans. (a+6)5 

17. Multiply a(x — y)2 by 2(x — y). Ans. 2 a ( x - y f 
18. Multiply — 5x(m — n)3 by - 3x(m - n f . 

Ans. 15x\m - n)s 

19.- Multiply am by a". Am. am + n 

20. Multiply b2n by bn. Ans. b3n 

21. Multiply cm by c2. Am. cm+2 

22. Multiply cf" by dn+2. Am. din + 2 

23. Multiply (a - x)m by (a - x) ~n. Am. (a - x)m~ 
24. Multiply — 3a2(P—m)n by — 2a'(£2 —m) -s. 

Am. 6a5(Zs-m)n 

C A S E I I . -

79. To multiply a polynomial by a monomial. 
1. Multiply a — b by c. 

O P E R A T I O N , 
S O L U T I O N . T O multiply a — b by c we must multiply each a — b 

term by c. c times a is ac, and c times — 6 is - be. Hence, c 
a—6 multiplied by c is ac— be. T~ 

ac'— oc 
Rule.—Multiply each term of the multiplicand by the multiplier, 

and connect the products by their proper signs. 
E X A M P L E S . 

(2.) (3.) (4.) 
7a2 - 36 Gax - 5 c2y 3 m2 -4n3 + 7 
3 a 3ac — 2 mn 

21a 3 -9a6 l%a2cx-loac3y - 6m'^+8mn 4 -14m» 

(5-) (6.) (7.) 
4 a " - 3 abn 3cn-4bc + 5dn 4x"-5xyn 

2«" 3cd 3 a?y-2 

' - 6a"+16" 9c™+1d - 12bc2d +15edn+1 12xn+3y~2 - WxY~* 



8. Multiply hax1 - Sxhj by - 6a'x. Ans. - 3 0 a V + 1 8 a V y , 
9. Multiply 11m2 - 3 by - 5. • Ans. - 55m2+15. 

10. Multiply a2 - 2a6 + b2 by ab. Ans. a36 - 2a262+a6s. 
11 Multiply 3ffl* -- 46m by a2"63m. Ans. 3a3"63m - 4a!n64m. 
12. Multiply a"-'6 - 6n"2c by ab2. Ans. a"b3 - ah"c. 
13. Multiply 5tf-1m3x+U by 4mx. 

Ans. 20mxi - 28mV+ 14mx. 

CASE III . 
80. To multiply a polynomial by a polynomial. 
1. Multiply 2a -b by a + 26. 

OPERATION. 
SOLUTION, a + 2 5 times 2a - b equals a times 2a - b 2a-b 

plus 2b times 2a-b. a times 2a—b equals 2a2 — ab\ a +26 
2b times 2 a - b equals 4ab -2b2. Adding the partial 2a2-ab 
products, we have 2a2+3a6 —262. Therefore, etc. + 4ab - 2If 

2a2+3a&- 26> 
Rule.—Multiply each term of the multiplicand by each term of 

the multiplier, and add the partial products. 

EXAMPLES. 

(2.) (3.) (4-) 
2 a - 3 6 a + 6 a — 6 

a— 6 a + 6 a +6 
2a2-Sab a2+ab a2 - a6 

— 2a6 + 362 + a6 + 62 + ab 
2a 2 -5a6 + 362 a2 + 2a6 + 6J a2 

(5.) (6.) 
a2 + a6 + 62 an —6" 
a— 6 a2 — 62 

a3+a26 +a62 an+2 — a2b" 

- b 2 

— a2b — ab2 - b3 -a"6 2+6"+ s 

a3 - b3 a B + 2 - a B 6 2 - a 2 6 n +6 n + ' 

7. Multiply 3a - 2b by 2a - 36. Ans. 6a2 - 1 3 a 6 - 66'. 
8. Multiply a2 - b2 by a2 + 62. A?is. a4 - 64. 

9. Multiply 3s - 6y by 2«+-%. Ans. 6z2 - 2 4 y . 
10. Multiply c' + cd + d2 by c-d. Ans. c3 - ds. 
11. Multiply x3+f by - y3. Ans. xc< - f . 
12. Multiply 4x - 3y by 4x+3y. Ans. 1 W - 9y \ 
13. Multiply x* - x3z+x2z2 - xi -+24 by x + z. Ans. xb+z\ 
14. Multiply a" - 2 -6"" 2 by a2+62. Ans .a"-a 2 6"- 2 +a"- 2 6 2 -6 n . 

. 15. Multiply a V + » Y by a V - xhf. Ans. « V - xhf. 
16. Multiply x\ by x? Ana. x-y, 
17. Multiply 3^-a2 + 5 V by 2a2+4<?\ Ans. 7aV2oa2c3

T22c6. 
18. Multiply c2+cd- d2 by c - d. Ans. c3 - 2cd2+d\ 
19. Multiply a2 - 3a6+4a62 by a1 + 3a6 - 4a62. 

Ans. a4 - 9a262+24a263 - 16a264. 

20. Multiply n2 + np +p2 by n2 - np +p2. Ans. n"+n2p2 +p*. 
21. M u l t i p l y a2+2a6 + 6 2 b y a 2 - 2 a 6 + 62. Ans. a4-2a262+64 . 
22. Multiply am+bn by am - 6". Ans. a2m - b2n. 
23. Multiply a" - bm by a" - 6™. Ans. a2" - 2a"6m + 62m. 
24. Multiply m3+m2n+mn2+n3 by m-n. Ans. m4 - ?i4. 
25. Multiply a3 + 3a26 + 3a62+63 by a3 - 3a26 + 3a62 - 63. 

Ans. a6 — 3a462+3a264 — 66. 
26. Multiply a4 - a3 + a2 - a + 1 by a +1. Ans. a5 +1. 
27. Multiply 1 + c, 1 - c, 1 + c+c2 and 1 - e + c2. Ans. 1 - e6. 

E X P A N D I N G 1 E X P R E S S I O N S . 

8 1 . An algebraic expression is expanded when the muitipli 
ration indicated is performed. 

1. Expand ( a - ® ) ( a - a ) . Ans. a2-2ax+x2. 
2 Expand (2a2 - 36")(3a2+46"). Ans. 6a4 - a26" -1262". 
3. Expand (a" + 6n)(am+6m). Ans. am+"+am6" + a"6M + 6m+". 
4. Expand ( a - 2 ) ( a - 3 ) ( a + 2 ) ( a + 3 ) . Ans. a 4 - 1 3 a 2 + 3 6 . 
5. Expand (a+6)(a - 6)(a+6)(a - 6). Ans. a4 - 2a26!+64. 
6. Expand ( l + a ) ( l + a 4 ) ( l - a + a 2 - a 3 ) . Ans. 1 - a 8 . 
7. Expand ( a 2 + a + l ) ( a 2 + a + l ) ( a - l ) ( a - l ) . 

Ans. a s - 2 a 3 + l 



D I V I S I O N . 

8 2 . Divis ion is the process cf finding how many times one 
quantity is contained in another. 

8 8 . The D iv idend is the quantity to be divided. 
8 4 . The Div isor is the quantity by which we divide. 
8 5 . The Quotient is the result obtained by the division. 
8 6 . The Remainder is the quantity which is sometimes left 

after dividing. 

NOTE—The symbol of division, -H, was introduced by Dr. John Pell, an 
English mathematician, born in 1610. 

P R I N C I P L E S . 

1. Taking a factor out of a quantity divides the quantity by that 
factor. 

Thus, taking the factor a out of 4ab, we have 4b, which is the quotient 
of 4ab divided by a, since 46 multiplied by a is 4a6. 

2. The exponent of a quantity in the quotient equals its exponent 
in the dividend diminished by its exponent in the divisor. 

Thus, a6 divided by a 1 equals a6'4, or a 2 ; since a* multiplied by a* 
equals ai+2, or a6. 

3. 'The quotient is POSITIVE when the dividend and divisor 
have LIKE signs, and NEGATIVE when they have UNLIKE signs. 

Thus, + ab+ + 6 = + a, since + a x + 6 = + a 6 ; 
-ab-.—6= + a, since + ax — 6 = — ab-, 
+ ab-.— 6 = — a, since —ax —6= + ab-, 
-ab-*- + b= —a, since — a x + 6 = — ab. 

8 7 . This principle, and the corresponding one in multiplica-
tion, may be briefly stated thus : 

L I K E signs que PLUS, and UNLIKE signs give MINUS. 

C A S E I . 

88. To divide a monomial by a monomial. 

1. Divide 12ab by 4a. 

S O L U T I O N . T O divide 12a& by 4a, we divide by 4 
-Lid a. Dividing 12«6 by 4 and a, by taking out the 
(actors 4 and a (Prin. 1), we have 36. Hence, 12a6 
divided by 4a equals 36. 

2. Divide 20a5& by 5a3. 

S O L U T I O N . T O divide 20a56 by 5 « 3 , we divide by O P E R A T I O N . 

5 and a3. Dividing 20 by 5, we have 4; dividing 2 0a 5 6-5a 3 = 4a26 
a5 by a3, we have a2 (Prin. 2). Hence the quotient 
is 4a26. 

Rule.—I. Divide the coefficient of the dividend by the coefficient 
of the divisor for the coefficient of the quotient. 

I I . Write the letters of the dividend in the quotient, givitig each 
an exponent equal to its exponent in the dividend minus its expo-
nent in the divisor. 

I I I . Make the quotient positive when the two terms have like 
signs, and negative when they have unlike signs. 

NOTE.—An equal literal factor in dividend and divisor is suppressed 
in the quotient, since it is canceled by the division. 

E X A M P L E S . 

3. Divide 12a;3 by 4x2. Ans. Sx. 

4. Divide 20a&3 by 5b2. Ans. 4ab. 

5 Divide 4abc2 by 2ac. Ans. 2 be. 

6. Divide 8a3b2 by 4a&2. Ans. 2a2. 

7, Divide 9 m V by 3m«.2. Ans. 3mn3. 

8. Divide - loaf by 3ay. Ans. -by2. 

9. Divide - a&V by ab2c. Ans. -b3c2. 

10. Divide 16aT65 by - 8a3b\ Ans. —2 a'b. 

11. Divide - 24x*z by - 6 a r \ Ans. 4afz. 

O P E R A T I O N . 

12a6 -i-4a = 3f 



12. Divide - 1 o&d* by - 5c2d\ Ans. 3àd? 
13 Divide 14a365e by 7bzc. Ans. 2a3b2 

14. Divide am by a". Ans. am~n 

15. Divide am+n by a". * Ans. am 

16. Divide am~n by a". Ans. a™-2" 
17. Divide a2m by a". Ans. a2m~n 

18. Divide 14am +" b y - 2a""". Ans. —la?* 
19. Divide - 24ap+1 by 6a"-1. Ans. - 4 a 2 

20. Divide a3mb*" by ambn. A ? Ì S . a2mb3n 

21. Divide 84a5e6 by 7 a V . Ans. 12 a s - V - * 
22. Divide (a+b)6 by (a+6) 3 : Ans. (a + b)2 

23. Divide ( A - C ) 2 " by ( A - C ) " . Ans. (a —C)" 

24. Divide 1 2 a 2 b \ a - b ) n + 2 by 4 6 5 ( a - by-2. 
Ans. 3a2b-\a-b)* 

CASE II . 

89. To divide a polynomial by a monomial , 

1. Divide 8a* - 16a*b + 12a2es by 4a2. 

SOLUTION. 4a2 is contained in 8a4, 2a2 O P E R A T I O N . 

times; 4a2 is contained in — 16a3&, - 4 a b 4a2)&ai-~ìQa?h-\-\'2u,''di 

times; 4<js is contained in 12a2e6, 3c5 times. 2a2 — 4a6 + 3c3 

Hence, the quotient is 2a2 — 4ab + 3c5. 

Rule .—Divide each term of the dividend by the divisor and 
conned the results by their proper signs. 

EXAMPLES. 

2. Divide 6a36 - 9ab* by 3ab. Ans. 2a2 - 3b3. 
3. Divide 8a4c - 12a2c5 by 4ac. ' Ans. 2a3 - 3ac4. 

4. Divide 9a65 — 15a63e2 by 3a63. Ans. 3b* - 5c2. 

5. Divide 6 a V - 12a8c by' 3a4c. Ans. 2ac - 4a4. 
6. Divide abc-5a2b3e* by abe. Ans. 1 - 5a6V. 

7. Divide 4a2n - 8a** by 2an. Ans. 2a" - 4a2". 
8. Divide 1 6 « 6 V - 206Vz by 46V. A?M. 4r,6 Wz. 

9. Divide 1 8 a V ' ^ 2 7 a V - 9 a V ' by 9a3a;6. 
Ans. 2 a s - 3 a V - l . 

10. Divide - 16a;3 + 24s6 - 48 by - 8. Ans. 2x3 - 3z-+ 6. 
11. Divide 12a 36-18a 26 3 + 6a26 by 6a"26. 

Ans. 2a5-3a*b2+a*. 
12. Divide a"-"b° - anb4+an+263 by a"63. Ans. a" - 6+a2 . 
13. Divide a"bm - an+3bm-'2 by a"bm. Ans. 1 - a*b~\ 
14. Divide 1 6 ( a - «) - 24(c - z) by 8. 

Ans. 2(a-x) - 3(c —z). 
15. Divide 7 ( m + n ) - 1 4 a ( m + ? i ) by (m+n . ) Ans. 7 - 1 4 a . 
16. Divide ( r - s ) 2 - ( r - s ) 4 by ( r - s ) . Ans. ( r - s) - ( r - s)3. 
17. Divide a(e - c£) - 6(e - d) by c - c?. Ans. a - 6. 
18. Divide 4a(a - e) + (a - c)2 by a - c. 

Ans. 4 a + ( a - c ) , or 5a — e. 
19. Divide 5x(x — y)2 — 2(x - y)s by (x-y)2. 

Ans. ox - 2 ( re - ?/) or 3a; + 2y. 
20. Divide 2 a ( l + c ) 3 - 2ac( l +c)2 by (1+e)2 . Ans. 2a. 

CASE I I I . 

90. To divide a polynomial by a polynomial . 

1. Divide a2+2ab + b2 by a+b. 
SOLUTION. We write the divisor at the right of 

the dividend, both being arranged according to the OPERATION. 

powers of a, and commence at the left to divide. a2+2db + b''\ a-1 6 
Since the first term of the dividend must equal the « 2 + ab a+b 
product of the first terms of the divisor and quotient, ab + b2 

we divide the first term of the dividend by the first ab + b2 

term cf the divisor for the first term of the quotient. 
Xi is contained in a2, a times; a times a+b equals a2 + ab. Subtracting 
•nd bringing down the next term of the dividend, we have ab+b2. 

Since the first term of this new dividend must be the product of the first 
term of the divisor by the second term of the quotient, we divide it by the 
first term of the divisor, a is contained in ab, b times; b times a+b is 
is ab + b2. Subtracting, nothing remains. Hence the quotient is a+b. 

R u l e — I . Write the divisor at the right of the dividend, ar-
ranging both according to the powers of one of the letters. 



I I . Divide the first term of the dividend by the first ten T of th6 
divisor, and write the remit in the quotient; multiply the divisor by 
it, and subtract the product from the dividend. 

I I I . Regard the remainder as a new dividend and proceed as 
before, and thus continue until the first term of the divisor is not 
contained in the first term of the dividend. 

NOTES.—1. Wlien the first term of the arranged dividend is not divisible 
by the first term of the divisor, the division will not be exact. 

2. Bring down no more terms of the dividend each time than are needed 
for ust. 

E X A M P L E S . 

2. Divide a3 + 2a2b + 2ab2 + b3 hj a+b. 

S O L U T I O N . We first arrange the 
dividend with reference to the powers 
of a, and then proceed as before, a is 
contained in a3, a2 times; a2 times 
a + b is a3 + a?b. Subtracting and 
bringing down the next term, we have 
a7b + 2ab2 for the next dividend, etc. 

(3.) 
a?+x3 | a+x 
a?+a2x a'-ax+x2 

— a?x+a? 
— a2 — ax2 

ax2+3? 
ax2+x3 

5. Divide a2 - 2ax+x2 by a - x. Ans. a - - r. 
6. Divide a2 — ax - 6x2 by a + 2x. Ans. a - 3x. 
7. Divide a? — ax'+ax+x1 by a+x. Ans. a2-ax+x. 
8. Divide m3+2m2n - mn2 - 2n3 by m+2n. Ans. m2 - r. '. 
9. Divide a3 - 3a2b + 3ab2 - b3 by a - b. Ans. a2 - 2ab + b\ 

10. Divide a3 - b3 by a - b. Ans. a2 + ab + b2. 
11. Divide z3 - 9x2 + 27x - 27 by x- 3. An?, x2 - Qx+ 9. 

O P E R A T I O N 

a3+2a2b+2ab2 + &3 \a+b 
a3+ a2b ci'+ab+V 

a2b+2ab2 

a2b+ ab2 

ab2+b3 

ab2+b3 

(4.) 
x3-y3 \x-y 
x3-x2y x2+xy+y2 

x2y-if 
x'y-xrf 

xy2-f 
• ™ f - f 

12. Divide m3 — n3 by m2+mn+n2. Ans. m-iu 
13. Divide a 3 - 1 by a - 1 . Ans. a 2 + a + l . 
14. Divide 8.-C3 - 21 f by 2x - 3y. Ans. 4x2 + 6xy + 9y2. 
15. Divide a* — x* by a - x. Ans. a3 + a2x+ax2+a3. 
16. Divide a* + 2a2b2+%s by a 2 - 2 a b + 3b2. 

Ans. a2+2ab + 3b\ 
17. Divide a*+a2c2+c* by a2 —ac+c2. Ans. a2+ ac+c2. 
18. Divide x2+2xy+y2 — z2 by x+y — z. Ans. x+y+z. 
19. Divide by m2+ril. Ans. m2-n\ 
20. Divide a 4 - 1 by a —1. Ans. a3 + a2+a+1, 
21. Divide a2" - b2n by a" - bn. Ans. an+b". 
22. Divide m5 - n5 by m - n. Ans. m'+m3n + , etc. 
23. Divide s4 -1* by s3+s2t+st2 + f . Ans. s -1. 
24. Divide a2n+2anbn+b2n by an + bn. Ans. an+bn. 
25. Divide 21 x3 - 64y3 by 3x - 4y. Ans. 9x2+12xy+16y\ 
26. Divide a;5+1 by a;+1. Ans. a ; 4 - a ; 3 +^-a ;+ l . 
27. Divide l - s 3 by I — a. Ans. 1 +z+z2 + z3+z*. 
28. Divide a3" - b3n by an - bn. Ans. a*1 + a"bn+b2n. 
29. Divide a6 - V by a3 + 2a'b + 2ab2+b3. 

Ans. a3-2a2b + 2ab2-b\ 
30. Divide ( a — xf — (x — y)2 by (a —Xs) — (x — y). 

Ans. (a — x~) + (x — y), or a — y. 

P R I N C I P L E S O F DIVISION. 

9 1 . The Principles of Division are the truths which relate 
to the process. They are of three kinds—Changes of Terms, 
Zero Exponents and Negative Exponents. 

CHANGES OF TERMS. 
9 2 The Terms may be changed both in value and in sign. 

P R I N . 1 . Multiplying the dividend or dividing the divisor mul-
tiplies the quotient. 



Tims, abed ab = cd. Multiplying the dividend by e, we have 
t abede-i ab = cde, which is the quotient, cd, multiplied by e. Dividing 

the divisor by b, we have abcd + a = bcd, which is cd multiplied by b. 
Therefore, etc. 

PRIN. 2. Dividing the dividend or multiplying the divisor 
divides the quotient. 

Thus, abed •*• ab = cd. Dividing the dividend by d, we have 
abc+ab = c, which equals the quotient, cd, divided by d. Multiplying 
the divisor by c, we have abeds- abc = d, which also equals cd divided 
by c. Therefore, etc. 

PRIN. 3. Multiplying or dividing both dividend and divisor by 
the same quantity does not change the quotient. 

For, multiplying the dividend multiplies the quotient, and multiplying 
the divisor divides the quotient; hence, multiplying both dividend and 
divisor by the same quantity both multiplies and divides the quotient by 
that quantity, and hence does not change its value. Therefore, etc. 

PRIN. 4. Changing the sign of either dividend or divisor 
changes the sign of the quotient. 

If two terms have like signs, the quotient is positive; and if the sign of 
either term be changed, they will have unlike signs; hence the quotient 
will be changed from plus to minus. 

If two terms have unlike signs, the quotient is negative; and if the sign 
of either term be changed, they will have like signs; • hence the quotient 
will be changed from minus to plus. Therefore, etc. 

PRIN. 5. Changing the sign of both dividend and divisor does 
not change the sign of the quotient. 

For, if the signs of the terms are alike, when both are changed they 
will still be alike, and the quotient will remain plus. If the signs are 
unlike, when both are changed they will still be unlike, and the quotient 
will remain minus. 

ZEEO AND NEGATIVE EXPONENTS. 

9 i l . A Zero E x p o n e n t originates in dividing a quantity 
with any- exponent by the same quantity with the same expo-
nent. Thus, a1 divided by a* equals a1'*, or a0. 

PRIN. 1. Any quantity whose exponent is zero ii equal to 
unity. 

For, A4-*-A4 = A®, by subtracting the exponents; but OPERATION. 
a*-*-ai--= 1, since any quantity divided by itself equals a*-¡-a*"a0 ^ 
unity; hence, since a0 and 1 are both equal to a' -s- a*, they a* -s- a* — 1 
are equal to each other. Therefore, a0 =1. a ° = l 

NOTE.—When a quantity whose exponent is zero is a factor of an alge-
braic expression, it may be omitted without changing the value of the ex 
pression, since its value is 1. It is sometimes retained to indicate the 
process by which the result was obtained. 

9 4 . A N e g a t i v e Exponent originates in subtracting expo-
nents when the exponent of the divisor is greater than the 
exponent of the dividend. Thus, a* -¡- a6 = a*'6, or a~\ 

PRIN. 2. Any quantity with a negative exponent is equal to the 
reciprocal of the quantity with the sign of its exponent changed. 

a4 
For a* -f- a6=a~i: but a*-*-a6 = —, or, dividing 

a 6 OPERATION. 

both terms by a4, is equal to and since a~2 and a,* + a°=a 2 

a? . . a* 1 J a 4 ^ a 6 = _ = _ 
— are both equal to a4-*-a6, they are equal to each a a 

a* i • • • a _ 2 = - r other. Therefore, a - 2 a 

t a2 

PRIN. 3. Any quantity is equal to the reciprocal of itself with 
the sign of its exponent changed. 

To prove this we must show that a"=——. Bv Prin. 2 OPERATION. 
a - " i 

1 a~n=— 
we have a~" = — ; multiplying by a", we have anxa~n an 

a " ' ' a " x a - " = 1 
= 1; dividing by a~", we have a" = —— an = —— 

a~n a~n 

NOTE.—It has already been seen that a positive quantity signifies ad-
iition, and a negative quantity subtraction. From the above principles it is 
also seen that a positive exponent implies multiplication, and a nec/ahve expo-
nent implies division. Hence, a negative sign always denotes the opposite 
of a positive sign. 

E X A M P L E S . 

1. Show by dividing as by a5 tha t a0 = 1. 

2. Show by dividing an by a" that a0 = 1. 

3. Prove that <r» = —• 4. Prove tha t 4 = a"6-
a8 a6 



5. Prove tbat a " = — 
an 

6. F ind the value of a V . Ans. ^r 
<? 

7. Find the value of 
cx 

Reduce to an integer —-• 
a" 

. abx" 
Ans. 

e 

8. 

Find the value of 
cx 

Reduce to an integer —-• 
a" 

Ans. a1'". 

0 Reducè to an integer 
a" m Ans. am~n. 

10. Multiply a " 3 6 V 5 by a2b'2c\ Ans. — 
ac' 

11. Divide 18a" W by 3a-46"2. Ans. 
a 

12. Divide a~2n-bCm by a - - b2'\ Ans. a~2n+a~nb2n+b**. 

NOTE.—The pupil will readily infer that negative exponents may be used 
in operations in the same way as positive exponents ; a generalization which 
is rigidly demonstrated in the 'Theory of Exponents. 

t 
REVIEW QUESTIONS. 

NOTE.—These R E V I E W Q U E S T I O N S are simply suggestive to the teacher, 
who can extend them as fully as is deemed desirable. 

Define Addition. Sum. State the principles. The cases. The rule 
for each. Is the sum of two quantities ever less than the greater ? When ? 

Define Subtraction. Minuend. Subtrahend. Remainder. State the 
principles of Subtraction. The cases. The rule for each. The princi-
ples of the parenthesis. Is the difference ever greater than the minuend? 
When? 

Define Multiplication. Multiplicand. Multiplier. Product. State 
the principles of Multiplication. The cases. The rule for each. What 
!s meant by expanding expressions? Why do we add exponents in multi-
plying ? Why does plus into minus give minus ? Why does minus into 
minus give plus ? 

Define Division. Dividend. Divisor. Remainder. State the princi-
ples. The cases. The rules. Why do we subtract exponents? Why 
does plus divided by minus give minus? Why does minus divided by 
minus give plus? 

State the principles of the Changes of Terms. Of Zero exponent. Of 
Negative exponent. Origin of a Zero exponent. Of a Negative exponent. 

S E C T I O N I I I . 

COMPOSITION AND FACTORING. 
9 5 . Composition is the process of forming composite quan 

iities. 
9 6 . A Composite Quantity is one that is formed by the 

product of two or more quantities. 
9 7 . The Square of a quantity is the product obtained by 

using the quantity twice as a factor. 
Cbmposite quantities may be formed by actual multiplication, 

or, in several cases, by means of the following theorems. 
NOTE.—In the fundamental operations each synthetic process has its 

corresponding analytic process. Thus, Addition is synthetic; Subtraction 
is analytic; Multiplication is synthetic; Division is analytic. It follows, 
therefore, that there should be a synthetic process corresponding to the 
analytic process of Factoring. This process I have called Composition. 
This new generalization, and the term applied to it, will, I trust, meet the 
approval of teachers and mathematicians. 

THEOREM I. 

The square of the sum of two quantities equals the square of the 
first, phis twice the product of the first and second, plus the square 
of the second. 

Let a represent one of the quantities, and b the other; O P E R A T I O N . 

then a+b will represent their sum. Now, (a+5)2 equals a +b 
(a+b)(a+b), which we find by multiplying equals a2 a +b 
+ 2ab+b2. a J is the square of the first; 2ab is twice the a2 + ah 
product of the first and second; and b2 is the square of the gb -f b% 

third. Therefore, etc. a2+2ab+b' 

EXAMPLES. 
1. Square x-ry. Ans. x,-L2xy+y\ 
2. Square m+n. Ans. mI+2mn+n>. 
8. Square 2a f 35. Ans. 4a2 +12ah + 

IF 



5. Prove that a " = — 
an 

6. F ind the value of a V . Ans. ^r 
<? 

7. Find the value of 
ex 

Reduce to an integer —-• 
a" 

. abx" 
Ans. 

e 

8. 

Find the value of 
ex 

Reduce to an integer —-• 
a" 

Ans. a1'". 

0 Reducè to an integer 
a" m Ans. am~". 

10. Multiply a " 3 6 V 5 by a W . Ans. — 
ac' 

11. Divide 18a" W by 3a-46"2. Ans. 
a 

12. Divide a~2n-bCm by a - - b2n. Ans. a-2n+a~nb2n+b*x. 

NOTE.—The pupil will readily infer that negative exponents may be used 
in operations in the same way as positive exponents ; a generalization which 
is rigidly demonstrated in the 'Theory of Exponents. 

t 
REVIEW QUESTIONS. 

NOTE.—These R E V I E W Q U E S T I O N S are simply suggestive to the teacher, 
who can extend them as fully as is deemed desirable. 

Define Addition. Sum. State the principles. The cases. The rule 
for each. Is the sum of two quantities ever less than the greater ? When ? 

Define Subtraction. Minuend. Subtrahend. Remainder. State the 
principles of Subtraction. The cases. The rule for each. The princi-
ples of the parenthesis. Is the difference ever greater than the minuend? 
When? 

Define Multiplication. Multiplicand. Multiplier. Product. State 
the principles of Multiplication. The cases. The rule for each. What 
!s meant by expanding expressions? Why do we add exponents in multi-
plying ? Why does plus into minus give minus ? Why does minus into 
minus give plus ? 

Define Division. Dividend. Divisor. Remainder. State the princi-
ples. The cases. The rules. Why do we subtract exponents? Why 
does plus divided by minus give minus? Why does minus divided by 
minus give plus? 

State the principles of the Changes of Terms. Of Zero exponent. Of 
Negative exponent. Origin of a Zero exponent. Of a Negative exponent. 

S E C T I O N I I I . 

COMPOSITION AND FACTORING. 
9£5. Composition is the process of forming composite quan 

iities. 
9 6 . A Composite Quantity is one that is formed by the 

product of two or more quantities. 
9 7 . The Square of a quantity is the product obtained by 

using the quantity twice as a factor. 
Cbmposite quantities may be formed by actual multiplication, 

or, in several cases, by means of the following theorems. 
NOTE.—In the fundamental operations each synthetic process has its 

corresponding analytic process. Thus, Addition is synthetic; Subtraction 
is analytic; Multiplication is synthetic; Division is analytic. It follows, 
therefore, that there should be a synthetic process corresponding to the 
analytic process of Factoring. This process I have called Composition. 
This new generalization, and the term applied to it, will, I trust, meet the 
approval of teachers and mathematicians. 

THEOREM I. 

The square of the sum of two quantities equals the square of the 
first, phis twice the product of the first and second, plus the square 
of the second. 

Let a represent one of the quantities, and b the other; O P E R A T I O N . 

then a+b will represent their sum. Now, (a+5)2 equals a +b 
(a+b)(a+b), which we find by multiplying equals a2 a +b 
+ 2ab + b2. a1 is the square of the first; 2ab is twice the a2+ab 
product of the first and second; and b2 is the square of the gb -f b% 

third. Therefore, etc. a2+2a& + &' 

E X A M P I - E S . 

1. Square x-ry. Ans. x2-L2xy+y\ 
2. Square m+n. Ans. mI+2mn+n>. 
8. Square 2a f 35. Ans. 4a2 +12ab + 

IF 



4. Square 3« + 4y. 
5. Square 4p + 6q. 
6. Square A+B. 
7. Square x2+y2. 
8. Square am+bm. 

Ans. 9^-t 2%h- 16^. 
Ans. 16p*+48pj+36g*. 

Ans. A2+2AB+B2. 
Ans. x*+2xy+y*. 

Ans. a2m+ 2ambm+b'2m. 

THEOREM II. 
The square of the difference of two quantities equals the square 

of the first, minus twice the product of the first and second, plus 
the square of the second. 

Let a-b represent the difference of two quantities; then 
(a-b)2 will equal {a-b) (a-b), which, by multiplying, 
we find is equal to a2-2ab + b2. a2 is the square of the 
first; 2ab is twice the product of the first and second; and 
b2 is the square of the second. Therefore, etc. 

O P E R A T I O N . 

a—b 
a—b 
a2—ab 

-ab-rb2 

a2 — 2ab + Li 

E X A M P L E S . 

1. Square a — x. 
2. Square c — d. 
3. Square 1 — c. 
4. Square a2 — Be. 
5. Square 352 — 5d3. 
6. Square A-B. 
7. Square 4ax - 2b2. 
8 Square 7an — 96". 

Ans. a2-2ax+xl. 
Ans. c2-2cd+d\ 

Ans. 1-2 c+e\ 
Ans. a 4 -6a 2e+9e 2 . 

Ans. 9&4-3062cP+25cf. 
Ans. A2-2AB+B2. 

Ans. lQa2x2 -lQab2x+4b\ 
Ans. 49a2n -126a B ò"+81 b2n. 

THEOREM III. 
The product of the sum and difference of two quantities equal 

the difference of their squares. 
O P E R A T I O N 

Let a + 5 represent the sum and a—b the difference of a + b 
two quantities; then by multiplying we find their product a 

to be a2-b2. a2 is the square of the first, and b2 is the a2+ ab 
square of the second. Therefore, etc. -ab-b* 

a2 -bJ 

E X A M P L E S . 

1. Expand (c+d)(c-d). A ns. c2-d2 

Expand (m+n)(m-n). Ans. m2 - n2 

3 Expand (3a+26)(3a —26). Ans. 9a2-4b2 

4. Expand (5x-6y)(5x+Gy). Ans. 2ox2 - o6y2 

5. Expand (A+B)(A-B). Ans.A2-B 

6, Expand ( l + 3 a ; ) ( l - 3»). Ans. 1 —9a;2 

7. Expand (4a 2 - | c 3 ) (4a 2 + |c 3 ) . Ans. 16a4--Je6 

8. Expand (am + b"%am - bn). Ans. a2m — b2n 

9. Expand (a2m+ b3n)(alm — b3n). Am. aim — b6n 

THEOREM IV. 
The product of huo binomials having a common term equals the 

square of the common term, plus the algebraic sum of the other two 
terms into the common term, and the product of the unlike terms. 

Let x+a and x-i-b represent two such quantities; 
their product is x2+(a+b)x+ab. x2 is the square 
of the common term, {a+b)x is the sum of the other 
two terms into the common term, and ab Is the 
product of the unlike terms. 

O P E R A T I O N . 

x +a 
x +b 
x2+ax 

bx+ab 
x2+(a+b)x+ab 

E X A M P L E S . 

1. Expand (>+4)0c+3) . 
2. E x p a n d (x+5)(x — 9). 
3. Expand ([a+m)(a+n). 
4. Expand (a - c) (a - b). 
5. Expand (2x-7)(2x-1). 
6. Expand (5ac+a) (5oc - c). 
7. Expand ( 3 a n - 5 ) ( 3 a n + 12). 
8. Expand (_2xn+3a)(2xn - 5a). 

9. Expand (2a" - Za)(2a? f 7a). 

AnS. x2+7x+\2. 
Ans. x2-4x- 45. 

Ans. a2+a(m+n) +mn. 
Ans. a2-a(b + c) + bc. 

Ans. 4a? - 1 6 » + 7 . 
Ans. 2 5 a V + ( a - e ) 5 a c - a c . 

Ans. 9a2"+21a"—60. 
Ans. 4x2n-4axn-15a2. 

Ans. 4a"+ { 
n + 2 

- 21a2. 



APPLICATIONS. 

9 8 . These principles may be applied with great convenience 
in finding the product of three or more binomials. 

1. W h a t is the value of ( a + 2 ) ( a + 2 ) ( a + 2 ) ? 

S O L U T I O N . By Theorem I., (a+2) (a+2) = a 2+4a 
+ 4, which we can write without multiplying. Then, 
multiplying by a+2, we have a3+6a2 + 12a+8. 

O P E R A T I O N . 

a2 + 4a +4 
a 4 2 
a3+4a2+4a 

2 a 2 + 8 a H - 8 

a3+6a2+12a+8 

E X A M P L E S . 

2. Expand 
3. Expand 
4. Expand 
5. Expand 
6. Expand 
7. Expand 
8. Expand 
9. Expand 

10. Expand 
11. Expand 
12. Expand 
13. Expand 
14. Expand 
15. Expand 
16. Expand 

(a+3) (a + 3)(a + 3). 
( a + c ) ( a - c ) ( a + c ) . 
( x - 2 > ) ( x - S ) ( x — 4 ) . 

( l - a O C l - a O a + a O . 
( 1 + » ) ( 1 - « ) ( 1 - A 

(x+y)(x-y)(a?+y2). 
(3ac-4a26)(3ac+4a26). 
23(a2 — x2) (a2+a;2). 
(3+m —n)(3 — TO-n). 
( a + 6 - e ) ( a - 6 - e ) . 
(oxz — ßyz)(5xz + ßyz). 
(a + e) (a — c)(a2 — c2). 

(®-3)( ìb-4)(®+5) . 

(a + l ) ( a - l ) ( a - 2 ) ( a + 2 ) . 
(a" - 6m) (a"+6m) (a2n+b2m). 

Ans. a3+9a2+27a+27. 
Ans. a3+a2e - ac2 — e3. 

Ans. a?-lOa?+33»- 36. 
Ans. 1-x — x2 + x1. 

Ans. 1 — 2x2+x*. 
Ans. x* - y*. 

Ans. 9 a V - l ö a 4 6 2 . 

Ans. 8(a4 —a;4). 
Ans. 9 - (TO - n)2. 

Ans. a 2 - è2+26c-e2 . 
Ans. 25x2z2-S6y2z2. 

Ans. a4 —2aV+c4. 
Ans. a;3-2a;2-23a;+60. 

Ans. a4 —5a2+4. 
Ans. a4 n-64 m . 

F A C T O R I N G . 

9 9 . Factoring is the process of resolving a composite 
quantity into its factors. 

1 0 0 . The Factors of a composite quantity are the quan-
tities which multiplied together will produce it. 

1 0 1 . A Prime Quantity is one that canntt be produced by 
the multiplication of other quantities; as, 11, a2 + 62. 

1 0 2 . Quantities are prime to each other when they have no 
common factor; as 5 and 9, 6a26 and lied2 . 

1 0 3 . The Square Root of a quantity is one of its two equal 
factors; thus, 2ab is the square root of 4a262. 

•ROTE—Composition and Factoring are the converse of each other; cod-
position is synthetic; factoring is analytic; one is the putting together of 
the factors to make the number, and the other is the separating of the 
number into its factors. 

CASE I. 

104. To resolve a monomial into its prime factors. 

1. Find the prime factors of 6a263. 
O P E R A T I O N . 

, „ , 6 =2 x3 
SOLUTION. The factors of 6 are 2 and 3; az = aa at = a x a 

and 6 ' = bbb; hence, 6a2b3 equals 2 x Zaabbb. bs=b x b x b 

6a263 = 2 x Zaabbb 
Hence we have the following rule : 

Rule.—Resolve the numerical coefficient into its prime factors, 
and annex to it each letter written as many times as there are 
units in the exponent. 

E X A M P L E S . 

What are the prime factors— 

2. Of 12a36. Ans. 2 x 2 x 3aaa6. 
3. Of 15a262c. Ans. 3x5aa66c. 
4. Of lSxtfz. ' Ans. 2x3x3xxxyyz . 
5. Of 27a2"6!"c. Ans. 3 x 3 * 3ananbnb"bnc. 
6. Of 105an+26,1-2c. Ans. 3 x 5 x lanaal"b'lb'1c. 
7. Of 72a"62"e3", when n - 1 . Ans. 2x2x2x3xZabbccc. 
8. Of 84a2ncud ,n, when n = 2. 

A n s . 2 x 2 x 3 x 7 aaaaccccccdddddddd* 



C O M P O S I T I O N A N D F A C T O R I N G . 

CASE I I . 

105. To find one of the two equal factors of « 
monomial . 

S O L U T I O N . Resolving 25a2b* into its factors, we have O P E R A T I C * 

5 x oaabbbb. Since there are two 5's, one of the equal fac- 25a*bi= 
tors will contain one 5; since there are two a's, the equal 5 X baabbbb 
factor will contain one a ; since there are four Us, the equal 5abb = 5ab1 

factor will contain two b's; hence the factor is 5abb, or 
5a62. This, we see, is equivalent to extracting the square root of the 
coefficient, and dividing the exponents of the letters by 2. 

Rule .—Extract the square root of the coefficient and divide the 
exponents of the letters by 2. 

E X A M P L E S . 

Find one of the two equal factors— 

2- Of W . A m . 2a,b. 

3. Of 9a<b\ Ans. Za%\ 

4. Of 1 6 s y . Ans. 4x3y. 

5. Of 36c*d\ Ans. 6c*d\ 

6. Of t V Y ® " . A m - W * 6 . 

7. Of 2 5 a i n b \ Ans. 5a2n63". 

8. Of Ans. 
9. Of 8 1 ( a + 6 ) \ Am..9(a+b)\ 

10. Of 1764(<x — A n s . 4 2 ( a - x ) \ 
CASE I I I . 

100. To resolve a polynomial into two factors 
one of wliicli is a monomial . 

1. F i n d one of the two equal factors of 25a"b*. 

1. F i n d the factors of 2 a c - 4 a b . 
O P E R A T I O N . 

2a)2ac—4al 
c—2b 

2a(c-2b) 

S O L U T I O N . We see that 2a is a factor common to all 
ihe terms; hence, dividing 2ac-4ab by 2a we find the 
other factor to be e - 2 6 ; hence, 2cic-4cib = 2a(c-2b). 

Rule.—Divide the polynomial by the greatest factor common to 
all the terms, enclose the quotient in a parenthesis, and prefix the 
divisor as a coefficient. 

E X A M P L E S . 

Find the factors— 
2. Of 6a2b + 9asc. - ¿ W ? > a \ 2 h + 3 a c ) -

. 3. Of 8a362 - 1 2 a b \ Ans. 4ab\2ai - 362). 
4. Of I4axlz+0%abx\ Ans. 7ax\2z+8b). 
5. Of ae2 - baV+adc\ Am. ac2(l - abc+dcr). 

6. Of axhj - d'xf + dxhj. Ans. xyiax - dlf+dxl~). 

CASE IV. 

107. To resolve a tr inomial into two equal bino-
mial factors. 

1. Fac tor a"+2ab + b\ 

S O L U T I O N , a 2 is the square of a, and If- is the square O P E R A T I O N . 

of b, and since 2ah is twice the product of a and b, the a?+ 2ah-Yb'1 = 
trinomial is the square of (a+&), (Theo. I.); hence, a+b (a+b)(a+b) 
is one of the two equal factors of d' + 2ab + b2. 

Rule,—Extract the square root of the terms which are squares, 
and if twice the product of these roots equals the other term, these 
roots, connected by ihe sign of this other tern, will be one of the 
equal factors. 

E X A M P L E S . 

Find one of the two equal factors— 

2. Of a 2 - 2 a 6 + 6'2. Ans. a-b. 
3. Of x*-+2xy+y\ Ans. x+y. 
4. Of A1 - 2AB+B\ Ans. A-B. 
5. Of 4a2 -12ae+9c 2 . Ans. 2a - 3c. 

6. Of 9m2 + 12mn+4?i2. Ans. 3m+2n . 

7. Of l - 2 e 2 + e 4 . Ans. 1 - c l 

8 Of 16a2n f 40a"c" + 25c"*. Ans. 4anH 5c". 



CASE V. 
10S. To resolve a binomial consisting of (he dif. 

ference of two squares into its b inomial factors. 

1. F i n d the factors of a ' - b \ 

S O L U T I O N . The difference of the squares of two quan- O P E R A T I O N . 

tities equals the product of their sum and difference, a2-b2 = 
(Theo.HI.); hence,a2—b2 = (a + b) multiplied by (a-b). (a+b)(a-b) 

R u l e . — T a k e the square root of each term, and make their mm 
one factor and their difference the other factor. 

2. Fac to r a1 - c 2 . 

3. Fac tor c2 — 4d2. 
4. Fac to r 4 s 2 - 9y\ 
5. Fac to r a V - ò V . 

6. Fac tor \x2-\y'z\ 
7. Fac to r 9a2" — 16c4". 

8. Fac tor a 4 - c 4 . 

9. Fac to r x2y2-y\ 
10. Fac to r a 8 - ò 8 . 

E X A M P L E S . 

Ans. (a+c)(a-c). 
Ans.(c-v2d)(c-2d). 

Ans. (2x + 3y)(2x-3y). 
Ans. (ax+bz) (ax - bz). 

Ans. {\x+\yz2)(^x-^yz2) 
Ans. (3a"+4e2")(3a" - 4c2"). 

Ans. ( a 2 + c 2 ) ( a + c ) ( a - c ) . 
Ans. y2(x + V)(x -1). 

Ans. (a4 + 5 4 ) ( a 2 + è 2 ) ( a + b ) ( a - b ) . 

CASE VI . 
109. To resolve a tr inomial into two unequal 

binomial factors. 

1. Resolve a2 + oac+6c2 into its factors. 

S O L U T I O N . The first term of each factor is evidently O P E R A T I O N . 

a ; the second terms must be 2c and 3c, since their a2+5ac+6c'~ 
product will be 6c2 and their sum oc. (Theo. IV.) (a+2e)(a+3c) 

R u l e . — 2 M e the square root of one term for the first term of 
each factor, and for the second term take such quantities that their 
product tvill equal the third term of the trinomial, and their sum 
into the first term of the factor will equal the second term of the 
trinomial. 

2. Factor x* + 3x+2 . 

3. Fac to r a2 + 5a + 6. 

4. Fac tor x2 — x — 2. 

5. Fac tor a2 —a —2. 
6. Fac tor x2+7x +12. 

7. Fac to r a 2 - 3 a - 1 0 . 

8. Fac to r x* — 9a;2 - 36. 

9. Fac tor 4 a ; 2 - 6 a ; - 4 0 . 

10. Fac tor a2 + 4 a c - 21c2. 

11. Fac to r a 2 "+5a" - 84. 

Ans. (a;i-I)(a;4 2). 

Ans. ( a + 2 ) ( a + 3 ) . 

Ans. ( a : + l ) ( a ; - 2 ) . 

Ans. (a-2)(a+l). 
Ans. (a;+3) (a;+ 4) . 

Ans. ( a - 5 ) ( a + 2 ) . 

Ans. (a;2 + 3)(a;2 —12). 

Ans. (2x+5)(2x — 8). 
Ans. ( a - 3 c ) ( a + 7 c ) . 

Ans. ( a " - 7 ) (a"+12) . 

CASE VI I . 

110. To resolve a quadrinomial into two bino-
mial factors. 

111 . W h e n two binomials contain a common term the i r ' 
product will be a t r inomia l ; when the terms are dissimilar the 
product will be a quadrinomial. 

1. Fac tor ac+bc+ad+bd. 
O P E R A T I O N . 

SOLUTION, ac+bc equals (a+b)c, and ad+bd ac+bc+ad+bd =• 
equals (a+b)d; now, c times (a. + b) plus d times (a + b\c+(a+b\d=-
(a+&)equals (c+d) times (a+&),or (a+ö)(c+d) . (a,+b)(c+d) " 

Rule.—Factor each two terms which will give a common bi-
nomial factor, and then enclose the sum of the monomial factors in 
a parenthesis, and write it as the coefficient of the common bino-
mial factor. 

E X A M P L E S . 

2. Fac tor ab+ay+bx+xy. Ans. (a+x)(b+y). 
3. Fac to r a c - b e + a d - b d . Ans. (a-b)(c+d). 
4. Fac tor ax + bx - ay - by Ans. (a+b)(x- y). 
5. Fac tor ab + b - 2a - 2. Ans. (a +1)(b - 2). 



6. F actor ae - 25c - Bad+6bd. Ans. (a-2b)(c-Bd). ' 
7. Factor a2c2-bV+a2d2-b2d\ Am. (a2-b%c2+d2). 
8. Factor a"xn - bnxn+anyn - bnyn. Am. (a" - bn)(xn+yn). 

C A S E V I I I . 

112. To factor any binomial consisting of two 
equal powers of two quantities. 

This case relates to binomials of the form of a2 - b\ a3 - bs, 
a'-b1, etc.; also a3 + b3, a*+b\ etc. 

THEOREM I. 
The difference of the same powers of two quantities is divisible by 

the difference of the two quantities. 
Let a and b be any quantities, " O P E R A T I O N . 

then a — b will be their difference, a"—bn I a—b 
and an -bn will be the difference a^+a^b 
of the same power of the quan- i s t R e m . „ a n- i b _ 6„ 
titles; then will a"-bn be divisi- cp-lb-a«-2b2 

ble by a-b. Divide by 2 d R em. = a » - W - 6 » 
a-b until we obtain two remain- n t h Rem. = «»-«&»-6» 

JNow, it the division terminates, =16" —6« = 0 
some remainder will reduce to 
zero ; and if we obtain an expression for the nth remainder, we will find 
that its value is 0. Let us then find the nth remainder. ' 

The last term of the nth remainder is evidently -bn. In the 1st re-
mainder the first term is a'1"1/;; in the 2d remainder it is an~2b2-, in the 
3d remainder it is a*-3&3; hence, in the nth remainder it is an~nbn ; hence, 
the nth remainder is a"~"b'i-b", which equals a°bn-bn, or 16" -b", 
s r 0 Hence, the nth remainder is 0, and the division terminates. 

N O T E . The latter part may be given as follows: If n = 3 , the 3d re-
mainder becomesa?~sb3 — b3, or a°b3-b3, or lb3-b3 = 0. I f n = 4 , the 4th 
remainder will also reduce to 0 ;_ hence, the nth remainder is always equal 
fo 0, and since the remainder is zero, the division is exact. 

THEOREM II. 
The difference of the same even powers of two quantities w 

divisible by the sum of the quantities. 

1/et a" -b7• De the difference of the same O P E R A T I O N 

even powers of a and b, n being even. Now, (a" — bn) (a--b) 
a" —6" is divisible by {a — b) (Theo.I.). Let [-an_ ( _ [ c e — (— e)U 
6 = - - e ; then, substituting, we shall have («»— c") — (a + c) 
[a"—(—e)n]-*-[a—( —e)]. But(-c)"=C' , 
since n is even, and [a — { — e ) ] = a + e; hence we have «" — c* is 
divisible by a+e . Therefore, etc. 

NOTE.—This theorem may also be demonstrated independently ;n a 
manner similar to Theo. I. 

THEOREM III. 

The sum of the same odd powers of tw9 quantities is divisible 
by the sum of the quantities. 

Let an— bn be the difference of the same O P E R A T I O N . 

odd powers of a and b ; n being odd. Now, (an—bn) -s- {a — b) 
a" -b" is divisible by a-b (Theo. I.). Let [a"— ( — c")] [a— ( — c)] 
b=—c; then, substituting, we shall have (an+cn)^-(a+c) 
an-bn=an—( — c)n and a—b= a—( — c). 
Now, (— c)n equals — e", since n is odd; hence, a" — (— e)n = a" + e"; and 
«-( — c) = a+c; hence, an+C is divisible by a + c. 

NOTE.—This may also be demonstrated independently in a manner 
similar to Theo. I. 

E X A M P L E S . 

1. Factor a3 - b3. Am. (a-b)(a*+ab+b2). 
2. Factor a* — c*. Ans. ( a 2 +c 2 ) ( a+c ) ( a - c ) . 
3. Factor a 5 - a 5 . Am. (a — x)(ai+a3x+a2x2+ax3+x*). 
4. Factor a3 + b3. Am. (a+b)(a2-ab+b2). 
5. Factor a6 + b&. Ans. (a+b)(a* - a3b, etc.). 
6. Factor a3 - 8xs. Ans. (a - 2x)(a2+2ax+Ax2) . 
7. Factor 8a3 + 27c3. Am. (2a+3c) (4a.2 — 6ac + 9c2). 
8. Factor a6 - b6. Am. (a3+b3)(a3 — b3) = 

(a+b) (a2 -ab+b2) (a-b)(a2+ab + b2). 

NOTE.—Other factors of the 8th problem may be found ; thus, uniting 
the 1st and 3d, and the 2d and 4tli of the last expression, we have 

A * 



G R E A T E S T C O M M O N D I V I S O R . 

1 1 3 . A C o m m o n Div i sor of two or more quantities is a 
quantity tha t will exactly divide each of them. 

1 1 4 . T h e Greates t C o m m o n D i v i s o r of two or more quan-
tities is the greatest quanti ty tha t will exact ly divide each of 
them. 

PRINCIPLE.— The greatest common divisor of two or more quail 
titles equals the product of all their common prime factors. 

CASE I. 

115. To find tlie'greatest common divisor of quau-
(itics l>y factoring. 

1. F ind the greatest common divisor of 12a3b2e and 18a2bd. 
SOLUTION. Resolving the quantities into OPERATION. 

their factors, we perceive that 2, 3, a2. and b 12a:!&2e = 2 x 2 x Zcc'b'c. 
are all of the common factors; hence the great- I8a2bd = 2 x 3 x 3a2bd 
est common divisor i s 2 x 3 x a 2 x ö = 6a2b. G . C . D . = 2x3a2b = 6a'2b 

Rule.—Resolve the quantities into their 'prime factors, and ütke 
the product of all the common factors. 

E X A M P L E S . 

Find the greatest common divisor— 

2. Of 1 8 a V and 24aVc. Ans. 6 a V . 

3. Of 16abb3z and 2 4 a W . Ans. 8a2b3z. 
4. Of 1 5 a 6 6 W and 2 5 s ' f e l Ans. ba'b'xz1. 
5. Of 2 8 a V V , 35a'ncmx2, and 14f lV" 'R«. Ans. lanc 
6. Of a ' 2 - b2 and a 2 - 2 a b + b\ Ans. a-b. 
7. Of a 2+2ab + b2 and a2 - b2. Am. a+b. 
8. Of a 3 - b3 and a2- lab + b2. Am. a-b. 
9. Of a4 - b* and a6 - b\ Am. a2 - b2. 

10. Of x2 — y2 and ax+ay+bx+by. Ans. x+y. 
11. Of ac+bc+ad+bd and ac — bd - ad + bc. Ans. a+b 

NOTE.—Young pupils may omit the next case of Greatest Common 
Divisor until review. 

CASE I I . 

116. To find the greatest common divisor of poly, 
nomials when tbe common factors are not readily 
seen. 

PRIN. 1. A divisor of a quantity is a divisor of any number 
of times that quantity. 

Thus, c2, which Ls a divisor of be3, is a divisor of a times be3, or ab&. 
PRIN. 2. A common divisor of two quantities is a divisor 'of 

their sum and their difference. 
For, tcTte the two quantities ad1 and be2, in which the common divisor 

ise2; their sum is ac'+bc2, or (a + b)c2, which is divisible by e2; their 
difference is ac2 — be2, or (a — b)c2, which Ls also divisible by c2. There-
fore, etc. 

PRIN. 3. Either of two quantities may be multiplied or divided 
by a factor not found in the other, without changing their greatest 
common divisor. 

For, it neither introduces nor omits a common factor, and hence cannot 
affect the greatest common divisor. Thus, the greatest common divisor 
of 2a3e2 and '¿be2 is c2. Multiply the first by a, or divide the second by 
b, and the greatest common divisor is still c2. 

1. F i n d the greatest common divisor of any two quantities 
A and B. 

SOLUTION. Divide A by B, indicating 
the quotient by Q, and the remainder by B; 
divide B by R, indicating the quotient by 
Q', and the remainder by R'\ divide R by 
R', indicating the quotient by Q", and thus 
continue. Then any remainder which ex-
actly divides the preceding divisor will be 
the greatest common divisor of A and B. 
For, 

FIRST. Each remainder is a number of 
times the greatest common divisor. A and B 
are each a number of times the G . C . D . ; hence, A— QB or R is a number 
of times the G . C . D . (Prin. 2 ) ; and since B and R are each a number of 
times the G.C. D., for the same reason B~ Q'R or R' is a number of times 
the G . C . D . Hence, each remainder is a number of times the G . C . D . 

SECOND. The last divisor will divide A and B. Suppose that H' divides 
Tl, then i t will d'vide Q'R (Prin. 1), and also Q'R + R' or B (PrLa. 2): 

OPERATION. 

A\B_ A = QB+R 
QB Q B= Q'R + R' 

A-QB=R 
B I R 

Q ' R W 

B-Q'R7R' 
R 

Q" 



'ilwÏH 
H 

< ! . m | 
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and since it divides B, it will also divide QB (Prin. 1), and QB + R, or A 
(Prin. 2). Hence, the last divisor will divide A and B. 

Therefore, since the last divisor divides A and B, and is a number of 
times the G. c. D., it must be once the G. C. D. Hence, the remainder which 
exactly divides the previous divisor is the G. C.D. of A and B. 

NOTE.—The latter part of the solution may be given as follows: Sine» 
the last divisor divides A and B, it cannot be greater than the G. c. v., ana 
since it is a number of times the G. c. D., it cannot be less than the G. C. D. ; 
hence, since it is neither greater nor less than the G.C.D., it must be the 
G.C.D. 

Rule .—Divide the greater quantity by the less, the divisor by 
the remainder, and thus continue to. divide the last divisor by the 
last remainder until there is no remainder; the last divisor will be 
the greatest common divisor. 

NOTES.—1. When the highest power of the leading letter is the same 
in both quantities, either quantity may be made the dividend. 

2. If both quantities contain a common factor, it may be set aside, and 
afterward inserted in the greatest common divisor of the other parts. 

3. If either quantity contains a factor not found in the other, it may be 
canceled before beginning the operation. (Prin. 3.) 

4. When necessary, the dividend may be multiplied by any quantity 
not a factor of the divisor, which will render the first term divisible by the 
first term of the divisor. (Prin. 3.) 

6. If we obtain a remainder which does not contain the leading letter, 
there is no common divisor. 

6. When there are more than two quantities, find the G.C.D. of two, 
then of that divisor and the third quantity, etc. The last divisor will be 
the greatest common divisor. 

2. F ind the greatest common divisor of a2 - b2 and a2 - 2ab + b~ 
SOLUTION. Dividing a2—2ab 

+ 62 by a'2-62fwe have a quotient 
of 1, and a remainder of —2ab 
+ 2b2. Rejecting the factor -2b, 
which does not affect the greatest 
common divisor (Prin. 3), we have 
a—b. Dividing a2 — b2 by a— b, 
we have a quotient a+b, with no 
remainder. Hence the last divisor, 
a—b, is the greatest common divi-
wr of a 2 -6 ' - and a2 - 2ah + 62. 

OPERATION. 
a?—b'J a2—2ab + &2 (_1 

a2—b2 

— 2ab + 2b2 Rejecting the 
factor — 2b 

a—b)a2—b2 Qa+ö 
a2-ab 

ab-b2 

ab — b2 

EXAMPLES. 

3. Find the greatest common divisor of a2 - b'2 and a2- 2ab + b' 
Ans. a+b. 

4. Find the greatest common divisor of 2./c3 — 5x2+3x and 
4x2-2x-2. Ans. x-1. 

5. F ind the greatest common divisor of a3 - x3 and a2 - x2. 
Ans. a — x. 

6. F ind the greatest common divisor of ab + bc+ad+dc and 
a2 — c2. . Ans. 'a+c. 

7. F ind the greatest common divisor of a 3+x 3 and a2—x2. 
Ans. a+x. 

8. F ind the greatest common divisor of 2ax2 — 2ay2 and 4ax* 
+ 4af. Ans. 2a(x+y). 

9. F ind the greatest common divisor of a*— 6'1 and a3+a2b 
-ab2-b3. Ans. a2-b2. 

10. F ind the greatest common divisor of x3-x2-12x and 
x2 — 4x — 21. Ans. x+3. 

T H E L E A S T C O M M O N M U L T I P L E . 

1 1 7 . A Mult iple of a quantity is any quantity of which it 
is a factor. 

1 1 8 . A Common Mult iple of two or more quantities is a 
quantity which is a multiple of each of them. 

1 1 9 . The Least Common Mult iple of two or more quan-
tities is the least quantity which is a multiple of each of them. 

NOTE.—The primary idea of a multiple is that of a nuifiber of times a 
quantity. The above definition is based upon a derivative truth. An-
other derivative definition is, a multiple of a quantity is any quantity 
which it will exactly divide. 

P R I N . 1. A multiple of a quantity contains all the factors of 
the quantity. 

Thus, it is evident that a multiple of ab, as 4a2i>, must contain all the 
factors of ab. 



o I M P O S I T I O N A N D F A C T O R I N G . 

CASE I . 

130. To find the least common mult ip le !>v fac-
toring. J 

1. F i n d the least common mult iple of 12a36c2 and 18a2bd\ 

S O L U T I O N . We first resolve the quan- O P E R A T I O N 

titles into their prime factors. ' 12a
3bc2 =--2x2x3a3. 6 . c2 

The least common multiple must iSg'ftrf»- 2 x 3 x 3a». 6 . <P 
contain all the different prime factors, L . . . 9 - ,, _ . , , 
and no others (Prin. 3). All the difl Z 
ferent prime factors are 2, 2, 3, 3, 
a3, 6, c2, d2 whose product equals' 36a?bc2d\ Hence, the least common 
multiple of the given quantities is 36a3bc2d2. 

Rule.—Resolve the quantities into their prime factors, and take 
the product of all the different factors, using each factor the greatest 
number of times it appears in either quantity. 

E X A M P L E S . 

Find the least common mult iple— 

2. Of 18aW and 2 4 a W . A n s . 7 2 a W . 

S Of 2 4 a s V and 4 2 a V ^ . A m _ 1 6 8 a V f ^ 

4 Of 18a26, 24a6sc and 2 7 a V z . Ans. 216a26Vz. 
5. Of 2(a+rc) and (a2 - z2). A n g _ _ 

6. Of a(b - c) and 6(62 - e
2). A n s _ a W . , c 2 ) < 

7 Of (a1 - 62) and a2 - 2ab + 62. Ans. a3 - a*b - aV + b\ 

PRIN 2. A common multiple of two or more quantities con 
tains all the factors of each quantity. 

Thus, it is evident that 12a2be, which is a common multiple of 2ab 
and Sac, contains all the factors of 2ab and 3ac. 

PRIN. 3. The least common multiple of two or more quantities 
contains all the factors of each quantity, and no other factors. 

Thus, it is evident that the least common multiple of lab and Sac 
which is 6abc, must contain all the factors of 2ab and 3ac, or it would 
not contain the quantities; and it must contain no other factors, or else it 
would not be the least common multiple. 

8. Of a2(a - z) and x\a2 - z2). Ans. a V ( a 2 - 2S). 

9. Of . 3 :c 2 (2a-1) and 4xy(4a2-1). Ans. 1 2 a f y ( 4 a 2 - 1 ) . 

10. Of a;2 - y2 'and x3 - i f . Ans. xi-ayif+x'y - y\ 
11. Of 3 a ( o - 6), 4ac(a2 — 62) and 6c2a;(a+6). 

Ans. V2ac2x(a2 - 6s). 

12. Of m2 + 2mn+n2 and m3+n\ Ans. ( m 3 + n 3 ) ( m + n ) . 

NOTE.—Young pupils can omit the next case of Least Common Multi-
pit until review. 

CASE U . 

121. To find the least common mult iple when 
the quantit ies are not readily factored. 

The method will be readily understood f rom the following 
principle: 

P R I N C I P L E . — T h e least common multiple of two quantities 
equals either quantity multiplied by the quotient of the other 
quantity divided by their greatest common divisor. 

For, let A and B be any two quantities, and let O P E R A T I O N . 

their greatest common divisor be represented by c, A = ax c 
and the other factors by a and b, respectively; then B = b x c 
we shall have the L . c . M . = a x 6 x c , Case I. ; but L . C . M . = a x 6 x o 

A A A 
bxc = B , and A = - ; hence, L . C . M . = - X B . There- = _ X R 

c c c 
fore, etc. 

NOTE.—The least common multiple of two quantities equals their prod 

net divided by their greatest common divisor, for — x B = ^ c c 

1. F iud the least common mult iple of a2 - b2 and a2 — 3a6 + 26'. 

SOLUTION. We first find the great- O P E R A T I O N . 

est common divisor to be a—b. Then G . C . D . = A —b 
the L. c.m. equals a2- b2 multiplied by y c M = ( a 2 _ x a2-3ab + 2b> 
the quotient of a 2 - 3 a 6 + 262 divided ' a-b 
by a-b, or (a*-b2)(a-26), which = {a2-b2){a-2b) 
equals a3 - 2a2b - ab2 + 2b3. = a3 - 2a2b - ab2+2bs 



7 2 COMPOSITION A N D F A C T O R I N G . 

J ^ - 1 : Find the neatest common divisor of the two ouan ~ * «< « * » * « 

^ntäyX S tW° °f them>thm * thi* and the third 

E X A M P L E S . 

^-J-21 the IeaSt C°mm0n mUltiple 0f and 
F m d t h e l e a s t C O n i m o u multiple o f V + 5 , - + 6 a n d 

4 v A*. , J m - a;3+9a;2+26«+24. 
4. Uind the least common multiple of a '+4aô + 302and a ' - è 2 . 

-¿ras. a3+3a2ò - ab2 — ob3. 

/ - a b - W l 6 a S t C O m m O Û m u l t Ì p l e ° f « ,+8afr+26» and 
, -¿n«. as-7ab2-6b3. 

J - S z - t f l C ° m m 0 Û m U l t Ì p l e — 3 , - 3 a and 
7 P- W l

 A™-x3~ax2-9x+9a. 
• hind the least common multiple of x2-x-2 x*+3x+2 

a n d x2+5x+4. A , ' , ' • -4ras. « +5a;3 —20a; —16. 

REVIEW QUESTIONS ' 

three theorems of Factoring. ** *** CaSe- S t a t e t h e 

Define Common Divisor. Greatest Common Divisor Stat* 

rules. ' principles. T h e 

SECTIO®" I T . 

FRACTIONS. 
A Fraction is a number of the equal parts of a unit, 

1 2 3 . A Fract ion in Algebra is expressed by two quantities, 
one above the other, with a straight line between them; as, 
a a — x 
- or 
c a-z 

1 2 4 . The Denominator of a fraction denotes the number 
of equal parts into which the unit is divided. I t is written 
below the line. 

1 2 d . The Numerator of a fraction denotes the number of 
equal parts taken. I t is written above the line. 

1 2 0 . An Entire Quantity is one that has no fractional 
par t ; as, 2a2, a+b, etc. 

1 2 7 . A Mixed Quantity is one that has both an entire 

and a fractional pa r t ; as, a+-> ax— 
c m+ n 

1 2 8 . An Algebraic Fraction is usually regarded as the 

expression of one quantity divided by another; thus, — means c 
a divided- by c, etc. 

P R I N C I P L E S O F F R A C T I O N S . 

1 2 9 . The Principles of Fractions are general laws show-
ing the relation of the value of the fraction to its numerator 
and denominator. 

PRIN. 1. Multiplying the numerator or dividing the denomi-
nator of a fraction by a~iy quantity multiplies the value of the 
fraction by that quantity. 

7 



7 2 COMPOSITION A N D F A C T O R I N G . 

J ^ - 1 : Find the neatest common divisor of the two ouan ~ * «< « * » * « 

^ntäyX S tW° °f them>thm * thi* and the third 

E X A M P L E S . 

^-J-21 the IeaSt C°mm0n mUltiple 0f and 
<> p . 1 , a3-8a;2-5a;-+84. 

F m d t h e l e a s t c o n i m o u multiple of and 

4. Uind the least common multiple of a2+4«ô + 302and a 2 - 6 2 . 
Ans. a3+3a2b-ab2 -3b3. 

/-ab-6b2 l 6 a S t C O m m O Û m u l t Ì p l e ° f « ,+8afr+26» and 
, Ans. a3-7ab2-6b3. 

/ - S x a x f L C ° m m 0 n m U l t Ì p l e o f * 2 - « - 3 , - 3 a and 
7 p . W l ¿™-x3-ax2-9x+9a. 

• h ind the least common multiple of x2-x-2 x2
+3x+2 

a n d x2+5x+4. A . ' , ' • Ans. a;4+5a;3-20a:-16. 

REVIEW QUESTIONS ' 

lhre>e theorems of Factoring. ** *** CaSe- S t a t e t h e 

Define Common Divisor. Greatest Common Divisor Stât» ,1,. 

rules. ' principles. The 

S E C T I O N I T . 

FRACTIONS. 
A Fract ion is a number of the equal parts of a unit, 

V2tl. A Fraction in Algebra is expressed by two quantities, 
one above the other, with a straight line between them; as, 
a a — x 
- or 
c a-z 

1 2 4 . The Denominator of a fraction denotes the number 
of equal parts into which the unit is divided. I t is written 
below the line. 

1 2 d . The Numerator of a fraction denotes the number of 
equal parts taken. I t is written above the line. 

1 2 0 . An Entire Quantity is one that has no fractional 
par t ; as, 2a2, a+b, etc. 

1 2 7 . A M i x e d Quantity is one that has both an entire 

and a fractional p a r t ; as, a+-> ax— 
c m+ n 

1 2 8 . An A lgebra ic Fract ion is usually regarded as the 

expression of one quantity divided by another; thus, — means G 
a divided by c, etc. 

P R I N C I P L E S O F F R A C T I O N S . 

1 2 9 . The Principles of Fract ions are general laws show-
ing the relation of the value of the fraction to its numerator 
and denominator. 

PRIN. 1. Multiplying the numerator or dividing the denomi-
nator of a fraction by any quantity multiplies the value of the 
fraction by that quantity. 

7 



If we multiply the numerator of a fraction hy n, there will be n times 
as many parts taken, each of them the same size as before; hence, the value 
will be n times as great. 

If we divide the denominator by n, the unit will be divided into I-ntb 
as many parts; hence, each part will be n times as great; and the same 
number of parts being taken, the value of the fraction will be n time« a 
great. Therefore, etc. 

PRIN. 2. Dividing the numerator or multiplying the denomi-
nator of a fraction by any quantity divides the value of the frac-
tion by that quantity. 

If we divide the numerator of a fraction by n, there will be only 1-nth 
as many parts taken, each of the same size as before; hence, the value of 
the fraction will be 1-nth as great. 

If we multiply the denominator of a fraction by n, the unit will be 
divided into n times as many parts; hence, each part will be 1-nth as great 
as before; and the same number of parts being taken, the value of the frac-
tion will be 1-nth as great. Therefore, etc. 

PRIN. 3. Multiplying or dividing both numerator and denomi-
nator of a fraction by the same quantity does not change the value 
of the fraction. 

For, since multiplying the numerator multiplies the fraction, and multi-
plying the denominator divides the fraction, multiplying both numerator 
and denominator by the same number both multiplies and divides the 
value of the fraction by that number, and hence does not change the value. 
In the same way it may be shown that.dividing both terms does not change 
the value of the fraction. Therefore, etc. 

PRIN 4. The value of a fraction is equal to the quotient of its 
numerator divided, by its denominator. 

S I G N S O F T H E F R A C T I O N . 

I S O . The S ign of a fraction is the sign written before the 
dividing-line, showing whether the fraction is to be added or 
subtracted. 

NOTE.—This sign Is sometimes called the apparent sign of the fraction 
and the sign of its value, the real sign. 

• PRIN. 1. Changing the sign of the numerator or denominator 
changes the sign of the fraction. 

For, this is the same as multiplying or dividing the fraction by —1, 
which will change the sign of the quantity (Prin. 1, Art. 129). Thus, 

a-x , -a+x a—x . ^ equals . or etc. 
c+z c+z —c—z 
PRIN. 2. Changing the sign of both numerator and denomi-

nator does not change the sign of the fraction. 
For, this is the same as multiplying both numerator and denominator 

by - 1 , which will not change the value of the fraction.. (Prin. 3, Art. 129.) 

R E D U C T I O N . 

1 3 1 . Reduction of Fractions is the process of changing 
their form without changing their value. 

CASE I. 

132. To reduce a fraction to its lowest terms. 

A Fraction is in its lowest terms when the numerator and 
denominator are prime to each other. 

, _ , 8 a ' b ' c 1. Reduce to its lowest terms. 
1 2 a W 

SOLUTION. Dividing both terms of the fraction by OPERATION. 
the common factors, 4, a2, b2 and e, we have it equal 8a362c 2a 
t 0 (prin. 3, Art. 129); and this is the lowest term of 1 2 a W 3 e 

Be 
the fraction, since the terms are prime to each other. 

Rule.—Divide both numerator and denominator by their 
common factors ; 

Or, Divide both terms by their greatest common divisor. 

E X A M P L E S . 

15 « V , 3.-C 
2. Reduce to its lowest terms. Ans. -

2oa'x ™ 
54x3z6 < 3z4 

3. Reduce. — — to its lowest terms. Ans. — • 
36 s V 2-' 



7 6 F R A C T I O N S . 

CASE II. 
133. To reduce a fraction to an entire or mixed 

quantity. 
0 , ac+b i . Tieauce —-— to a mixed quantity. 

S O L U T I O N . The value of a fraction is equal to the O P E R A T I O N 

quotient of the numerator divided by the denominator, ac + b h 
Diriding ac+b by e, we have a for the entire part, and ~ = 

- for the fractional part. Therefore, etc. 

Rule.—I. Divide the numerator by the denominator for the 
entire part, continuing the division as jar as necessary. 

n. Write the denominator under the remainder, and annex the 
remit to the entire part with the proper sign. 

. T, , 2 4 a W . , o_ 
4. Reduce to its lowest terms. Am. — 

5 6 a W 7aV 

5. Reduce —— to its lowest terms. Am. 1 
, , 4 7,1 A¡US. a-b 

6 Reduce to its lowest terms. Am. 

1 
7. Reduce to its lowest terms. .in.s. 

2(ao — o) 2b 

8. Reduce — — to its lowest terms. Am. — 

2 T ^ 
9. Reduce t o i t s l o w e s t terms. Am. —-

b a c 3a 
10. Reduce x ~ to its lowest terms. Ans. X~Z . 

11. Reduce to its lowest terms. Am. a(a~b) 
a2+2ab+b* a + b 

12. Reduce to its lowest terms. Am. X+2a . O o T " tCllllB. JX'IIS. x + 2ax - 8 a 2 3 + 4 a 

1 3 , E e d U C e t 0 i t S l 0 W 6 S t t 6 r m s - . Q , . . x + 3bn 
Ans. 

x"-Sbn 

E X A M P L E S . 

2. Reduce M f ^ to a mixed quantity. -Aits. ae+ — 
c c 

3. Reduce to a mixed quantity. -d?i-s. 2x — —• 
a+x %+x 

a 2 _ 4 e
2 _ _ 3 c s 4. Reduce to a.mixed quantity. Am. a+c • 

a—c " a—c 
3a3 — 3a;3 

-5. Reduce — to an entire quantity. 
a - ® vlns. 3(a2+aa;+a;2). 

a;3 — 2s . . 82' 
6. Reduce to a mixed quantity. Ans. x + 2z + • 

(x — 2)2 H J x — z 
a3 — b3 

7. Reduce to a mixed quantity. 
a+b 2 bs 

Ans. a2 — ab + 62 — • 
a + 6 
222 

8. Reduce to a mixed quantity. Ans. 1+ , 
(a;2 — 22)2 H J x — 2 

9. Reduce :—-—- to a mixed quantity. Ans. 1 — 
(a;+2)3 (a;+2)s 

CASE I I I / 

134. To reduce a mixed quantity to a fraction. 
f» 

1. Reduce a + - to a fraction. 
x 

, , . . . , „ , - X , . O P E R A T I O N . SOLUTION. I t is evident tha t 1 = - ; hence a equals 
x a+c 

a times —» or —. which, added to —, equals — + —. or x 

x x x x x ax c ax+0 
ax+a —r-« x x x 

x 

Rule.—Multiply the entire part by the denominator of the 
fraction; add the numerator when the sign of the fraction is plus, 
and subtract it when the sign is minus, and write the denominator 
'.mder the result. 

NOTE.—When the sign of the fraction is minus, remember to change the 
signs of all the terms. 



E X A M P L E S . 

2. Reduce to a fraction. Ans 7a~3 

o 2 

3. Reduce 2z+ ~ 2 to a fraction. Ans. 42 + 3 

3 3 

4. Reduce to a fraction. Ans ~ax^xl 
a+x ' a+x 

5. Rcduce a+c—— to a fraction. Ans. ~ 4 -
«-c a — c 

6. Reduce Ax— '-—— to a fraction. Ans 21a;~-. 
4 ' 4 

7. Reduce a- 2ac~c
 t o a f r a c f c i o n > Ans. ( - a~ c }~. 

« a 

8. Reduce 4 a + a ; + ^ ^ - to a fraction. Ans. -4<t' . 
a - a ; a _ a ; 

9. Reduce 2 a ; - 5 - to a fraction. Ans. . 
« - 3 a; —3 

10. Reduce ç i + x - - — — to a fraction. — - . 
<*-» a - a ; 

C A S E I V . 

135. To reduce fractious by changing factors from 
one term to another. 

PRINCIPLE.—Any factor may be transferred from one term of 
a fraction to the other if the sign of the exponent be changed. 

This principle is readily proved by applying the principles of Article 94. 
2 

1. Change the terms in the fraction — 
c3 

S O L U T I O N . First, — = a2 x — ; O P E R A T I O N . 

1 03 1st 2 l = a 2 x . L = 1 i i _ but a 2 - — (Prin, 3, Art. 94); ' e3 c3 a~2 c3 "cr'c3 

CI 

hence, a J x — = x — = —-— 2d. ~=,a2x— = a 2 x e s = a2c-* 
c3 a~ 2 e3 a - 2 e 3 <- c5 

R E D U C T I O N . 

Second, — =>a2x — ; but — = e~3; hence, a2 x - - - a ? x c 3 , or 
c3 

a'< 

Rule.—Jii changing a factor from one term of a fraction to the 
a tJi&r, change the sign of its exponent. 

E X A M P L E S . 

2. Change the terms in -—-• 
c V 
CC^lf 

3 Change the terms in — 

Ans. a5c~2x *. 

TIîis. a V ^ V 4 . 

4. Change to an entire quantity. 
ab2 

5. Change-—— to an entire quantity. A?is. (a-x)(a +x)~'. 
a +a; 

6. Change — a to an entire quantity. 
5c"2 Ans. 3 x 5 _ 1 ( a + c ) c \ 

7. Change * ̂  to a simpler form. Ans. f(e3 - cY). 
6c 

8. Change - — t o an entire quantity. 
X'~V Ans. (x — yjQc+y)'1. 

9. Cliange ~ C- to an entire quantity. Ans. a(b2 - e1). 
(b+c)-1 

AaCc-zY1 . . . 4a 
10. Change — -— to positive exponents. Ans. 

c vz 

11. Change ( x ~ v ) t o positive exponents. 
° (a-b)-\x-y) (g-b)s 

136. To reduce fractious to a common denomi-
nator. 

1 3 7 . Fract ions have a common denominator when they have 
the same %7 pression for a denominator. 



F R A C T I O N S . 

1 3 8 . The L e a s t C o m m o n D e n o m i n a t o r of several frac-
tions is the least denominator to which they may all bo 
reduced. 

PRIN. 1. A common denominator' of several fractions is a 
common multiple of their denominators. 

For, when a fraction is reduced to higher terms, its denominator ¡a 
multiplied by some number, and the common denominator to which 
several fractions are reduced must therefore be a multiple of each given 
denominator. 

PRIN. 2. The least common denominator of several fractions is 
the least common multiple of their denominators. 

For, since a common denominator is a common multiple of the denomi-
nators, it is evident that a least common denominator is a least common mul-
tiple of the denominators. 

1. Reduce — and to their least common denominator. 
be b2d 

S O L U T I O N . The least common mul-
tiple of be and b2cl is b-cd, which is 
the least common denominator. Di-
viding b2cd by be, the denominator of 
the first fraction, we find we must mul-

O P E R A T I O N . 

tiply both terms of —• bv bd to reduce 
be ' 

it to the common denominator. Multi-
plying both terms of ~ bv bd, we have be 

a c „ , 
7 - > 777 ; L . c. M . = b cd be b2d 

b2cd+bc=bd; b2cd+b*d = c 
a axbd abd 

be bexbd 
c cxc 

b2d ~b2dxc 

b2cd 
02 

b2cd 
abd 
b2cd ' 

Dividing b2cd by b2d, we have c. Multiplying both terms if 
e3 

—— by c, we have 
b2d ' b2cd 

R u l e . — F i n d the least common multiple of the denominators; 
divide this by the denominator of each fraction, and multiply the 
numerator by the quotient; 

Or, Multiply both terms of each fraction by the denominators of 
the other fractions. 

NOTE.—Fractions may be reduced to a common denominator by mul-
tlplying both terms of one or more fractions by such quantities a=s will 
make the denominators equal. 

E X A M P L E S . 
) 

Reduce to a common denominator— 

„ a b , c . amn bn2 cm 
2. > — and — - • Ans. 

mn m2 mn' m'n* m'n' 

0 2a 36 , c , 8a2xz 9abx2 Ylcz 
o —> — and Ans. 

3x 4z " ax2 12ax2z 12ax2z 12ax2z 

. c 5 , 2ac . 3 c V .lOan2 8a2c2 

4. —> — and Ans. 
4a 6c 3K.2 12acn2 12acri2 12acn2 

, 3 4b2 , 2ac , 18cz l%ab2z 6a3c 
o. —— > -—- and —— • Ans. 

2a*e 3ac2 4c2z \2a2e2z 12a2c2z 12a2c2z 
„ a-b a+b , , 6 c ( a - 6 ) 2 a ( a + 6 ) 33a2c2 

6. — — , — — and 5i. Ans. —- L> —^ L> ——• 
a2c 3ac 6 a V 6 a V 6a2c2 

r, ab be cd ^ ^ ab (a+b) bc(a-b) cd 
' a-b' a+b a n a2 — b2 a 2 - b 2 ' ' a 2 - b * ' a2-b2 

„ 2ax 3 ax . 4ax 
-> r and 

x - 1 x + 1 x 2 - l 
, 2ax2 + 2ax Sax2 — Sax 4ax 

Ans. » > -• 
x2-l x2-l x2 — 1 

„ a . a - b . a2e — ac2 a2 — ac c(a — b) 
9. a, - and Ans. > . — -• 

c a-c e ( a - c ) c(a — c) c(a —c) 

10. and A n • ( g + C ) ' -
(a+c)2 (a-c)2 (a2 — c2)2 (a2-c2)2 

. . a+c a-c . a2+c2 . ( a + e)2 ( a - c ) 2 a '+c 2 

11. » and- . Ans. —, * ' , 
a — e a+c a2-c1 a2-c2 a2 — c2 a2 —c2 

12. — — and a 

a 2 + l a2 — 1 a4 — 1 

13 —— and 

a1 — 1 a4 — 1 a4 - 1 
b 

(a+b)(b-c) (a+b)(c — b) 
a —b Ans. 

(a+b)(b-e) ( 0 + 6 X 6 - 0 ) 



A D D I T I O N . 

1 3 9 . Addi t ion of Fract ions is the process of finding the 
simplest expression for the sum of two or more fractions. 

PRINCIPLE.—To be added, fractions must have a common de-
nominator. 

For, they then express similar fractional units, and only similar units 
can be united into one sum. 

1. F ind the sum of - and - • 
n n 

SOLUTION, a divided by n, plus b divided by n, equals 0 P I F A T I C N -
(a + b) divided by n. a+b a+b 

n n n 

2. F ind the sum of - and — • 
n m 

SOLUTION. Since the denominators are not alike, 
we must first reduce the fractions to a common OPERATION. 
denominator. The common denominator is mn. -+A = £EL+J!!L 
a am , b , bn , . n m mn mn 
n eq W and m 6q ¡^T am dlvlded am+bn 
by mn, plus bn divided by mn, equals (am+bn) mn 

divided by mn. ^ 

Rule.—I. Reduce the fractions, when necessary, to their least 
common denominator. 

I I . Add the numerators, and write the common denominator 
under their sun± 

NOTES—1. Beduce each fraction to its lowest terms before adding, and 
also the result after addition. 

% Mixed quantities may be added by adding the integral parts and 
uniting the sum with the sum of the fractions. 

Find the sum— 
E X A M P L E S . 

3. Of Mm. ^ 
b d bd 

A NO a , b , d A adc + tfc+bd1 
4. Of T+-4-— Ans. 

o d c bdc 

_ ... 2a 3c 4b . 2am2+Bem+Ab 
5, Of —+ + — • Ans. 

n mn m n m n 

e . o f W . 
x y z xyz 

„ „„2a 2x2 . 5a2c-2x' 
7. O f — + a - — • Ans.— 

3 3ac 3ac 

8. An* a. 
2 2 

1 1 2 m 
9. Of + Ans. 

m+n m — n m — n 
a b . a2+ b2 

10. O F - ^ - R • A m . - — -
a + b a-b a2-b2 

n . of Am. 
2 a - 2 6 2 6 - 2 a 

„ „ a a — c , c — a . « 12. Of — . and Am. —• 
2c ac ae -¿e 
a" x-a2" , a2nx - 2z> . x2-z2 

13. Of — , and ———— Am. 
2x anx 2a x anx2 

1 + a , 1 - a , 2(1 + a5) 
14. Of and Ans. 7- • 

1 — a 1 + a 1 - a 

15. o f ^ , - ^ a n d ^ . Ans. 0. 
xy yz xz 

x-B , , , 2a —z , _ , 2ax-Bz 
16. Of 3a2+-—— and 4a J+ — Ans. 7 a 2 + — 

3 2a ba 
2 , 1 + z2

 A 1+2 
17. Of — and • Arts. — • 

2 + 1 Z +Z , S 
1 + x2 1 - x 2 , 2 ( 1 + » * ) 

19 O f and - Am. 
(a - 6 ) ( 6 —c) ( a - 6 ) ( c - 6 ) b-e 

a+b b+c c+a , A on Of —— + + .Ana. 0. 
(6 - c)(c — a) (c — a)(a — 6) ( a - 6 ) ( 6 - c ) 



S U B T R A C T I O N . 

1 4 0 . Subtract ion of Fractions is the process of finding 
the simplest expression for the difference of two fractions. 

PRINCIPLE.—To be subtracted, fractions must have a common 
denominator. 

For, they then express similar fractional units, and only similar unite 
can be subtracted. 

1. Subtract - from - • 

CI T • ! 1 1 • , OPERATION. 
S O L U T I O N , a divided by n, minus O divided by n, a b a b 

equals (a —b) divided by n. 

2. Subtract - from — 

n n n 

n m 

S O L U T I O N . Since the denominators are not 
alike, we must first reduce the fractions to a com- OPERATION. 

mon denominator. The common denominator is a b _ an bm ^ 
a an ,6 bm , , m n mn mn inn. — = and : an divided by mn, hni 
m mn n mn ( , t "nb 

minus bm divided by mn, equals (an—bm) mn 

divided by mn. 
Rule.—I. Reduce the fractions, when necessary, to their least 

common denominator. 
I I . Subtract the numerator of the subtrahend from the numerator 

of the minuend, and write the common denominator under the result. 

NOTES.—1. Reduce each fraction to its lowest terms before subtracting, 
and also the result after subtraction. 

2. Mixed quantities may be subtracted by subtracting the integral pai ts, 
and uniting the difference with the difference of the fractions. 

E X A M P L E S . ' 

3. F rom - take Ans. ——— • 
b d bd 

4. F rom ^ take A . ^ 2 ( a m - c ) > 
n mn mn 

K -n, Bax 4x 9a2x-8ex o. h rom take Ans. 
2c2 Sac 6ae2 

6. From take - — A n s . b. 
2 2 

_ a + b , . a-b 
7. From take Ans. — 

a a a 

8. From 5a2+ — take 3a1+ — Ans. 2a2 + — — ^ 
ac ax acx 

9. From 4c take 2c - Ans. 2c - ^ 
a — 3 a a* — Sa 

a+b . b-a . a? + b% 

10. From take —-— Ans. —— 
a b ab 

H i - - a x i & A + 11. h rom take Ans. 
a-b a + b a2-b2 

12. From — t a k e . ^ . • Ans. ——— 
a-b a2-b 

13. From - take — • Ans. 
1—a 1+a 

- . -r, a; + 1 , , a: - 1 . 4a; 
14. h rom take Ans. 

a;-1 a; + l a; 2 - l 

1K _ 1-22 , 4z2 

15. h rom take Ans. 
1 - 3 2 1 + z 2 1-z 

-n- J i /» a 3a 2aa; . 4a lb. h ind value ot 1- Ans. 
a + x 

, R n. n i n 1 b a . 2ab2 
17. Jbind value 01 - + Ans. 

a + b a2 — b2 a2 + b2 a 4 - 6 4 

1 Q , , „ 3 7 4 — 20a; , A 18. F m d value of — - — — - + - • Ans. 0 
1 —2a; 1 + 2a; l - 4 a ; 2 

19. Find value of - — — — — • A m . 1 

(_a+b)(b-c) (a+b)(e-b) b-c 

20. F ind value of Ans.^ 
\m n \ m n i n 



M U L T I P L I C A T I O N . 

1 4 1 . Multiplication of Fractions is the process of finding 
a product when one or both factors are fractions. 

C A S E I . 

142. To multiply a fraction by an entire quan-
tity. 

1. Multiply ^ by c. 

S O L U T I O N . Since multiplying the numerator of a frac-
tion multiplies the value of the fraction (Prin. 1, Art. 129), 

a , ac c. times — equals 
b o 

2. Multiply ~ by b. 

S O L U T I O N . Since dividing the denominator of a frac-
tion multiplies the fraction (Prin. 1, Art. 129), b times 
a , a - e q u a l s - -

Rule.—Multiply the numerator or divide the denominator of 
the fraction by the multiplier. 

NOTES.—1. The second method is preferred when the denominator is 
divisible by the multiplier. 

2. It is often convenient to indicate the multiplication, and cancel equal 
factors in numerators and denominators. 

O P E R A T I O N . 

a ac 
b b 

O P E R A T I O N 

a , a — xb—— W b 

E X A M P L E S . 

3. Multiply - by n. Am. — 
e c 

4. Multiply by cd. Am. • 
cd c 

5. Multiply ^aX by 42s. Ans. 
F J

 1 2 C 2
 j 3C* 

M U L T I P L I C A T I O N . 8 7 

6. Multiply - J ^ by 3oc*. Am. l0a"' -c s(a-aO ^ < « - * > 

7. Multiply by 2 ( m - s) . Am. ( m - % ) 

8. Multiply ^ b y a - A An,. — 

10. Multiply by a ' - l . Am. 5a>x+oa>z. 
a i. 
q„V , 6aV 

11. Multiply - f ^ - by 2a(z - 1 ) . Am. 

2mx 
m-x 

x(x+l) 

C A S E I L 

143. To multiply an entire or fractional quantity 
by a fraction. 

1. Multiply a by - • 
c 

SOLUTION, a multiplied by b is ab; hence, a mul- O P E R A T I O N . 
ab b _ab 

tiplied by b divided by c is ab divided hy c, or — • a x
 e ~ c 

OJ O 

2. Multiply - by - • 

SOLUTION. - multiplied by c is hence, | multi- O P E R A T I O N . 

ac , i • x. a c ao 

plied by c divided by d must be — divided by d, which 

to«®. (Prin. 2, Art. 129.) 
bd 

SOLUTION 2D. From Art. 1 3 5 , Prin., ^ equals O P E R A T I O N . 

ab-1 and ^ equals cd'1, and ab~l multiplied by | x | ^ a b ^ x c d - 1 -

cd~l equals acb~ld~ \ which, by Art. 135, Prin., a c b -
«c b d 

is equal to — • bd 



88 F R A C T I O N S . 

Rule.—Multiply the numerators together for the numerator, and 
the denominators together for the denominator, canceling common 
factors. 

NOTES.—1. When there are common factors in the numerators and 
denominators, indicate the multiplication and then cancel the common 
factors. 

2. If either factor is a mixed quantity, reduce it to a fraction before 
multiplying. 

E X A M P L E S . 

r. nr i ® i C . OC 3. Multiply — by - • Ans. 
„ m n mn 

4. Multiply by Ans. — • 
3 c 2 a c 

_ , . , 3 a 2 e . 4 c n . 6 c ' 
5. Multiply by — A n s . • 1 J 2n2 5 a 3 ban 
_ , , , . . ab2", aa? . a2bn 

6. Multiply —— by —— • Ans. — 
of mbn mx 

7. Multiply — b y — . 36 

„ . , . . a + c . a + a; . a + x 
8. Multiply — b y — . An, . — -

- , , , . . a + a ; , a-x . a-x 
9. Multiply by • Ans. —— 

4aa; a + x 4 ax 
_ . . . 1 -a1 , 4 a 6 3 , 2 6 3 ( l + a ) 
10. Multiply — by — • Am. — ^ - L . 

11. Multiply by Am. a*-b\ 
a+b a—b 

__ . . . a , 2 6 c . 2 6 ( e - 1 ) 
12. Multiply a — by —— An,. — — 1 • 

c oa o 

13. Multiply a + - by a - - • Am. a 2 - ~ -
x x x 

14. Multiply — — by Ans. — 
3 m' n + z m2 

D I V I S I O N . 8 9 

ht ix- i a2+ab , c+bc . ac 15. Multiply ——— by — - • Ans. 

Ans. 1. 

(1 + 6)2 J a+b 1 + 6 
„„ „,,,., ac+bc , a2-ab . a(a+b) 
16. Multiply — by — • Ans. - j — f • 

(a-by c2 c{a — 6) 
a c . 6 (Z . n be ad 

17. Multiply - + - by - + - • Ans. 2 + — + — • 
b a a c ad be 

„ , , . , n m2 — n2 , m , ; 1 . n 
18. Multiply > — and together. Ans. — • 

m + n m TO — n m 

19. Multiply by • Ans. - — • 
1 - e x+x x 

20. Multiply < a ~ h ) by < a + b ) • An,. i y a2+2ab + b2 y a2-2ab + b* d*-b2 

M „ . . . a'-b' , a-b . a2+b2 

21. Multiply by - — - • Ans. 
a — 2a6 + 6 a2+a6 a 

22. Required the value of - 7 — ] x ( , ^ . , 7—7 
\ 6 - - c 6 - e / \a2-b2 a—b 

A. 

23. Required the value of ( a _ 

Aiis. 1. 

D I V I S I O N . 

1 4 4 . Division of Fractions is the process of dividing 
when one or both terms are fractional. 

CASE I. 

145. To divide a fraction by an entire quantity. 

1. Divide — by 6. 
c 

SOLUTION. Since dividing the numerator of a fraction 
A ] J O P E R A T I O N . 

divides the fraction (Prin. 2, Art. 129), to divide — by 6 a b a c 1- 6 = — 

we divide the numerator by b, and have — • c 



2. Divide - by 6. 
c 

S O L U T I O N . Since multiplying the denominator of a 
fraction divides the fraction, to divide — by b we multi- O P E R A T I O N 

C ® + b = 

ply the denominator by b, and have c b", 
OC 

Rule.—Divide tlie numerator or multiply the denominator oj 
the fraction, by the divisor. 

NOTE.—It is often convenient to indicate the division and then cam el 
common factors. 

^ E X A M P L E S . 

3. Divide —— by 2ax. Ans. ——? 
be be 

, 126V , , , 36c 
4. Divide by 4be. Ans. —-

ad ad 
c -r-. ., abed . „ , . abed 
5. Divide by ¿x. Ans. 

mn Zmnx1 

Bx2z 
6. Divide —7— by '5z*c. • Ans. 

ab J aVe 

7. DiVide f f c f l by 2a'c. Ans.X~Z 

3c 6aV 
x2— 1 x — 1 

8. Divide - by «(»+! ) . Ans. 
a2b2 

9. Divide by c\a-b). Ans. <a+h) 

a-e c2(a - e) 
M TV dx-ax? . ax(a—x) 10. Divide by ac + e x. Ans. — _n 9n c" 

CASE II. 
146. To divide an entire or a fractional quantity 

by a fraction. 

1. Divide a by - • 
c 

S O L U T I O N . a divided by b equals —; but since tlie APFT? A UxU'lvAllOiii 
divisor is b divided by c, the quotient must be e times as b ac 

a ac a-h--
or — x e = —- • e 

b b 

OJ C 

2. Divide - by - • 
b d 

Sol U T I O N . — divided by C equals —— (Prin. 2, Art. O P E R A RION. b bxc . , . . , , , 7 ,, a 6 ax d 129): but since the divisor is c divided by cl, the quo- --i - =•-'' a b a b x o 
dent must be d times as great, or x d, which equals 7 bxc _"" 
axd ad be , or — • bxc be 

S O L U T I O N 2D. From Art 135, Prin., ^ = O P E R A T I O N . 

CL G * 

and also | = c d _ 1 i a b ~ l d l v i d e d c d ~ l ^ u a l 3 b + d T * ^ 
ab-1 . . . , ad _ ab'1 ad 
— . w h i c h e q u a l s - - be 

By inspection, we see that the same result can be obtained by inverting 
tlie terms of the divisor and multiplying; hence the following 

Rule.—Invert the terms of the divisor and proceed as in 
multiplication. 

NOTES.—1. When there are common factors in numerators and denomi-
nators, indicate the operation and then cancel common factors. 

2. If either term is a mixed quantity, reduce it to a fraction before 
dividing. 

E X A M P L E S . 

„ . , a2 62 , a2d 
3. Divide — by —• Ans. — 

c J d be 

4. Divide — by Ans. ^ 
cy xif ac 

c . . 4c3x, Bex2 , 4 ab 
5. Divide - - by Ans. — 

5ac J Sab 3a; 

6. Divide ( a - a ; ) by A n * ^ 
2a <5 

_ ., (a-x)\ a-x . 4 a 2 ( a - g ) 
7. Divide v ' by — - Ans. 

3c J 4a2 3c 
c a . Badx+cx 

8. Divide 3 a + - by — Ans. — 
d x ad 

b d , ae+b 
9. Divide a + - by a + - - Ans. 

c c ac4 a 



io. Divide ~ by — . A n . 2 a ( a + l ) 
2a 4a2 Ans-

12. D i v i d e ^ by 
oa bao 5C 

13. Divide by ^ „ 2 12 ^ , 7 xi/fco. • . 

14. Divide 1+ - by 1 A n s _ 
x x ' x-1 

15. Divide l + | by A m , £ 

16. Divide ^ by 
« 2 - 1 a ~ 1 ' ( a + l ) ( » + 2 / 

a+ax a+x ' a ( a _ j ) ' 
IE TV -J £2+3a; + 2 . a;2+a; O 18. Divide — b y avv - i , 1 

x+B y x+B Am- 1+~' 
10 TV - j z 2 - 5 : e + 6 , x-2 19. Divide — b y A n s 

» + 4 x2+x-12 1 

20. Divide by 

COMPLEX FRACTIONS. 
1 4 7 . A Complex Fraction is one in which, the numerato! 

or denominator, or both, contain a fraction. 

1. Eeduce — to a simple fraction, c 1 

^ OPERATION 
• a 

S O L U T I O N . This complex fraction may be regarded as b a c 
an expression of f divided by which equals - x - or - b + d 

d b e d ad 
a d ad 

SOLUTION 2 D Sir.ce multiplying both terms of a frac- O P E R A T I O N . 

tion by the same quantity does not change its value (Prin. a
x b d 

3, Art. 129), if we multiply both terms of the complex b _ad 
fraction by the least common multiple of their denomina- c ^ be 
tors, b and d, we will have the complex fraction equal to d 
ad 
be' 

Rule.—Divide the numerator by the denominator, as in division; 
Or, Multiply both terms of the complex fraction by the least 

common multiple of their denominators. 

E X A M P L E S . 

2. Reduce — to a simple fraction. Ans. ~ • x 1 
cx 

2a+2 

z 
2 a 2 

C3 ^ Ctf) 
3. Reduce — to a simple fraction. Ans. •—- • 

4ax 2 c2x 
be 

a b 

4. Reduce ——^ to a simple fraction. Ans. a ^ 
1 + -a 
, 1 

( n 
5. Reduce to a simple fraction. Ans. \ <N 

1 c(a2+1) 
O H — 

a 

i c + i 

6. Reduce to a simple fraction. Ans. 7 
I e 1 o-l 

e+1 
a + b 

7. Reduce ——— to a simple fraction. Ans. -—-
a - b2 a-b 
x2 — y2 



1 - - - 1 8. Reduce 1 - . — - to a simple fraction. Am. 
1 + i a + 1 

a 

9. Reduce — t o a simple fraction. Ám. ri+1. 
1 -

n 

i 6 a —1+-
10. Reduce t o a s i m p l e f r a c t ; o n . A m > ^ z i . 

a —2+—^— «-5 
a—6 

V A N I S H I N G F R A C T I O N S . 

1 4 8 . A Vanishing- Fraction is one which reduces to the 

form - when certain suppositions are made. 

T h u S ' w h e n x = 1 > becomes or So, also, — w h e n x 1
 o 1 - 1 0 a - a ; 

a = £ becomes equal to - -
0 

P R I N C I P L E . — Vanishing fractions contain a common factor in 
the numerator and denominator, which reduces to zero when a 
special supposition is made. 

Thus> ~Z 7 b 7 factoring becomes fo ~1H® + 1) i n w h i c h t h e f t x—i x—1 ' 

x—1, is common to both terms, and is equal to 0 when x = l. 

a2 — x2 
1. Find the value of when a = x. a-x 

SOLUTION. If we substitute a for x, we OPERATION. 

will have ^ ; but factoring the numerator and a * ~ x 2 = „ 
i. ... , , , a-x a-x 
Dividing by the denominator, we have the a+x = 2a 
fraction equal to a+x. Substituting the 
value of x, we have a+a, or 2a. Hence, the value of the giren frac-
tion when a = x is 2a. 

Rule.— Cancel the common factor which reduces to zero, and 

then make the supposition which reduced the fraction to 

E X A M P L E S . 

X2—l • 
2. F ind the value of when x = 1. 

x3— 1 
3. F ind the value of ' when x = l. 

/£'' QJ 

4. Find the value of ' when x = a. 

5. Find the value of '—-— when x = a. 

6. Find the value of 

7. Find the value of 

8. F ind the value of 

_}_ \ Q 
9. Find the value of —— — when x = 3 

10. Find the value of 

r/y* ^ 
11. Find the value of — when x = a. 

REVIEW QUESTIONS. 
Define a Fraction. The Terms. Numerator. Denominator. A Mixed 

Quantity. State the principles. What is the sign of a fraction ? State 
the principles of the signs. 

Define Reduction of Fractions. State the cases. The rule for each 
case. Define Addition. Subtraction. Multiplication. Divison. IIow 
many cases in each ? Give the rule for each case. How is a quantity 
changed from one term of a fraction to another ? 

Define a Complex Fraction. Give the rule for the reduction of complex 
fractions to simple fractions. Define a Vanishing Fraction. When does 
a fraction become a vanishing fraction ? How do we find the value of a 
vanishing fraction ? 



S E C T I O N S V . 

SIMPLE EQUATIONS. 
1 4 9 . A n Equation is an expression of equality between 

two equal quantities. Thus, 2a;+4 = 20 is an equation. 
1 5 0 . The First M e m b e r of an equation is the quantity on 

the left of the sign of equality. 

1 5 1 . The Second Member of an equation is the quantity 
on the right of the sign of equality. 

1 5 2 . A Numerica l Equation is one in which the known 
quantities are expressed by figures; as, 3 a ; - 4 = 17. 

1 5 3 . A Literal Equation is one in which some or all of 
the known quantities are expressed by letters; as, 2 x - a = b. 
OTX-2 = b. • 

1 5 4 . An Identical Equat ion is one in which the two mem-
bers are the same, or will become the same by performing the 
operations indicated; as, 3a; + 1 = 3a; +1 ; or, Sx+a = 2x+2a+x-a. 

1 5 5 . The D e g r e e of an equation containing but one un-
known 

quantity is determined by the highest power of the 
unknown quantity. 

1 5 6 . A Simple Equation, or an equation of the first degree, 
is one in which the first power is the highest power of the 
unknown quant i ty; as, x + a = b. 

1 5 7 . A Quadratic Equation, or an equation of the second 
degree, is one in which the second power is the highest power 
of the unknown quanti ty; as, x2 + ax = b, or ar = a. 

1 5 S . A Cubic Equation, or an equation of the third degree, 
is one in which the third power is the highest power of the 
unknown quant i ty; as, xi+4xt+3x = 8. 

NOTE.—The symbol = was introduced by Robert Recorde, who gave as 
his reason for it that " noe 2 thynges can be moare equalle" than two 

• parallel lines. 
9fi 

T R A N S F O R M A T I O N O F E Q U A T I O N S . 

1 5 9 . The Transformation of an equation is the process 
of changing the terms without affecting the equality of the 
i)"i embers. 

160. Equations may be transformed by means of the fi.l 
(owing axiomatic principles: 

PRINCIPLES. 

1. The same or equal quantities may be added to both members 
tf an equation. 

2. The same or equal quantities may be subtracted from both 
members of an equation. 

3. Both members of an equation may be multiplied by the same 
or equal quantities. 

4. Both members of an equation may be divided by the same 
or equal quantities. 

5. Both members of an equation may be raised to the same power. 
6. Both members of an equation may have the same root 

extracted. 
161. I n the transformation of equations there are two prin-

cipal cases— 

1. Clearing of fractions: 2. Transposition of the terms, 

CASE I. 
162. To clear an equation of fractions. 

1 Clear — - — = - of fractions. 
4 3 6 

SOLUTION. The least common multiple of the denomi-
nators is 12; multiplying both members of the equation by 
12, we have 9a;-8.T = 10; hence, multiplying both mem-
bers of the equation by the least common multiple of the 
denominators clears it of fractions and does not change the 
«quality of the members. (Prin. 3.)' 

9 

OPERATION. 
3 £ = 2 £ = 5 
4 3 6 
9a;- 8a;-10 



Rule .—Mul t ip ly both members of the equation by the least 
common multiple of the denominators, reducing fractional terms to 
integers. 

NOTES—1. An equation may be cleared of fractions by multiplying 
eacli term by all the denominators. 

2. If a fraction has the minus sign before it, the signs of all the terms 
of the numerator must be changed when the denominator is removed. 

I ' a 

i i i l t l i 

. EXAMPLES. 

Clear the following equations of fractions : 

2. 
2 3 3 

3 + 4 ~6* 

4 3® 5® _ 7 

5. 
2 6 3 

a X Ct + X 
o. — a + 6 = 

3 6 

7. - f — 6 - i . 
a-b 2 

g ax bx _ cx — dx 
' 3 4 = <T~ ' 

2x 3a; 
9. — = 4 . Ans. 2ax - 2bx - Sax - 35® = 4a2 - 4b\ 

Ans. Sx + 2x = 10. 

Ans. 8®+9® = 10. 

Ans. 18®- 20« = 21. 

Ans. Sx+x = 24 — 2®. 

Ans. 2 ® - 6 a + 3 6 = a+®, 

Ans. 2x -2ab + 2b' = ac-be. 
\ 

Ans. 4ax - 3bx = 2cx - 2dx. 

10 

11. 

a + b a— b 
Sx-4 

2 - 3 a - 1 . 
a 

x -r 1 x — 1 3a 

12. • 

x - l X + l X2 - 1 

X 

2 
2 - Ï 

Ans. Sx-4 = 2 a - 3. 

Ans. (x+iy-(x-l)2 - 3a. 

Ans. 8 - 2a: - 2x - x. 

13. — = Ans. 7(®+3)2 - 7(® - 3)2 = 48(®2 -
a ; - 3 ® + 3 

C A S E I I . 

163. To transpose tlie terms of an equation. 

164. Transposit ion is the process of changing a term from 
one member of an equation to the other without affecting the 
equality of the members. 

1. In x+b = a, transpose b to the second member. 
7 „ , , , , . , O P E R A T I O N . 

SOLUTION. Subtracting b from both members, which x+b — a 
does not affect t he equality of the members (Pr in . 2, b — b 
Art. 160), we have x = a—b. " x = a—b 

2. In ax — a = bx + c, transpose a and bx. 
' 1 O P E R A T I O N . 

SOLUTION. Adding a to both members and sub- ax — a = bx + e 
t rad ing bx from both members, which, according to a = a 
Prin. 1 and 2, will not affect the equality of the ax = bx+a+e 
members, we have ax—bx = a+e. bx = bx ax—bx=a+c 

In both of these examples we see tha t in changing a quanti ty from one 
member to the other, the sign of the quantity is changed; hence the follow-
ing rule. 

R u l e . — A term may be transposed from one member of an equa-
tion to the other, i f , at the same time, the sign be changed. 

E X A M P L E S . 

In the following examples transpose the known terms to the 
second member and the unknown terms to the first member : 

3. 2 c = a. Ans. 2x = a-c. 
4.3x-2 = x + 4. • Ans. Sx-x = 4-v 2. 
5. 5x + b = 3®+a. Arts, ox - 3® = a -- b. 
6. 3a - 2b = 6® - ax. Ans. ax - 6® = 2 b - 3a. 
7. a 2 - a 2 ® - a r a = 3®2. Ans. — 3®2 - a2® = an - a2. 
8. axt+5ac -2a = cx. Ans. a®2 - cx = 2a - 5ac. 

ft n . a-b _ 6 ® 2 - ® , 0 , 6 ® 2 - ® _ a-b 
9. 2®1 5a+ Ans. 2®2 — = 5a + — • 

2 3 3 2 



S O L U T I O N O F S I M P L E E Q U A T I O N S , 

C O N T A I N I N G O N E U N K N O W N Q U A N T I T Y . 

1 6 5 . The Solut ion of an equation is the process of finding 
the value of the unknown quantity. 

1 6 6 . The Root of an equation is the value of the unknown 
quantity, 

1 6 7 . To V e r i f y the root of an equation, we substitute its 
value for the unknown quantity and reduce the members to 
identity. The equation is then said to be satisfied. 

NOTE.—The solution of an equation is often called the reduction of the 
equation. To reduce an equation is therefore to solve it. 

CASE I. 

N U M E R I C A L EQUATIONS. 

1. F ind the value of x in the equation 3a; — 4 = 12 — x. 
SOLUTION. Transposing the unknown terms to the 

first member and the known terms to the second mem-
ber, we have 3a;+a; = 12 + 4; uniting the terms, we 
have 4a; = 16; dividing by the coefficient of x, we have 
a; = 4. 

V E R I F I C A T I O N . Substituting for x its value in the 
given equation, we have 3x4 —4 = 12 —4 ; reducing, we 
have 8 = 8; and since this is an identical equation, the 
roof is verified. 

• x 5 1 2. F ind the value of x in the equation -1 2 6 2 

SOLUTION. Clearing the equation of fractions by mul-
tiplying by 6, we have 3a; — 5 = 3 + a;; transposing the 
terms, we have 3a; — x = 3 + 5; uniting the terms, we 
have 2x = 8; dividing by the coefficient of x, we have 
a;=4. 

VERIFICATION.—Substituting the value of x in the 
equation, we have f — f = I + f ; reducing, we have = £; 
and since this is an identical equation, the root is 
verified. 

OPERATION. 

3a;—4 = 12 —a; 
3x+x=12 + 4 

4a; = 16 
x = 4 

V E R I F I C A T I O N . 

3 x 4 - 4 = 1 2 - 4 

x 
6 
OPERATION 

2 6 2 + 6 
3a; - 5 = 3 + x 
3a; — a; = 3 + 3 

2a; = 8 
a; = 4 

V E R I F I C A T I O N 

t - t - H t 
t = i 

Rule.—I. Clear the equation of fractions, if necessary. 
II . Transpose the unknown terms to the first member of the 

equation and the known terms to the second member. 
I I I . Reduce each member to its simplest form, and divide both 

members by the coefficient of the unknown quantity. 
To verify the resul t : Substitute the value of the unknown quan-

tity in the equation, and if the members are identical the result is 
correct. 

NOTES.—1. It is sometimes advantageous to transpose and make some 
reductions before clearing of fractions. 

2. When the coefficient of the unknown quantity is negative we may 
multiply both members by —1, or divide by the negative coefficient. 

Ans. x = 2. 
Ans. x = 3. 
Ans. x = 2. 
Ans. x = 4. 
Ans. x = 5. 
Ans. x = 6. 
Ans. x = l. 

Ans. x = 12. 

Ans. x — I Y J . 

Ans. x = 12. 

Ans. x "2. 

Ans. x-=". 

Ans. a; = 2. 

Ans. x = 14. 

EXAMPLES. 

3. Given 4a;+ 6 - 2a;+10, to find a;. 
4. Given 5a;+4 - 2a; = 10+x , to find x. 
5. Given 18 — 3a; = 5a;+2, to find x. 
6. Given 7a;+6 = 5a;+14, to find x. 
7. Given 4a; - 1 7 = 4a;+13 - 6a;, to find x. 
8. Given 2 1 - 1 2 = 5a; - 30, to find x. 
9. Given 6a;+16 = 9a ; -5 , to find x. 

CC 2/ 
10. Given - + - = 5£+4§, to find x. 

2 3 

11 Given - — - + - = 2, to find x. 
3 4 5 

12. Given - — - + 3 = -+42-, to find x. 
2 6 5 ° 

.13. Given — + - - =—•+1A-, to find x. 
5 6 5 1 0 

14. Given - — — = — - I IA-, to find x. 
7 4 6 1 2 

15. Given 4(a ;+l ) = 3(a;+2), to find a;. 

16. Given — + - — - •= ^ + 1 - 1 0 , to find x. 



» + 3 » . »— 5 „ , 
17. G i v e n — - + - = 4 — , to find ». Am.x-

Z o 4 
2x — 4 3af-5 

18. Given x+—-— = 1 2 - — - — , to find x. Ans. x = 5. 
o 2 

19 Given + ̂  = 12 — — > to find x. Ans. x = 14$ 
6 2 3 

OA n- 3x-5 , . . . 20. Given — — — - + t o find x. Ans. x - 28. 
A o 12 

CASE II. 

LITERAL EQUATIONS. 

1. Given ax+bx = ac+bc, to find x. 
O , O P E R A T I O N . 
¡SOLUTION. Factoring both members of equa- ctx+bx = ac + bc ILL 

tion (1), we obtain equation (2); dividing by (a + b\-r-(n + h^ 9 
(a+ 6), the coefficient of x, we obtain x = c. ^+0)x (a+b)e 2 

x = c (3) 

EXAMPLES. 

2. Given cix+bx = an + bn, to find ». Ans. » = 

3. Given ax+d = c-bx, to find x. Ans. x = 
a + b 

4. Given «» - e = ne - x, to find x. Ans. a; = c 

5. Given mx-n = nx+m, to find Ans. a = m + W 

m — n 
6. Given nx+m = mx+n, to find x. Ans. » = 1 

* 

7. Given a»+6 = - + - , to find x. Ans. x = ^ 
a b ¿(a2—1) 

8. Given 5 + - ® - . ° to find ». Ans. 
a b-a b + a " " 6(6 +a) 

1 — x 1 1 9. Given = 1 — , to find x. Am. x •• 
1+x e " " 2 c - 1 

x 10. Given x+a , to find x. Ans. x 
a + x 2 

a 

aG 
11 Given (a+») (6 -I ») - a(b + c) = — 4 x\ to find x. 

b A ac 
Ans. x 

«r. a + b ^ + C x t> J 
12. Given + , to find x. 

a-x c-x a-x a6+26c + ae 
Ans. x = — e+; 

S P E C I A L A R T I F I C E S . 

BOS. The solution of a problem may often be abridged by 
the use of particular operations, called Artifices. 

CASE I 

169. Uniting terms before clearing of fractions. 

1. Given — +12 = — +15, to find x. 
5 4 O P E R A T I O N . 

4x 3» 
SOLUTION. Transposing the 12 and uniting -^+12 = — + 15 (1) 

•he terms, we have equation (2) ; clearing of 
fractions, we have equation (3); transposing and 
uniting terms, we have x = CO. 

EXAMPLES. 

2. Given 2x - 4 = - + 2, to find ». 
2 

CC CC CC 
3. Given — 6 + - = - + 2, to find x. 

2 3 6 

4. Given — + — - I f = ̂  +174-, to find x. 
4 5 5 

5 Given - - —-r— -a = 2 a, to find x. 

— = — + 3 (2) 
5 4 W 

16»—15»+60 (3) 
» = 60 

Ans. » = 4. 

Ans. » = 12. 

Ans. ».= 20. 

, 8a2 

Am. 
3 — a 

6 Given — - 34 +13 = 1 3 U - — . to find ». Am. x = 3. Q A 3 * " 4 
3» » 

7 Given——44-+a = a + - + l , to find ». vins. » = 10. 
4 5 

8 Given '2ax + 3m - \cx = ax+2m+|-c®+n, to find ». 

Am. 
n — m 

a - e 



9. Given Box - 2bx - {-c - \mx = f c + \ m x - n - bx+2a«, to find 4 

Am. « = c ~ n -
a - b- vi 

CASE II. 
170. Indicating some of the operations. 

X X X 
1. Given - + - + - = 47, to find a. 

o 4 o 
S O L U T I O N . We multiply both mem- OPERATION. 

bers by 60, the least common multiple of x x x 
the denominators, indicating the operation 3 + 4 + 5 = 4 ' 
in the second member, and obtain (2); re- 20«+ 15a: + 12a: = 47 x 60 (2) 
ducing, we have (3); dividing by 47, we 47a;=47x60 (3) 
have (4). a ; = 6 0 ( 4 1 

EXAMPLES. 

2. Given X- + 1 + ^ = 26, to find a;. Am. x = 24. 

3. Given 5 + | + ± _ 4 5 > t o find ^ A n & x = ^ 

4. Given \x+lx+\x = 42, to find x. Ans. x = 60. 

5. Given 3 « + y + ~ = 54, to find x. Am. x = 12. 

CASE I I I . 
171. .Substituting some other unknown quantity 

for a common expression. 

1. Given « + 2 + 3 ( « + 2 ) ~ ^ - j - ? + 1 5 , to find «. 

OPERATION. 
* 9 

S O L U T I O N . Let y represent « + 2 ; » + 2 + 3 ( » + 2 ) — ^ = ' + i 5 (1) 
substituting y for a;+2, we have equa- w + o . . 2/ 
tion (2) ; uniting terms, clearing of frac- J J 4 
tions, etc., we have the equation y = 4\ 4 y = ^ + 1 5 n i 
buty — x+2; hence .r-t 2 = 4, from which 4 ( } 

we h a v e a; = 2. y = 4 (4) 
. \ 3 + 2 = 4 (5j 

x=2 Ans. ( 6 ) 

2. Given « + 3 + 2(«+3) = 18, to find x. Am. x-S. 
„ « + 4 3(x + 4) 4 ( « + 4 ) . . A „ . 
3. Given — - = to fine «. 

2 4 5 
Am. x=~5. 

4. Given - — + - — - — — = • § ( « - 5 ) + 14, to find x. 
3 4 

Am. x = 65. 
_ 2® + 4 a - B « + 2 0 1 . , . OQ 5. Given — — = — — + o f , to find x. Ans. x = 23. 

3 4 3 

6. Given X ^ C — C = - | («+e) - c, to find a;. J.?is. x = ~ • 

CASE IV. 
172. Separating and unit ing terms before d e a l -

ing of fractions. 

, 5a;+ 4 6a ; - 8 1 0 « - 5 3 t . , 
1. Given — — = — to find x. 

4 5 a ; - 2 0 8 8 

OPERATION. 

5a;+4 6a;- 8 _ 1 0 « - 5 3 . 
SOLUTION.—Separating the terms, 4 5a;—20 8 8 

we have equation (2); transposing 5a; , ̂  6a;— 8 _ 10a; 5 3 
and reducing, we have equation (3); 4 5a; — 20 8 8 S 
clearing of fractions, we have equa- 6a:— 8 
tion (4); transposing, uniting terms ~ 5a; —20 
and dividing by 4, we have equa- 10«—40 = 6«—8 (4) 
tion (6)- 4a; = 32 (5) 

« = 8 (6) 

NOTE.—Considerable labor is saved by this artifice. Let the pupil 
wive the problem by the ordinary method and observe the difference. 

_ 7 - 9 a ; 1 2 - 4 « 1 5 - 6 « 7 . . 
2. Given = —> to find «. 

12 5 - 3 « 8 24 
JA.IXS % —- 2 * 

0 r i . 6« —15 10«—17 4 « - 1 5 2 . . 
o Given +—> to hnd «. 

9 15 3 - 2 « 15 
j\.7lS. X = 4 | " . 

, « - 1 6 1 7 - 4 « 5« 4 - 2 6 « 3« . , 4. Given »to find «. 
18 9 7 3 2 - 1 7 « 14 

Ans. x - 4. 



PROBLEMS IN SIMPLE EQUATIONS. 
4 7 3 . A Problem is a question requiring some unknown, 

result from things which are known. 

8 7 4 . The So lut ion of a problem is the process of finding 
the required unknown result. 

1 7 5 . The solution of a problem in Algebra consists .of two 
distinct parts— 

1st. The formation of the equation; 
2d. The solution of the equation. 

1741. The M e t h o d of So lv ing a problem cannot be stated 
by any general or precise rule. The following directions may 
be of some value: 

1. Represent the unknown quantity by one of the final letters of 
the alphabet. 

2. Form, an equation by indicating the operations necessary to 
verify the result were it known. 

3. Solve the equation thus derived. 

NOTE.—The formation of the equation is called the concrete part of 
Oie solution; I he reduction of the equation the abstract part. The first part 
5s also called the statement of the problem. It is merely a translation of 
the problem f w n common into algebraic language. 

PROBLEMS. 

CASE I. 
1. A farmer bought a cow and a horse for 8375, paying 4 

times as much for the horse as for the cow; required the cost 
of each. 

SOLUTION. Let x represent the cost 
A the cow ; then, since he paid 4 times 
as much for tiie horse as for the cow, 4a; 
will represent the cost of the horse; and 
since both cost $375, we have the equa-
tion a;+4a; = 375; uniting the terms, we 
have 5a; = 375; dividing by 5, we have 
x = 75; and multiplying by 4, we have 
4a = 300. Hence, the cow cost $75, and the horse 

O P E R A T I O N . 

Let a; = the cost of the cow. 
Then 4a; = the cost of the horse, 

a;+4a; = 375 (1) 
5a; = 375 (2) 
a; = 75, cost of cow. (3) 

4a; = 300, cost of horse (4) 

2. The income of A and 13 for one month was $1728, and 
B's income was 3 times A ' s ; required the income of each. 

Am. A's, 8432; B's, $1296. 
3. A tree, 96 feet high, in falling broke into three unequal 

parts; the longest piece was 5 times the shortest, and the other 
was twice the shortest ;• required the length of each piece. 

Ans. 1st, 12 f t . ; 2d, 24 f t . ; 3d, 60 ft . 
4. Divide the number represented by a into 3 parts, such 

that m times the first par t shall equal the second part, and n 
times the second par t shall equal the third part. 

. a ma mna 
Am. ; ; 

1+m+mn 1+m+mn 1+m+mn 

CASE II . 

1. A boy bought a book and a toy for $2.25, and the toy cost 
| as much as the book; required the cost of each. 

„ , OPERATION. 
SOLUTION. Let x represent the cost of T , . , , .„ o ^ , Let x = cost of book, the book; then will fa; represent the cost 

of the toy; and since both cost $2.25, we 
have the equation a;+fa; = 225. Clearing 
of fractions, we have 3x + 2x = 675; uniting 
the terms, we have ox = 675, from which _ 

, o nn TT x a; = 13o, cost of book. a-=13o, and fa; = 90. Hence, etc. „„ ' 
$x=90, cost of toy. 

Then fa; = cost of toy. 
a;+fa; = 225 (1) 

3a;+2a; = 675 (2) 
5x = 675 (3) 

2. A watch and chain cost $350; what was the cost of each 
if the chain cost £ as much as the watch ? 

Ans. Watch, $200; chain, $150. 
o. Divide $2782 among Harry , Harvey and Hinkley, so that 

Har ry may have f- as much as Hinkley, and Harvey f a8 
much as Harry . 

Ans. Har ry , $856; Harvey, $642; Hinkley, $1284. 
71 

4. Divide the number a into 2 parts, so tha t — of the first 
m 
ma na 

part shall equal the second p a r t Ans. 
m+n m+n 



CASE III . 

1. A man weighs 27 lbs. more than his wife, and the sum of 
their weights is 313 lbs.; required the weight of each. 

Ana. Man, 170 lbs.; wife, 143 lbs. 
2. An angler's pole and line measure 28 feet, and § of the sum 

obtained by increasing the length of the pole by 12 feet equals 
the length of the line; required the length of each. 

Ans. Pole, 12 f t . ; line, 16 ft . 
3. The sum of 3 numbers is 215; the first equals twice 

the second, increased by 15, and the second equals -f of the re-
mainder of the third diminished by 20; required the numbers. 

Ana. 1st, 95 ; 2d, 40 ; 3d, 80. 
4. Divide the number a into 2 parts, such tha t the second 

part shall equal ra times the first part, plus n. 
. 1 , a — n ma+n Ans. 1st, ; 2d, 

1+TO 1 + m 

CASE IV. 

1. A gentleman gave 6 cents each to some poor children 
had he given them 9 cents each, it would have taken 48 cent) 
more-; how many children were there ? 

S O L U T I O N . Let x equal the num-
O P E R A T I O N . 

Let x = number of children ; 
then 6« = what he gave them ; 
and 9.» = what he would have given 

(1) 
(2) 
(3) 

dx-6x = 
3® = 48 

£ = 16 

ber of children ; then 6.T will equal 
what he gave them, and 9» will 
equal what he would have given 
them by giving them 9 cents each. 
Then, by the conditions of the prob-
lem, we have the equation 9.C — Gx 
— 48; uniting the terms, we have 
bx = 48, or »=16. Hence, there 
were 16 children. 

2. A man gave some beggars 10 cents each, and had 75 cents 
remaining; had he given them 15 cents each, it would have 
taken all his money; required the number of beggars. 

Ans. 15 beggars. 
3. A lady gave 60 cents to some poor children; to each boy 

Bhe gave 2 cents, and to each girl 4 cents; how many were, there 
of each, provided there were 3 times as many boys as girls ? 

Ans. 6 girls; 18 boys. 
4. A and B had equal sums of money; A bought sheep at 

$12 each, and had 840 remaining; B bought twice as many 
lambs at $8 each, and wanted $40 to pay for them; how much 
did each invest ? Ans. A, $240; B, §320. 

5. A man gave a number of beggars m cents each, and had a 
cents remaining; had he given them n cents each, he would 
have had b cents remaining; how many beggars were there, and 

b - a bm — an 
what was his money? A m Number, ; money, 

m-n m—n 

CASE V. 
1. A can do a piece of work in 6 days, and B in 8 days; in 

what time can they together do i t? 
SOLUTION. Let .» equal the time in O P E R A T I O N . 

Let a?=the time; 

which they together can do the work; 1 ^ ^ ^ ^ 

then^will equal what they both do in a j = w ] i a t A does in 1 day; 

day ; but A does \ of it, and B | of it, in \ - what B does in 1 day ; 
a day; hence, ] . + \ = b from which we t h e n - <$ + 8 = x 5 

6 b a 8»+6» = 48; 
find x = 3f days. x = 3i days. 

2. A pound of tea lasted a man and wife 3 months, and the 
wife alone 4 months; bow long will it last the man alone? 

Ans. 12 months. 
3. A can build a wall in 20 days, B in 30 days, and C in 40 

days; in what time can they together build it. Ans. 9y\ days. 
4. A can paper a room in J- of a day, B in £ of a day, and 

C in 1 of a day ; in what time will they do it working together? 
Ans. -} of a day. 

5. A can do a piece of work in a days, B in b days, C m c 
days; in what time can they perform it if all work together ? 

abc ^ 
Ans. — r ^ys-

ab + ac y be 
i n 



CASE VI. 
1. A man receives $4 a day for his labor, and forfeits S2 each 

day he is idle, and a t the end of 30 days receives $60 • how ' 
many days has he worked ? 

S O L U T I O N . 

Let x=number of working days, 
and 30 — x = number of idle days; 
then, 4x = sum earned, 
and (30-a:)2 = sum forfeited. 

Then, 4 x - 2 ( 3 0 - 3 ) = 60 
whence, x = 20, number of days he worked, 
a n d 30—x= 10, number of days he was idle. 

2. Fannie James agreed to carry 12 dozen eggs to a store foi 
£ cent each, on condition tha t she should forfeit 2 | cents for 
each one she b roke ; she received 26 cents; how many were 
broken? A n s 4 _ 

3. Francis receives §2.50 a day for his labor, and pays 50 
cents a day for his board, and at the end of 40 days has saved 
§50; how many days was he idle ? Ans. 12. 

4. A man receives $a a day for his labor, on condition tha t 
he forfeits $b eacli day he is id le ; a t the expiration of n days 
he has received 8c; required the number of working and idle 

days. Ans. W o r k i n g days, ; idle days, . 
a + b a + b 

CASE VII . 
1. The head of a fish is 10 inches long, the tail is as long as 

ihe head, plus | of the body, and the body is as long as the 
head and tail bo th ; required the length of the fish. 

S O L U T I O N . 

Let 3 = the length of the body, 

and 10 + | = the length of the tail. 

A 

Then, 3 = 10 + | + 10, by the last condition; 

whence, x = 40. the length of the body, etc. 

2. The head of a whale is \ as long as the tail, plus.3 feet ; the 
tail is as long as the body, p lus4 feet; and the body is twice as 
long as the head and tail ; what is the length of the whale ? 

Ans. 108 f t . 
3. The artillery of an army corps consisted of 60 men less 

than of the cavalry ; the cavalry consisted of 2040 men more 
than the artillery ; and £ of the infantry was 370 men less than 
the cavalry ; how many men were in the corps? Ans. 19,500. 

4. The head of a fish is a inches long ; the tail is as long as 
the head plus 1-nth of the length of the body ; and the body is 
as long as the head and tail ; what is the length of the fish ? 

Aan 
•Ans. --• 

n-1 
CASE V I I I . 

1. How far may a person ride in a coach, going at the rate 
of 10 miles an hour, and walking back at the rate of 6 miles 
an hour, provided he is gone 8 hours? 

S O L U T I O N . 

Let 3 = the distance he goes ; 
then — = time in going, 

and - = time in returning. 
x 

Then 4 + 7 = 8> e t c-10 6 

2. A steamboat, whose propelling ra te in still water is 15 
miles an hour, descends a river whose current is 3 miles an 
hour; how far may it go tha t i t may be gone but 10 hours? 

Ans. 72 miles. 

3. An equestrian rides 24 miles, going at a certain rate. H e 
walks back at the rate of 3 miles an hour, and is gone 11 hours. 
At what rate does he ride ? A m . 8 miles an hour. 

4. How far may a person ride in a stage-coach going a t the 
rate of a miles an hour, provided he returns immediately by 
railroad a t the rate of c miles an hour , 'and is gone n hours? 

acn 
Ans. 

a+o 



5. A steam-packet, whose propelling rate in still water is a 
miles an hour, descends a river whose current is c miles an 
h o u r ; h e ? fa r may it go tha t it may be gone n hours? 

A m ( g 2 ~ c > . 
2a 

CASE IX. 
1. E igh t men hire a coach to ride to Lancaster, but by taking 

in 4 more persons the expense of each is diminished b y $ £ ; 
what do they pay for the coach? 

S O L U T I O N . 

Let x = the sum to be paid; 
x 

then - = share of each by 1st condition, 

X and -pj = share of each by 2d condition. 
-rr x x 3 Hence, = — • 

8 12 4 

2. Fif teen persons engage a yacht, but, before sailing, 3 of 
the company decline going, by which the expense of each is 
increased. $ 2 | ; what do they pay for the yacht ? 

j Am. $150. 
3. A company of 15 persons engage a dinner a t a hotel for 

$15, but, before paying the bill, a number of them withdraw, by 
which each person's bill is augmented ; how many with-
draw ? Ans. 5 persons. 

4. A number of persons, n, hire a coach to ride, but, by 
taking in m more persons, the expense of each is diminished 

a dollars; what do they pay for the coach? Ans. (-n*+nm)a. 
m 

5. A number of persons, n, chartered a steamboat for an ex-
cursion, for which they were to pay $ a ; but, before starting, 
several of the company declined going, by which each person's 
share of the expense was increased $b; how many persons went 
and how many remained ? 

. w an . In2 

Ans. Went, i remained, 
. a + bn a + bn 

C A S E X . 

1. A, at a game of chess, won $120, and then lost \ of what 
he then had, and then found he had 3 times as much as at first; 
new much had he at first? 

S O L U T I O N . 

Let x = the sum at first; 
then §(» + 120) =3», etc. 

2. A person being asked his age, said that if his age were 
increased by its § and 2-f years, the sum would equal 4 times 
his age 13 years ago; what was his age? Ans. 21 yrs. 

3. A merchant lost $1400 of his stock, and the next year 
gained -f as much as remained of his stock, and then had f as 
much as at first; what was his original stock ? Ans. $2400. 

4. A, having a certain sum of money, found a dollars, and 
then lost 1-n.th of what he then had, and then found he had vi 
times as much as he had at first; how much had he a t first? 

An". - i f c H . 
mn—n+1 

C A S E X I . 

1. If 80 lbs. of sea water contain 2 lbs. of salt, how much fresh 
water must be added to these 80 lbs., so tha t 10 lbs. of the new 
mixture may contain ^ of a pound of salt ? 

S O L U T I O N . 

Let x = number of pounds to be added. 

Then, — = — . 
'80+® 60 

or » = 40. Ans. 

2. I n a mixture of silver and copper consisting of 60 oz. there 
are 4 oz. of copper; how much silver must be added tha t there 
may be -f oz. of copper in 12 oz. of the mixture? Ans. 12 oz. 

3. In a mixture of gold and silver there are 6 oz. of silver; 
and if 56 oz. of gold be added, there will be 10 oz. of gold to $ 
oz. of silver; how much gold was there a t first ? Am. 94 oz. 

NOTE.—In No. 2, let» = no. of oz. to be added ; then 4 (60 + ») = f 12. 
In No. 3, let » = no. of oz. of gold at first; then 6-H(»+56) = | - 1 0 . 

10* 



4. In a mixture of silver and copper there are 4 oz. of copper; 
and if 12 oz. of silver be added to the mixture, there will be 12 
oz. of the mixture to -f oz. of copper; how many ounces in the 
mixture? Ans. 60 oz. 

NOTE.—Let x = no. of ounces of the mixture; then 4 H- (X+ 12) = §•*•12. 
5. I f a lbs. of sea water contain b lbs. of salt, how much salt 

must, be added so that m lbs. of the mixture may contain n lbs. 

of salt? Ans. 
m — n 

CASE XII . 
1. Two men, A and B, in partnership gain $300. A owns f 

of the stock, lacking $40, and gains $180; required the whole 
stock and share of each. 

S O L U T I O N . 

x = the stock; Let 
then, 2« — 40 = A's stock, 

and - + 4 0 = B's stock. 
3 

Then 300 « = — = gain on $1, 
x 

and 120 n-/- + 4 o W - i ^ - = gain on $1. 
\3 / ^+40 

jT 300 Hence, — = 120 

¡ + 4 0 

from which we find x = 600, the entire stock. 

2. C and D in partnership gain $820; C owns $12,750 of the 
stock, and D's gain is $565 ; required the amount of stock that 
D owns. Ans. $28,250. 

3. Two men engage to build a boat for $84 ; the first labors 
6 days more than as many as the second, and receives $48 ; how 
many days does each labor ? Ans. 1st, 8 days ; 2d, 6 days. 

4. Two men, A and B, in partnership gain $a ; A owns 1-rath 
of the stock, lacking $b, and gains $c ; iequired the entire stock 

Ans. Stock, — and share of each. 
a-en 

CASE XIII . 

1. W h a t time of day is it, provided of the time past mid-
night equals the time to noon ? 

S O L U T I O N . 

Let x = the time past midnight, 
x 

and - = the time to noon, 
o 

Then, « + f = 12, etc. 
U 

2. .What is the time of day, provided y of the time past mid-
night equals the time past noon ? Ans. 9 p. M. 

3. W h a t is the hour of day when § of the time to noon equals 
the time past midnight? Ans. A. M. 

4. Required the hour of day if f- of the time past 10 o'clock 
A. M. equals ^ of the time to midnight. Ans. 4 p. M. 

5. W h a t time of day is it if -| of the time past 4 o'clock A. M, 
equals -£ of the time to 10 o'clock p. M. Ans. 2 p. M. 

6. W h a t time of day is it if 1-nth of the time past midnight 
12ft 

equals the time to noon ? Ans. —=—• A. M. 
n+l 

CASE XIY. 

1. A man being asked the time of day said, " I t is between 2 
and 3 o'clock, and the hour- and minute-hands are together;" 
what was the time ? 

S O L U T I O N . 

Let x = the d istance the minute-hand goes; 

then, = the distance the hour-hand goes. 
iZ 

I X Then, « — — = 10, the number of minute-spaces they are apart at 2 o'clock; 
12 

11« whence, —— = 10, and « = 10}?; .". it is 10J ° minutes past 2. 
12 

2. A man being asked the hour of the day replied, " I t is be-
tween 3 and 4 o'clock, and the hour- and minute-hands are 
k igether;' ' what was the time ? Ans. 1 6 ^ min. past 3 o'clock. 



3. A lady beii:g asked the time of day replied, " I t is between 
4 and 5 o'clock, and the hands of my watch are 5 minute-
spaces apa r t ; " what was the time? 

Am. 16-& min. past 4 o'clock. 
4. A companion of the lady also said, " B y my watch it is be-

tween 4 and 5 o'clock, and the hour- and minute-hands are 5 
minutes of time apa r t ; " what was the time by her watch? 

Ans. 16-j\ min. past 4. 
5. "What is the time of day if it is between m and m-v 1 

o'clock, and the hands of the clock are together ? 
Ans. 5x

5
t m min. past m o'clr-ck. 

6. W h a t is t he time of day if it is between m and m+1 
o'clock, and the two hands are n minute-spaces apar t? 

Ans. m i n . p a s t m o'cl.-'-k. 

CASE XV. 

1. A is 6 years old, and B is 5 times as o ld ; in how man) 
years will B be only 4 times as old as A ? 

S O L U T I O N . 

Let x = the number of years; 
then, 6 + x = A's age at that time, 
and 30+» = B's age at that time. 

Then, 4(6+») =30 + ®, etc. 
2. Jones is 10 years old, and Smith is 3 times as old; how 

long since Smith was 5 times as old as Jones? • Ans. 5 yrs. 
3. Mary is \ as old as her aunt, but in 20 years she will be 

\ as old; what is the age of each ? Ans. Mary, 10; aunt, 40. 

4. Six years ago B's house was 4 times as old as his barn, but 
2 years hence it will be only twice as old; how long has each 
been buil t? Ais. House, 22 yrs.; barn, 10 yrs. 

5 A is a years old, and B is 6 years old; in what time will 
nb - a 

A be times as old as B ? Arus. j-^- yr. 

6. A is in times as old as B, but in e years he will be n times 
as old as B ; required the age of each at present. 

mdn-Y) -r, c(n-1) 
Ans. A, — y r . ; B, yr. 

m-n m-n 

MISCELLANEOUS PROBLEMS. 

1. How many roses and pinks in my garden if there are 70 
¡>1' both, and the number of roses plus \ of the number of pinka 
equals 3 times the number of pinks ? 

Ans. 50 roses; 20 pinks. 
2. Five times a certain number, plus 60, equals 3 times the 

sum obtained by increasing the number by 60; what is the 
number ? Ans. 60. 

3. Divide the number 130 into 4 parts, so that each part is 
greater than the immediately preceding one by its 

Am. 16; 24; 36 ; 54. 
4. In an orchard £ of the trees bear apples, bear peaches, 

and the remainder, 24, bear p lums; how many trees are there 
in the orchard ? Am. 144. 

5. Find a number such that, if we add to it its the sum 
exceeds 60 by as much as the number itself is less than 65. 

Ans. 50. 
6. A lady has 2 purses; if she puts $12 in the first, the whole 

is worth 5 times as much as the second purse; what is the value 
of each if the first is worth twice as much as the second ? 

Am. 1st, 88; 2d, $4. 

7. In a mixture of copper and zinc, the copper comprised 
6 oz. more than \ of the mixture, and the zinc 4 oz. more than 
| of the copper; how much was there of each ? 

Am. Copper, 48 oz.; zinc, 36 oz. 

8. A young man received a fortune from England, and spent 
| of it. the first year, and -f of the remainder the following 
year, and then had only §6000 remaining; what was the for-
tune? Am. 825,000. 

9. A lady gave $2.10 to her pupils: to each boy she gave 3 
cents, and to each girl 5 cents; how many were there of each, 
provided there were 3 times as many boys as girls ? 

Am. 15 girls; 45 boys. 

10. A cistern has two supply-pipes, which will singly fill it 
in 4 and 6 hours respectively, and it has also a leak by which 



3. A lady beii:g asked the time of day replied, " I t is between 
4 and 5 o'clock, and the hands of my watch are 5 minute-
spaces apa r t ; " what was the time? 

Am. 16-& min. past 4 o'clock. 
4. A companion of the lady also said, " B y my watch it is be-

tween 4 and 5 o'clock, and the hour- and minute-hands are 5 
minutes of time apa r t ; " what was the time by her watch? 

Ans. 16-j\ min. past 4. 
5. "What is the time of day if it is between m and m-v 1 

o'clock, and the hands of the clock are together ? 
Ans. 5x

5
t m min. past m o'clr-ck. 

6. W h a t is t he time of day if it is between m and m+1 
o'clock, and the two hands are n minute-spaces apar t? 

Ans. min. past m o'cl.-'-k. 

C A S E X V . 

1. A is 6 years old, and B is 5 times as o ld ; in how man) 
years will B be only 4 times as old as A ? 

S O L U T I O N . 

Let x = the number of years; 
then, 6 + x = A's age at that time, 
and 30+« = B's age at that time. 

Then, 4(6+«) =30 + «, etc. 
2. Jones is 10 years old, and Smith is 3 times as old; how 

long since Smith was 5 times as old as Jones? • Ans. 5 yrs. 
3. Mary is \ as old as her aunt, but in 20 years she will be 

\ as old; what is the age of each ? Ans. Mary, 10; aunt, 40. 

4. Six years ago B's house was 4 times as old as his barn, but 
2 years hence it will be only twice as old; how long has each 
been buil t? Am. House, 22 yrs.; barn, 10 yrs. 

5 A is a years old, and B is 6 years old; in what time will 
nb - a 

A be n times as old as B ? Am. j-^- yr. 

6. A is in times as old as B, but in e years he will be n times 
as old as B ; required the age of each at present. 

mdn-Y) -r, c(n-1) 
Ans. A, — y r . ; B, yr. 

m-n m-n 

MISCELLANEOUS PROBLEMS. 

1. How many roses and pinks in my garden if there are 70 
if both, and the number of roses plus \ of the number of pinka 
equals 3 times the number of pinks ? 

Ans. 50 roses; 20 pinks. 
2. Five times a certain number, plus 60, equals 3 times the 

sum obtained by increasing the number by 60; what is the 
number ? Ans. 60. 

3. Divide the number 130 into 4 parts, so that each part is 
greater than the immediately preceding one by its 

Am. 16; 24; 36 ; 54. 
4. In an orchard £ of the trees bear apples, bear peaches, 

and the remainder, 24, bear p lums; how many trees are there 
in the orchard ? Am. 144. 

5. Find a number such that, if we add to it its the sum 
exceeds 60 by as much as the number itself is less than 65. 

Ans. 50. 
6. A lady has 2 purses; if she puts $12 in the first, the whole 

is worth 5 times as much as the second purse; what is the value 
of each if the first is worth twice as much as the second ? 

Am. 1st, $8; 2d, $4. 

7. In a mixture of copper and zinc, the copper comprised 
6 oz. more than \ of the mixture, and the zinc 4 oz. more than 
| of the copper; how much was there of each ? 

Ans. Copper, 48 oz.; zinc, 36 oz. 

8. A young man received a fortune from England, and spent 
| of it the first year, and -f of the remainder the following 
year, and then had only $6000 remaining; what was the for-
tune? Ans. $25,000. 

9. A lady gave $2.10 to her pupils: to each boy she gave 3 
cents, and to each girl 5 cents; how many were there of each, 
provided there were 3 times as many boys as girls ? 

Am. 15 girls; 45 boys. 

10. A cistern has two supply-pipes, which will singly fill it 
in 4 and 6 hours respectively, and it has also a leak by which 



it would be emptied in 8 hours ; in what time will it be filled if 
all flow together ? Am. 3f hours. 

11. An Englishman having bought some nutmegs, said that 3 
of them cost as much more than a penny as 4 cost him more 
than twopence half-penny; required the price of the nutmegs. 

Am. l- |d. each. 
12. Two persons, A and B, having received equal sums of 

money, A spent §25 and B $60, and then it appeared that A 
had twice as much as B ; required the sum each received. 

Am. $95. 
13. How many cows must a person buy at $24 each, that, 

after paying for their keeping at the rate of $1 for 12, he may 
gain $142 by selling them at $30 each ? Am. 24 cows. 

14. Find a number which being doubled, and 16 subtracted 
from the result, the remainder shall exceed 100 as much as the 
required number is less than 100. Ans. 72. 

15. There is a number such tha t the sum of its \ and i ex 
ceeds the sum of its \ and ^ by 19 ; required the number. 

Am. 120. 
16. Out of a cask of wine, from which \ had already been 

taken away, 24 gallons were afterward drawn, and then, being 
gauged, it was found to be half f u l l ; how much did it hold ? 

Am. 96 gals. 
17. A and B, traveling with $500 each,, are met by robbers, 

who take twice as much from A as from B, and leave B with 
three times as much money as A ; how much was taken from 
each ? Am. A, $400; B, $200. 

18. In a mixture of copper, t in and lead, \ of the whole, 
minus 161bs., was copper; ^ of the whole, minus 12 lbs., t i n ; 
\ of the whole, plus 4 lbs., lead; what quantity of each was 
there in the composition? Am. 128 lbs.; 84 lbs.; 76 lbs. 

19. A person agreed to do a piece of work on condition 
that he received $4 for each day he worked, and forfeited $1 
each day he was idle; he worked twice as many days as he 
was idle, and received $140; how many days was he idle ? 

Am. 20 days. 
20. The sum of $750 was raised by 4 persons, A, B, C and D ; 

B contributing twice as much as A, C twice as much as A and 
B, and D twice as much as B and C ; what did each contribute? 

Ans. A, $30; B, $60; C, $180; D, $480. 
21. A person borrowed a certain sum of money on interest at 

6% : in 12 years the interest received amounted to $140 less 
than the sum loaned; what was the sum loaned ? Ans. $500. 

22. A farmer has 128 animals, consisting of horses, sheep 
and cows; required the number of each, provided \ of the num-
ber of sheep, plus 12, equals the number of ccws, and £ of the 
number of cows, plus 12, equals the number of horses. 

Am. Sheep, 56 ; cows, 40 ; horses, 32. 
23. Divide the number 90 into 4 such parts that the first in-

creased by 2, the second diminished by 2, the third multiplied 
by 2, and the fourth divided by 2, may all be equal. 

' Am. 18; 22; 10; 40. 
24. A general drawing up his army in the form of a solid 

square, finds he has 44 men over; then increasing the side of 
the square by 1 man, he finds he lacks 225 men to complete the 
square; what was the number of men in the army ? 

Ans. 18,000 men. 
25. Said Mary to Wil l iam," Our purses "contain the same 

sum of money, but if you give me $60 and I give you $20, 1 
shall have 3 times as much as you;" how much had each? 

Ans. $80. 
26. A lady bought a number of eggs,, half of them at 2 for a 

penny, and half of them at 3 for a penny; she sold them a t t i e 
rate of 5 for twopcnce, and lost a penny by the transaction; 
what was the number of eggs ? Am. 60. 

27. There are three sisters, the sum of whose ages is 43^ 
years, and their birth-days are 2 \ years apart, respectively; 
what is the age of each ? Am. 12 yrs.; 14£ yrs.; 17 yrs. 

28. A t an election \ of the votes were cast for A, \ for B, and 
the remainder for C, and A's majority over C was 800; how 
many voted for each ? Am. A, 1200 ; B, 800; C, 400. 

29. A had twice as much money as B ; but after each had 
spent 1 of his money, and A had paid B $600, B had twice as 
much as A ; how much had each ? Am. A, 81500 ; B. $750. 



30. A, B and C can do a piece of work in 24 hours; how 
long will it take each to do it if A does \ as much as B, 
and B £ as much as C'? 

Ans. A, 168 lirs.; B, 84 hrs . ; C, 42 hrs. 
31. I f 10 men, 20 women and 30 children receive §424 for a 

week's work, and 2 men receive as much as 3 women or 5 chil-
l i en, what does each child receive for a day's work ? 

Ans. 80 cts. 
32. Said E to F , My age is 9 years greater than yours; but 

12 years ago my age was § of what yours will be 7 years hence; 
what was the age of each ? Ans. E's , 27 yrs.; F's, 18 yrs. 

33. From one end of a line I cut off 3' feet more than \ of it, 
and from the other end 6 feet less than i of it, and then there 
remained 25 feet; how long was the line ? Ans. 40 ft. 

34. In a bag containing eagles and dollars, there are 4 times 
as many eagles as dollars; but if 6 eagles and as many dollars 
be taken away, there will be left 6 times as many eagles as dol-
lars ; how many were there of each ? 

Ans. Eagles, 60; dollars, 15. 
35. A bright y ^ m g lady being asked her age by a gentleman 

who was "no t very smart at figures," said, "Twice my age 2\ 
years ago will equal 3 times | of my age 21 years hence;" what 
was her age? Ans. 17 i yrs. 

36. An English lady distributed 20 shillings among 20 per-
sons, giving 6 pence each to some, and 16 pence each to the 
rest; how many persons received 6 pence each ? 

Ans. 8 persons. 
37. A mason receives 8450 for building a wall ; if he had 

received $ l i more a rod he would have received for the entire 
work $540; how many rods of wall did he build? 

Ans. 75 rods. 
38. A man loans $8250, part at 5% and par t a t 6%; how 

much did he loan at each rate if he receives equal sums of 
interest for each part ? Ans. $4500; $3750. 

39. An army lost of its number in killed and wounded and 
5000 prisoners; it was then reinforced by 10,000 men, but 

retreating, it lost A of its number on the march, when there 
remained 60.000 men; what was the original force ? 

Ans. 80,000. 
40. Find two consecutive numbers, such that the fifth and 

the seventh of the first taken together shall equal the sum of 
the fourth and the twelfth of the second taken together. 

Ans. 35 and 36. 
41. A'person being asked the time of day, repl ied,"I t is be-

tween 3 and 4 o'clock, and the hour- and minute-hands of my 
watch are exactly opposite each other;" what was the time ? 

Ans. 4 9 ^ min. past 3. 
4 2. A colonel forms his regiment into a solid square, and then 

sending out a picket-guard of 295 men and re-forming the square 
finds there were 5 men less on a side; what was the number of 
men in the regiment at first ? Ans. 1024. 

43. A person being asked the time of day, replied,"The 
number of minutes it lacks of being 4 o'clock is equal to % of 
the number of minutes it was past 2 o'clock f of an hour ago;" 
what was the time? Ans. 25 min. of 4. 

44. A regiment consisting of 1296 men can be formed into a 
hollow square 12 men deep; required the number of men in the 
outer rank of a side. Ans. 39. 

45. A boatman who can row at the rate of 12 miles an hour 
finds that it takes twice as long to run his boat a mile up the 
river as to run the same distance down the river; what is the 
r a ^ '<f the current? Ans. 4 miles an hour. 

il 



S I M P L E E Q U A T I O N S , 

CONTAINING TWO UNKNOWN QUANTITIES. 

177. I n d e p e n d e n t E q u a t i o n s are such as cannot be do-
nved from one another, or be reduced to the same form. 

1 7 8 . The equations 4x+2y = 6 and 6z+3y = 9 are not inde-
pendent, since both can be reduced to the form 2x+y = Z. 

3 79. S i m u l t a n e o u s equations are those in which the un-
known quantities have respectively the same values. 

1 8 0 . To find the value of any unknown quantity in two 
equations of two unknown quantities, we must derive from them 
a single equation containing this unknown quantity. The pro-
cess of doing this is called Elimination. 

2 8 1 . E l i m i n a t i o n is the process of deducing from two or 
more simultaneous equations a less number of equations contain-
ing a less number of unknown quantities. 

1 8 » . There are three principal methods of elimination: 

1. By Substitution; 2. By Comparison ; 
3. By Addition and Subtraction. 

N O T E . There is a fourth method of elimination, called the method of 
Indeterminate Multipliers, due to the French mathematician Bezout The 
three methods given above, however, are all that are generally used in the 
solution of equations. 

C A S E I . 

E L I M I N A T I O N B Y SUBSTITUTION. 

1821. E l i m i n a t i o n b y S u b s t i t u t i o n consists in finding an 
expression for the value of an unknown quantity in one equa-
tion, and substituting it in another. 

1. Given the equations 2x + Zy = 12 and 3 ® + y - l l , to find the 
values of x and y. 

O P E R A T I O N . 

S O L U T I O N . From equation (1), by trans- a-p-i-f^ —11 (2) 
posing Zy and dividing by'2, we have eq. ———-
(3). Substituting this value of X in eq. (2), x= -- 3) 
we have eq. (4). .Clearing of fractions, we 2 

have eq. (5). Transposing and uniting ' — +y = 11 (4) 
terms, we have eq. (6). Dividing by —7, 
we have y = 2. Substituting this value of y 36-9y+2y=2-, o 
in eq. (3), we have eq. (8). Hence, in the 2 (7) 
given equations, x = 3 and y = 2. 

= ̂ _ 6 = 3 (8) 

NOTE.—In explaining, the pupil may read the equation instead of giv-
ing its number, as above. 

Ru le .—I . Find an expression for the value of one of the un-
known quantities in either equation. 

I I . Substitute this value for the same unknown quantity in the 
other equation, and reduce. 

NOTES.—1. Use first the equation which will give the simplest expres-
sion for the value of the unknown quantity. 

2. This method is especially appropriate when the coefficient of one of 
l^e unknown quantities is 1. 

E X A M P L E S . 

2. Given { J 8 " ! " ^ - ' } to find x and y. Ans. x = Z; y = 2. ¿x+óy — 1Z ) 

3. Given { / ~ ^ j to find x and y. Ans. x = 4 ; y = 2. ( x+4y = 12) J 

( 6x — 2w=2 1 
4. Given -I " !• to find x and y. Ans. x = 2 ; y = 5. (_ 2x -F 3y —19 J 

5. Given { ^ ^ , j to find x and y. Ans. x = 5 : y = 4. ( y+ 2x=l4 ) J y 

6. Given | ^ ' ^ j to find x and y. Ans. x = 7 ; y = 3. 

7. Given j , J^ ^ j to find x and y. Ans. x =~ 11 ; y - 7. 



124 S I M P L E EQUATIONS. 

8. Given j l ^ J . } to find « and y. Ans. x = 12; y = 6. 

to find x and y. Ans. x = 8; y = 6. 9. Given 

3x 5y_ 
4 2 ~ 

1L+1L 
2 3 

4x 3s " f + f = 21 ] 
10. Given ^ ^ > to find a; and 2. 

3 ~ = ~ 3 J .4?is. « = 15; 2 = 12. 

CASE II . 

ELIMINATION BY COMPARISON. 

1 8 4 . E l i m i n a t i o n b y C o m p a r i s o n consists in finding an 
expression for the value of the unknown quantity in each equa-
tion, and placing these values equal to each other. 

L Given {fx+
+Z=\l} to findend 

SOLUTION. Transposing 3y in equation ( 1 ) , 

and dividing by 2, we obtain (3). Transpos-
ing 2y in (2), and dividing by 3, we obtain (4). 
Quantities which are equal to the same thing 
are equal to each other; hence, we have (5). 
Clearing of fractions, we have (6). Transpos-
ing terms, we have (7). Uniting terms, we 
liave (8). Dividing by - 5 , we have y = 2. 
Substituting the value of y in (3), we have 
(10), Reducing, we have x = 3. 

O P E R A T I O N . 

2«+3J/ = 12 
3a,"+2;/ =13 

« = 

12-3y 

12-3y 
2 

. 1 3 - 2 y 
3 

13-2y 
3 

(1) 
(2) 

(3) 

(4) 

(5) 
36 -9^ = 26-4?/ (6) 

— 9^/+4y = 26 —36 
- 5 2 / = - 1 0 

2/ = 2. 
1 2 - 6 

« = : 

« = 3. 

(7) 
'S) 

(10) 

(11) 

Rule .—I . Find an expression for the value of the same un-
known quantity in each equation. 

I I . Place these values equal to each other, and reduce the result-
ing equation. 

E L I M I N A T I O N B Y ADDITION AND SUBTRACTION. 1 2 5 

E X A M P L E S . 

2. Given | ^ ^ j to find « and Am.x- 4; y - 2 . 

3. Given J to find s a n d y. Ans.x-5;y-3. 

4 Given { o
X + ? = 1

0 1 1 t 0 find a n d V• A n s . x - 8 - , y S . 

5. Given j ¿ I ^ I g } t o fiud fc a n d Ans. x-1-, y-1. 

6. Given ~ 3 } to find « and y. Am. x = G-, y = 9. 

7 Given -< 3 f > to find x and 2. Am. x = 6 ; 2 = 5. 
) —+—=4 
V.6 5 J 

Am. « = 12; y = 15 

r 2« _ 4 j / _ 

8. Given J ^ ^ V to find « and y. 

r 3 « - 2 ? / + 3 y = 1 6 ' 

9. Given J 5 ^ „,, V to find « and y. 
)2«-^y^- = llJ Ans..x = 5; y = 5 

/ bx - CYY | 

10. Given j 5 , % _ « 4 / = 7 f t 0 find * 
Ans. « = 6; 2/ =• 12. 

CASE II I . 

E L I M I N A T I O N B Y ADDITION A N D SUBTRACTION. 

185 . Elimination by addition and subtraction consists 
in adding or subtracting the equations when the coeflicients 
of one of the unknown Quantities are alike or are made 
alike. 



S I M P L E E Q U A T I O N S , 

2» 4 3^ = 12 
3.x + 2y = 13 1. Given 

O P E R A T I O N . 

2.?;+%= 12 (Ii 
3»+2//= 13 (2) 
6a:-i-9^ = 36 (3) 
6x + 4,1/ = 26 (4) 

5i/=10 (5) 

SOLUTION. Multiplying equation (1) by 3, and 
equation (2) by 2, to make the coefficients of x alike, 
we have equations (3) and (4). Subtracting (4) from 
13), we have by =10, from which y = 2. Substituting 
tke value of y in equation (1), we have (7), from 
which we find x=3 

2z + 6 = 12 

R u l e — I . Multiply or divide one or both equations if neces-
sary, so that the coefficients of one unknown quantity shall be the 
tame in both. 

I I . Add these equations when the signs of the equal coefficients 
are unlike, and subtract the equations when they are alike. ' 

N O T E S . 1 . If the coefficients to be made alike are prime to each other, 
multiply each equation by the coefficient of that quantity in the other 
equation. 

_ 2- T l l i s method is generally preferred in finding the value of one quan-
tity, the value of the other quantity beinf found by substitution. 

3x + 4y=l I 
4x+2y = Q j 

bx — 2y=\4 "I 
2x +3^ = 17 j 
3x+ 5y = 25 | 
2x+4y = 13 J 
3a;+% = 46 j 
6x—8y = 2 j 
15^-6» = 87 
9y +3x = 105 

x—y=ô j 

2. Given 

3. Given to find x and y. 

6. Given to find x and 

ax+by = ab 

2ax+3by = -
8. Given 

C^±l+6y = 2l ) 
9. Given -c J • V to find » and j . 

5xj Ans. x-4; y-3. 

r2x_- 8 3x-4y_2 

10. Given J „ 4 „ * 6 > to find » and y. |3»zj£+22/±6=14J Ans. x = 12-, 

MISCELLANEOUS EXAMPLES. 

1 8 6 . In the following examples the pupil will exercise hi? 

judgment which method to use : 

' (3x+4y = 24") Ang i 
L Q n " i 4 ^ = 25 }• ly-8. 

2. Given 

y=3. 

\ 3x+ 3y = 24 j U = 3-

5. Given 

x = a , 
y = b. 

Am. 
\x-y=2b) ' {y=a-b. 

t i y 

M g ? 

&x-7^ = 4 2 ) A n g ( 6 X - 7 ^ = 42 I A ( ^ = 5 
10. Given j 7 i C _ 6 v ^ 7 - 5 } - A n *- ( 2/= 



C « + 1 « - 1 _ 6 
11. Given ] y - 1 y y L Ans. 

x—y=\ \ ( .V=2. 

19. Given J a ^ I . 

l l+^J 

12 G i v e n V . ATUM 
y=6 J • (.V-5. 

13. Given j j ^ > • Am. 

U j J 

14. Given 
(«+2/ = a+Z> j 

15. Given J 
( ax — by = 2n j ^ 

16. Given ^ 

y=— i b 
ac— bd 

w-
ad— be 
a2—&2 

17. Given -I a + 6 ~ 2 f . j3 1 3"0 1 ' 

18. Given = 
( &«- «2/ = & j 

19. Given-< " Am. 

ab 
- + - = TO 

20. Given * ^ V- ^ 
- + - = n 

21. G i v e n j ( a + c ) a ; - ^ = ö c l 
(«+2/ = a + o ) 

PRACTICAL PROBLEMS. 

1 ^ 7 . Several of the problems in Art. 176 contained more 
than cine unknown quantity, but the conditions were such that 
they were readily solved with one unknown quantity. 

1 8 8 . In the following problems the solution is most readily 
effected by using a separate symbol for each unknown quantity. 

1 8 9 . In such problems the conditions must give as many 
independent equations as there are unknown quantities. 

CASE L 

1. A drover sold 6 lambs and 7 sheep for 871, and at the 
same price 4 lambs and 8 sheep for §64; what was the pric? of 
each ? 

O P E R A T I O N . 

S O L U T I O N . Let « = the price of the Let «= the price of lambs, 
lambs, and 2/ = the price of the sheep; and y — the price of sheep. 
then, by the first condition we have equa- 6x+7y = 71 (1) 
tion (1), and by the second condition we 4«+ 8?/ = = 64 (2) 
have eq. (2). Multiplying eq. (1) by 2, 12«+ 14 2/ = = 142 (3) 
we have (3). Multiplying (2) by 3, 12« + 24?/ = = 192 (4) 
we have (4). Subtracting (3) from (4), 102/ = = 50 (5) 
we have (5). Dividing by 10, we have y= = 5 (6) 
(6). From which we find « = 6. 6« + 35 = -71 (7) 

XR= -6 (8) 

2. A farmer hired 8 men and 6 boys one day for $36, and at 
the same rate next day he hired 6 men and 11 boys for §40; 
what did he pay each per day ? Am. Men, §3; boys, §2. 

3. A man paid §1.14 for 12 oranges and 13 lemons; but the 
pi ice falling he received Qnly 62 cents for 9 oranges and 11 
lemons; what was the price paid for each ? 

Arts. Oranges, 3 cts.; lemons, 6 cts. 
4. A man hired a men and b boys for $m, and at the same 

price c men and d boys for %n; what price did he pay each ? 
< ,md — nb , ,an — mc Am. Men, $ ; beys, § 



C A S E I I . 

1. There is a fraction such that 1 added to its numerator will 
make it and 1 added to its denominator will make it | ; what 
ie the fraction ? 

S O L U T I O N . 

Let — = the fraction. 

Then, by the 1st condition, a: + 1 1 
(1) Then, by the 1st condition, 

y 2' (1) 

and by the 2d condition, X 

y + 1 
_1 
"3 ' (2) 

Clearing (1) of fractions, 2x+2 =y (3) 
clearing (2) of fractions, Sx =y+1. (4) 
Subtracting (3) from (4), x-2 = 1; 
transposing, x = 3; 
substituting in (3) and reducing, y = 8; 

x 3 hence the fraction is " — =—. Ans. 
y s 

2. F ind a fraction such tha t if 2 be subtracted from the 
numerator the fraction will equal or if 2 be subtracted from 
the denominator the fraction will equal 1-. Ans. 

3. I f 4 be subtracted from both terms of a fraction, the value 
will be and if 5 be added to both terms the value will be f-; 
what is the fraction ? Ans. 

4. I f 1 be added to both terms of a fraction, its value will 
be I ; and if the denominator be increased by the numerator, 
and the numerator be diminished by 1, the value will be \ ; re-
quired the fraction. Ans. -fT. 

5. Required the fraction such that if the numerator be iu-
17b creased by a the result will equal —> and if the denominator be 
n 

increased by a the result will be —• An s. 
in cm [m, • - n) 

CASE II I . 

1. Required the number of two figures which, added to the 
cumber obtained by changing the place of the digits, gives 77, 
and subtracted from it leaves 27. 

S O L U T I O N . 

Let x = the tens' digit, 
and y = the units' digit; 
then 1 Ox +y = the number, 
and 10.y + x' = the number with digits inverted. 

Then, by 1st condition, \i)x+y + 10y+x = n, (1) 
and by 2d condition, 10̂ / + x --(10»+2/) = 27; (2) 
uniting terms in (1), llx+lly = 77 ; (3) 
dividing by 11, x+y = 7 ; (4) 
uniting terms of (2), 9(/ — 9x = 27 ; (5) 
di viding by 9, , y~z=3; (6) 
from (4) and (6), x = 2, and y = 5 ; 
hence the number is 2 tens and 5 units, or 25. 

2. Required a number of two figures which, increased by the 
number obtained "by inverting the figures, will equal 132, and 
which diminished by that number will equal 18. Ans. 75. 

3. A number consisting of two places being divided by the 
sum of its digits, the quotient is 4 ; and if 36 be added to it, 
the digits will be inverted; required the number. Ans. 48. 

4. There is a number which equals 5 times the sum of its two 
digits; and if three times the sum of the digits, plus 9, be sub-
tracted from twice the number, the digits will be inverted; re-
quired the number. A ns. 45. 

CASE IY. 

1. The amount of a certain principal a t simple interest, for a 
certain time, at 5%, is $260; and the amount for the same time, 
at 8%, is $296; required the principal and time. 



S O L U T I O N . 

Let x = the principal, 
and y - the time. 

Then, by the 1st condition, xy x y j - -+« = 260 (1) 
g 

By the 2d ccndition, z y x — + « = 296 (2) 

Whence, « = 200, the principal, and y = 6, the time. 

2. A certain sum of money on simple interest amounts in a 
certain time, at 6%, to $310, and at 10%, for the same time, to 
8350; required the time and principal. 

Am. Prin., $250 ; time, 4 yrs. 

3. The amount of a certain principal for 7 years, a t a certain 
rate per cent., is $810, and for 12 years, a t the same rate, is 
$960; required the principal and rate. 

Ans. Prin., $600; rate, 5 % . 

4. A certain sum of money, put out at simple interest, amounts 
in m years to a dollars, and at the sanje rate, in n years, to b dol-
lars ; required the sum and rate per cent. 

, an-bm 1 0 0 ( 6 - « ) Am. Prin., ; rate, 
n —vi an — bin 

CASE V. 

1. There are two numbers whose sum equals twice theii 
product, and whose difference equals once their product ; re 
quired the numbers. 

S O L U T I O N . 

Let « = the greater number, 
and y = the less number. 

Then, by the 1st condition, x -\-y = "2.xy (1) 
and by the 2d condition, x—y = xy (2) 
Adding (1) and (2), 2« = 3xy . 
Dividing by «, 2 = %y 
"Whence, y = § 
and « = 2. 

2. There are two numbers whose sum equals thr°.e times their 
product, and whose difference equals once their product ; what 
are the numbers ? Am. 1 and 

3. There are two numbers such that twice their sum equals 3 
times their product, and twice their difference equals once their 
product; what are the numbers ? Ans. 2 and 1. 

4. There are two numbers such that their sum equals 4 times 
their quotient, and their difference equals twice their quotient; 
what are the numbers? .4««. 9 and 3. 

5. There are two numbers whose sum equals a times «their 
product, and whose difference equals b times their product ; 

2 2 
what are their values ? Ans. - ; • 

a — b a + b 

MISCELLANEOUS PROBLEMS. 

1. A person buys 8 lbs. of tea and 3 lbs. of sugar for $2.64, 
and at another time, at the same rates, 5 lbs. of tea and 4 lbs. 
of sugar for 81.82; find1 the price per pound of the tea and 
sugar. Ans. Tea, 30 cts.; sugar, 8 cts. 

2. I f the greater of two numbers be added to -g- of the less, 
the sum will be 30, but if the less be divided by } of the greater, 
the quotient will be 3 ; what are the numbers? Ans. 25; 15. 

3. A said to B, " Give me $200 and I shall have 3 times as 
much as you ;" but B replied, " Give me $200 and I shall have 
twice as much as you ;" how much had each ? 

Am. A, $520; B, $440. 
4. A lady having two watches bought a chain for $20: if 

the chain be put on the silver watch, their value will equal ^ of 
the gold watch, but if it be put on the gold watch, they will be 
worth 7 times as much as the silver watch; required the value 
of each watch. Ans. Gold, $120; silver, 820. 

5. Find the fraction which becomes equal to -¡r when the 
numerator is increased by 1, and equal to \ when the denomi-
nator is increased by 1. Ans. jT>. 

6. Mary and Jane have a certain number of p lums: if Marv 
had 4 more she would have 3 times as many as Jane, but if she 



had 4 less she would have as many as J a n e ; how many has 
each ? Ans. Mary, 5 ; Jane, 3. 

7. A bill of £120 was paid in guineas (21s.) and moidorea 
(27s.), and the number of pieces of both kinds was just 100; 
required the number of pieces of each kind. Ans. 50. 

8. A boy expends 30 cents for apples and pears, buying his 
'apples at 4 and his pears at 5 for a cent, and afterward accom-
modates his friend with half his apples and one-third of his 
pears for 13 cents at the price paid ; how many did he buy of 
e a c h j Am. Apples, 72 ; pears, 60. 

A person rents 25 acres of land for £ 7 12s. per a n n u m : 
for the better par t he receives 8s. a n acre, and for the pborer 
part, 5s. an acre; required the number of acres of each sort. 

Am. 9 ; 16. 
10. I f 9 be added to a number consisting of two digits, the 

two digits will change places, and the sum of the two numbers 
will be 33 ; what is the number? Am. 12. 

11. Said A to B, " I f you will give me §20 of your money. I 
will have twice as much as you have, lef t ;" but says B to A, " I f 
you will give me 820 of your money, I will have thrice as much 
as you have lef t ;" how much had each ? Ans. A , $44; B, 852. 

12. A and B laid a wager of 820 : if A loses, he will have as 
much as B will then have ; if B loses, he will have half of what 
A will then have; find the money of each. 

Am. A, 8140; B, 8100. 
13. There is a number consisting of two figures which is 

double the sum of its digits; and if 9 be subtracted from 5 times 
the number, the digits will be inverted; what is the number? 

Ans. 18. 
14. Several persons engaged a boat for sailing: if there had * 

oeen 3 more, they would have paid 81 each less than they did . 
if there had been 2 less, they would have paid 81 each more 
than they d id ; required the number of persons and what each 
paid. Am. 12 persons; 85 each. 

15. A and B ran a race which lasted five minutes: B had a 
start of 20 yards, but A ran 3 yards while B was running 2, 

and won by 30 yards; find the length of the course and the 
speed of each. Ans. 150 yds.; A 30 yds. and B 20 yds- a min. 

16. I f a certain rectangular field were 10 feet longer and 5 
feet broader, it would contain 400 square feet more ; but if it 
were 5 feet longer and 10 feet broader, i t would contain 450 
square feet more: required its length and breadth. 

Am. 30 ft.; 20 ft, . 
17. A market-woman bought eggs—some at 3 for 7 cents, 

and some at two for 5 cents, paying 82.62 for the whole; she 
afterward sold them at 36 cents a dozen, clearing 62 cents ; how 
many of each kind did she buy? Ans. 48 ; 60. 

18. A and B ran a mile, A giving B a start of 20 yards at 
the first heat, and beating him 30 seconds; at the second heat 
A gives B a start of 32 seconds, and beats him 9 f T yards; a t 
what rate per hour does A run? Am. 12 miles. 

S I M P L E E Q U A T I O N S , 

C O N T A I N I N G T H R E E O R M O R E U N K N O W N Q U A N T I T I E S . 

1 9 0 . Equations containing three or more unknown quan-
tities may be solved by either of the methods of elimination 
already explained. 

5x+ y+ 3 = 6 

£+2y+3z=14 > to find x, y and z. 
2x + 3y+ z = 11 ) 

O P E R A T I O N . 

x+ y+ z = 6 (1) 
S O L U T I O N . Subtracting equation (1) from x+2y + 3z = 14 X 

equation (2), we have equation (4). Multiply- 2.T + 3y+ z= 11 (3) 
ing (1) by 2, and subtracting from (3), we have y + 2z = 8 (4) 
(5);. subtracting (5) from (4), we have (6); di- y- '«= - 1 (5) 
viding (6) by 3, we have z = 3; substituting the Sz = 9 (6) 
value of z in (4), we have 8. Transposing, we z= 3 (7) 
have y = 2; substituting the values of z and y in 2/ + 6 = = 8 (8) 
(1), we have (101: from which we have ® — l . y= = 2 (9) 

ar+2+-8.= 6 (10) 
x = •1 (IP. 



had 4 less she would have as many as J a n e ; how many has 
each ? Ans. Mary , 5 ; Jane , 3. 

7. A bill of £120 was paid in guineas (21s.) and moidorea 
(27s.), and the number of pieces of both kinds was jus t 100; 
required the number of pieces of each kiud. Ans. 50. 

8. A boy expends 30 cents for apples and pears, buying his 
'apples at 4 and his pears at 5 for a cent, and af te rward accom-
modates his fr iend with half his apples and one-third of his 
pears for 13 cents a t the price paid ; how many did he buy of 
e a c h j Ans. Apples, 7 2 ; pears, 60. 

A person rents 25 acres of land for £ 7 12s. per a n n u m : 
for the better pa r t he receives 8s. a n acre, and for the pborer 
part , 5s. an ac re ; required the number of acres of each sort. 

Ans. 9 ; 16. 
10. I f 9 be added to a number consisting of two digits, the 

two digits will change places, and the sum of t he two numbers 
will be 33 ; what is the number? Ans. 12. 

11. Said A to B , " If you will give me §20 of your money. I 
will have twice as much as you have, l e f t ; " but says B to A, " I f 
you will give me 820 of your money, I will have thrice as much 
as you have l e f t ; " how much had each ? Ans. A , $44; B , $52. 

12. A and B laid a wager of 820 : if A loses, he will have as 
much as B will then have ; if B loses, he will have half of wha t 
A will then have ; find the money of each. 

Ans. A , 8140; B, §100. 
13. There is a number consisting of two figures which is 

double the sum of its digi ts ; and if 9 be subtracted f rom 5 times 
the number , the digits will be inver ted; what is the number? 

Ans. 18. 
14. Several persons engaged a boat for sai l ing: if there had * 

oeen 3 more, they would have paid 81 each less than they did . 
if there had been 2 less, they would have paid 81 each more 
t han they d i d ; required the number of persons and what each 
paid. Ans. 12 persons; 85 each. 

15. A and B r a n a race which lasted five minutes : B had a 
s tar t of 20 yards, but A ran 3 yards while B was running 2, 

and won by 30 ya rds ; find the length of the course and the 
speed of each. Ans. 150 yds.; A 30 yds. and B 20 yds- a min. 

16. I f a certain rectangular field were 10 feet longer and 5 
feet broader, i t would contain 400 square feet m o r e ; b u t if it 
were 5 feet longer and 10 feet broader, i t would contain 450 
square feet more : required its length and breadth . 

Ans. 30 f t . ; 20 ft . . 
17. A market-woman bought eggs—some at 3 for 7 cents, 

and some at two for 5 cents, paying $2.62 for the whole; she 
af terward sold them at 36 cents a dozen, clearing 62 cents ; how 
many of each k ind did she b u y ? Ans. 4 8 ; 60. 

18. A and B ran a mile, A giving B a s tar t of 20 yards a t 
the first heat, and beating him 30 seconds; at the second heat 
A gives B a s tar t of 32 seconds, and beats him 9 f T ya rds ; a t 
what rate per hour does A run? Ans. 12 miles. 

S I M P L E E Q U A T I O N S , 

CONTAINING THREE OR MORE UNKNOWN QUANTITIES. 

1 9 0 . Equat ions containing three or more unknown quan-
tities may be solved by either of t he methods of elimination 
already explained. 

5x+ y+ 2 = 6 

x+2;/+32 = 14 > to find x, y and 2. 
2x + 3y+ 2 = 11 ) 

O P E R A T I O N . 

x+ y+ 2 = 6 (1) 
S O L U T I O N . Subtracting equation (1) from x+2y + 3z = 14 % 

equation (2), we have equation (4). Multiply- 2.T + 3y+ 2 = 11 (3) 
ing (1) by 2, and subtracting from (3), we have 2/ + 22 = 8 (4) 
(5); subtracting (5) from (4), we have (6); di- y- 2 = - 1 ( 5 ) 

viding (6) by 3, we have 2 = 3; substituting the 3 2 = 9 (6) 
value of 2 in (4), we have 8. Transposing, we 2 = 3 (7) 
have y = 2; substituting the values of z and y in y + 6 = (8) 
(1), we have (101: from which we have » = 1. y= = 2 (9) 

ar+2+-8.= (10) 
x = • 1 (IP-



R u l e . — I . Eliminate successively the same unknown quantity 
from each of the equations; this will give a number of equations 
and of unknown quantities one less than the given number. 

I I . In the same way eliminate one of the unknown quantities 
from each of the derived equations, and thus continue until an 
equation is found containing one unknown quantity, and then find 
the value of the unknown quantity in this last equation. 

I I I . Substitute this value in one of the equations containing two 
unknown quantities, and find the value of a second; substitute 
these values in an equation containing three unknown quantities, 
and find the value of a third, and thus continue until all are 
found. 

NOTES.—1. The pupil will exercise his judgment which quantity to 
eliminate first, and also what method of elimination to use. 

2. When one of the equations contains but one or two of the u n k n ^ n 
quantities, the method of substitution will often be found the shortest. 

E X A M P L E S . • 

2. Given • 
r x + 2y+ z = 13 " 
j x+y+3z=\b 
(_ 2x+Zy+2z= 22 

j- An,. : 
r z = 2 , 

y = 4 . 
(.2-= 3. 

3. Given -
i" 1x+Ay + 3z = 35" 

x+3y + 2z = 23 j 
(3x-5y+4z= 17. 

p A rts. -
r x=4, 

y = s , 
l 2=5 . 

4. Given -
f* 2x+4y — 3z = 22~) 

4x-2y+5z=18 
(, Gx+7y— z = 63 j 

Ans. -
( x=3, 

y - 7 , 
( . 2 = 4 . 

5. Given -< 
' 2x + 3y — 2 = 27 " 
¡ 3x — 4y + ite = 12 
^4x + 2y-5z = 15) 

Ans. -
r - 7 , 

y=6 , 
, . 2 - 5 . 

6. Given \ 
' *+\y+¥=32-\ 
, + 15 Ans. • 

f x=12, 
y=20. 

L2 =30. 

7. Given j 
' x^y+z = 24~\ 

x—y+z=8 j- • 
,x\y-z=6 ) 

Ans. j y-8. 
2 = 9 

Cx+y vz=a 
8. Given < x+y-z = b 

\^x—y+z = c 

Cx+y=a~) 
9. Given < x+z = b v. 

(_y+z = c ) 

10. Given 

11. Given <'-

f x+y-z=c 
12. Given -j x+z-y= b 

Í x+y+z = 12 

13. Given -< X + Z + U = u 

\,y+z+u= 15 

14. Given 

x y z 

x y z 
a | 2b c _ 2 

\X y z 

Cx=\(b-\c), 
Ans. -j y=\(a-c), 

yz=\(a — b). 

f x-\\a-\-b—c), 
Ans. y=\{a+c-b), 

Ans. 

Ans. 

£ = 2/ = i 

a 
X = 2 

1 y 2 
c 

' 2 = = 2 ' 

Ans. 
x=\(b+c), 
y = \(a+c), 
z 

Ans. 

Ans. 

N O T E . -There are certain artifices which may be employed to simplify 
the solution of several of these problems. In the 9th, take the sum of 
the three equations, and subtract twice each equation from it. In the 10th, 
eliminate without clearing of fractions. 

In the 13th, let the sum of the four quantities be represented by s; thei. 
wejAall have s - w = 12; s - z = 13; s - ? / = 14; s-x= 15; fr-ra which 
we can find s. and then readily find the other quantities. 

1 9 * 



PROBLEMS 
P R O D U C I N G S I M P L E E Q U A T I O N S C O N T A I N I N G T H R E E O R .MORE 

U N K N O W N Q U A N T I T I E S . 

1. A bin contains 47 bushels of wheat, rye and oats; there 
¿re 7 bushels less of oats than of wheat and rye, and 17 bushels 
less of rye than of wheat and oats; required the quantity of 
each. Ans. Wheat , 12 bu.; rye, 15 bu.; oats, 20 bu. 

2. A, B and C have $1800: the sum of •§• of A's, \ of B's 
and i of C's equals 8600, and the sum of 4 times A's, 3 times 
B's and twice C's is 85000; required the fortune of each. 

Ans. A's, 8100; B's, 8600 ; C's, 8800. 
3. A drover bought 230 animals: the number of horses 

added to £ of the number of sheep and cows, equals 145; the 
number of cows, plus £ of the number of horses and sheep, 
equals 110; how many were there of each? 

Ans. Horses, 60; cows, 80 ; sheep, 90. 
^ 4. Divide the number 150 into 3 such parts that twice the 

first part increased by 35, 3 times the second part increased b} 
5, and 4 times the third part divided by 5, may all be equal to 
each other. A m _ 2 3 ^ . 2 5 f ; 101$. 

5. Three men, A, B and C, were discussing their ages, when 
it appeared that the sum of A's and B's was 94 years, the sum 
of B's and C's was 98 years, and the sum of A's and C's was 
96 years; what was the age of each ? ' • 

Ans. A's, 46 yrs.; B's, 48 yrs.; C's, 50 yrs. 
6. A man has 882 in one, five and ten dollar bills; his ones, 

plus i of his fives and tens, amount to 847 ; and his fives, plus 
\ of his OIK'S and tens, amount to 843; how many has he cf 
i a c l ) ? Ans. 12 ones; 6 fives; 4 tens. 

7. A boy bought at one time 3 apples and 4 peaches for 11 
cents; a t another time 4 apples and 5 pears for 19 cents; at 
ar other, 4 pears and 5 oranges for 32 cents; and at another, 6 
p ->l.es a ' - 1 7 oranges for 34 cents; what was the price of each ? 

Ans. Apples, 1 ct.; peaches, 2 cts.; pears, 3 cts.; 
oranges, 4 cts. 

8. Divide the number 27 into 4 such parts that if the first 
part is increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, the results will be 
equal. Ans. 4 ; 8 ; 3 ; 12. 

9. A and B can do a piece of work in 12 days, A and C in 
15 days, and B and C in 20 days; how many days will it take 
each person to perform the same work alone ? 

Ans. A, 20; B, 30; C, 60. 
10. The sum of 3 fractions is 2^ : the sum of the first and 

third equals twice the second fraction, and the difference between 
the first and third is \ of the third fract ion; what are the frac-
tions? Ans. | , f . 

11. In a naval engagement the number of ships captured was 
7 more, and the number burned was 2 less, than the number 
sunk. Fifteen escaped, and the fleet consisted of 8 times the 
number sunk. Of how many ships did the fleet consist? 

.¿bis. 32. 
12. A cistern has 3 pipes opening into it. If the first be 

closed, the cistern may be filled in 20 minutes; if the second be 
closed, in 25 minutes; if the third be closed, in 30 minutes. 
How long would it take each pipe alone to fill it ? 

Ans. 1st, 85^ min.; 2d, 4 6 ^ min.; 3d, 3 5 ^ min. 
13. I have 3 watches, and a chain which is worth 860. The 

first watch and chain are worth | as much as the second and 
third watches; the second watch and chain are worth f as much 
as the first and third watches; and the third watch and chain 
are worth 3 times as much as the first and second watches. 
What is the value of each watch ? 

Ans. 1st, 820 ; 2d, 860 ; 3d, 8180. 
14 There is a number consisting of 3 digits : the sum of tho 

ligits is 9 ; the digit in the tens' place is half the sum of the 
-ther 2 digits; and if 198 be added to the number, the result 
will be expressed by the figures of the number reversed • re-
quired the number. Ans. 2b4. 

15. A sum of money consists of quarter dollars, dimes and 
half dimes. I t is worth as many dimes as there are pieces of 
money; it is worth as many quarters as there are dimes ; and 



the number of half dimes is one more than the number ol 
dimes. W h a t is the number of each'? 

A n s - 3 quar te r s ; 8 dimes; 9 half dimes. 
lb . Three boys, A , B and C, were playing marbles. F i r s t 

A. loses to B and C as many as each of them has ; next , B loses 
to A and C as many as each of them now has ; lastly, C loses 
to A and B as many as each of them now h a s ; and it is then 
found that each of them has 16 marbles. How many had each 
atfirst'- Am. A , 2 6 ; B , 1 4 ; C, 8. 

17. Some smugglers discovered a cave which would exactly 
hold the cargo of their boat, which consisted of 13 bales of 
cotton and 33 casks of liquor. W h i l e they were unloading a 
custom-house cut ter hove in sight, and they sailed away with 9 
casks and 5 bales, leaving the cave f f u l l ; how many bales ox 
casks would it hold ? Am. 24 ba les ; 72 casks. 

18. A person has 2 horses and 2 saddles: the better saddle 
cost 850, and the other 815. I f he puts the better saddle upon 
the first horse, and the worse saddle upon the second, then the 
lat ter is worth 850 more than the fo rmer ; but if he puts the 
worse saddle upon the first, and the better saddle upon the second 
horse, the lat ter is worth I f times as much as the fo rmer ; what 
is the value of each horse? Am. 1st, 8165 ; 2d, 8250. 

REVIEW QUESTIONS. 
Define Independent Equations. Give an example of them. Define 

Simultaneous Equations. Give an example of them. Define Elimina-
tion. What is the use of Elimination ? How many methods are there"? 
state the methods of elimination. 

Define Elimination by Substitution. State the rule for it. Define 
Elimination by Comparison. State the rule for it. Define Elimination 
by Addition and Subtraction. State the rule for it. Is there any other 
method of elimination ? Which method of elimination is preferred ? 

What effect has transposition upon the signs of terms? Why doe» 
transposition change the sign of a term ? Why does changing the signs 
or all the terms of an equation not affect the equality of the members? 
In solving problems when should a separate symbol be used <er eaei 
unknown quantity? 

S U P P L E M E N T 

T O S I M P L E E Q U A T I O N S . 

1 9 1 . This S u p p l e m e n t to Simple Equat ions embraces the 
following subjects: Zero and Infinity, Generalization, Negative 
Solutiom, Discussion of Problem.% and Indeterminate Problems. 

NOTE.—Teachers desiring a short course may omit this Supplement to 
simple equations. 

Z E R O A N D I N F I N I T Y . 

1 9 2 . Zero and Inf in i ty often occur in algebraic expres-
sions. Such expressions may be interpreted by the following 
principles: 

P R I N . 1. Ox J . = 0 ; tha t is, if zero be multiplied by a finite 
quantity the product is zero. 

For, 0 multiplied by 2 is 0, 0 multiplied by 3 is 0, etc.; hence, 0 mul-
tiplied by any number is 0, or 0 x A is 0. 

P R I N . 2 . - = 0 ; t h a t is, if zero be divided by a finite quantity 
A 

the quotient is zero. 
For, 0 divided by 2 is 0, 0 divided by 3 is 0, etc.; hence, 0 divided 

by any number is 0, or 0 + A is 0. 

P R I N . 3 ^ = A; tha t is, if zero be divided by zero the quotient 

is any finite quantity, or is indeterminate. 

For, if in Prin. 1 we divide both members by 0, we have - = A, in which 

A is any finite quantity. 

P R I N . 4 . = co ; t h a t is, if a finite quantity be divided by 

lero the quotient is infinity. 
To prove this, suppose we have the fraction ^ • Now, if a remains con-

1 4 1 
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Slant, the smaller 6 is, the greater will be the quotient, hence if 5 
becomes infinitely small, the quotient will becom e irately larye; W 
when b is zero, the quotient is infinity. 7 ' A 

P R I N 5. 0 xco=A; that is, if zero be multiplied by infinity, 
the product is a finite quantity. * 

For clearing the equation in Prin. 4 of fractions, we have 0 x oo 
n which A is any finite quantity. A 

P R I N . 6. — = 0 ; that is, if a finite quantity be divided by 
infinity, the quotient is zero. 

For dividing both members of the equation in Prin. 5 by co, we have 
0 equals A divided by infinity, which proves the principle. 

GENERALIZATION. 
> 0 3 . Generalization is the process of solving general prob-

lems, and interpreting the results. 

1 9 4 . A General Problem is one in which the quantities 
are represented by letters. 

1 9 5 . A Formula is a general expression for the solution 
of a problem. A formula expressed in ordinary language gives 
a rate Dy which all the problems of a class may be solved 

CASE I. 

1. The difference between a times a dumber and b times the 
number is c; required the number. 

Let the number_ 
. Then, ax—bx = c; 

whence, x = —-—. 
a—b 

f o S r s " tauia 11 ordi°My - h ™ 

¿ S S h Z * ^ * * * * °Stl'eproi^bythe i i f e r m c e °J 

G E N E R A L I Z A T I O N . 1 4 3 

Apply this formula to the following problems: 
2. The difference between 5 times a number and 8 times the 

number is 12; required the number. 
3. The difference between 9 times a number and 6 times a 

number is 162; what is the number? 

CASE II. 

1. Find a number which being divided by two given num-
bers, a and b, the sum of the quotients piay be c. 

Lot x = the number. 

Then,-+v = c; a b 
. abc whence, x = -• 

a+b 

This formula, expressed in ordinary language, gives, the 
following rule : 

Rule.—Divide the product of the three given quantities by the 
sum of the divisors when the sum of the quotients is given, and by 
the difference of the divisors when the difference of the quotients is 
given. 

Apply this formula to the following problems: 
2. Find a number which being divided by 4 and by 6, the 

difference of the quotients is 4. 
3. Find a number which being divided by 3 and by 7, the 

difference of the quotients is 16. 

CASE III . 

1. A can do a piece of work in a days, and B in b days; in 
what time can they both do i t? 

Let x = the number of days in which both can do it. 

x 
db 

Then, 1 + ^ = - -
a b x 



This formula, expressed iu ordinary language, gives the fol-
lowing rule : 

Rule.—Divide the product of the numbers expressing the time 
in which each can perform the work by their sum. 

Apply this formula to the following problems: 
2 A can do a piece of work in 4 days, and B iu 8 days; in 

* hat time will they together do i t? 

3. A can reap a field in 6 days, and B in 9 days; in what 
time can they together reap it ? 

. 4. A pound of tea would last a man 12 months, and his wife 
6 months; how long ttould it last them both ? 

CASE IV. 
1. The sum of two numbers is a, and their difference is b ;-

what are the numbers ? 

Let x = the greater number, 
and y = the smaller numbei. 
Then, x+y = a, 
and x—y = b. 

Whence x = ~ ^. 
2 

and y = 
2 

'These formulas, expressed in ordinary language, will give 
the following rules: 

R u l e — I . To find the greater numbei-, add half the difference 
¡o half the sum. 

I I . To find the less number, subtract half the difference from 
half the sum. 

Apply the formulas to the following problems: 
Required the numbers whose— 

2. Sum is 20; difference is 4. 
3. Sum is 62 ; difference is 14. 
4. Sum is 221 ; difference is 29. 

MIS CELL A NEO US PR OBLEMS. 

9 0 0 . The pupils will obtain the formulas in the following 
problems, and derive rules from them: 

1. Divide the number a into two parts, so that one part shall 
, , a na 

be n times the other part. Ans. ; — • 
n+1 n+1 

2. The sum of two numbers is a, and n times one number 
equals TO times the other; what are the numbers ? 

. ma na Ans. : 
m+n m+n . 

3. The difference of two numbers is a, and n times one num-
ber equals m times the other; what are the numbers ? 

, ma na Ans. : • 
m — n m — n 

4. The sum of two numbers is a, and n times their sum equals 
m times their difference; what are the numbers ? 

(TO+n)a (TO — n)a Ans. \ • 
2m 2m 

5. Divide the number a into two such parts that one part 
increased by b shall be equal to TO times the other part. 

, ma — b a + b Ans. —— ; • 
m+1 m+1 

6. A is m times as old as B, and in a years he will be n times 
as old ; what is the age of each at present ? 

AT*. 

m—n m—n 
7. A courier starts from a place and travels a miles a day; 

n days after he is followed by another, who travels b miles a 
'ivy ; i« what time will the second overtake the first? 

. na • Ans. days. 
b — a 

8. I bought two kinds of sugar—one at a cents a pound, and 
the other at b cents a pound ; how much of each kind must I 
take to make a mixture of m pounds worth c cents a pound? 

' ^ m(c — b) _ m(a — «) 
a—b ' a—b 



N E G A T I V E SOLUTIONS. 

1 9 7 . In the solution of a problem the value of the unknown 
quantity is sometimes a negative quantity. * 

1 9 8 . A solution of a problem which gives a negative quan-
tity is called a Negative Solution. 

1. W h a t number must be added to the number 12 that the 
result shall be 8 ? 

SOLUTION. Let x equal the number; then, O P E R A T I O N . 

12 + « = 8 or x = — 4. Now, the result - 4 is Let re = the number, 
said to satisfy the question in an algebraic sense, Then 12+.r = 8 
since —4 added to 12 equals 8; but the prob- — 4 
lem is evidently impossible in an arithmetical 
sense. Since, however, adding - 4 gives the same result as subtracting 
+ 4, the negative result indicates that the problem should be, What num-
ber must be subtracted from 12 that the result shall be 8 ? 

2. A is 45 years old, and 13 is 15 years old; how many years 
hence will A be 4 times as old as B'? 

SOLUTION. Let x=the number O P E R A T I O N . 

of years; then, solving the prob- Let x = the number of years, 
lem, we have X = - 5 . This re- Then, (45+«) =4(15+«); 
suit, —5, indicates a reckoning of whence «=—5 
time backward instead of forward; 
hence, it was 5 years ago instead of 5 years lience. The problem should, 
therefore, be modified to read, "How many years since," instead of "How 
many years hence." 

3. A is 45 years old, and B is 15 years old; at what time 
fi on. the present is A 4 times as old as B ? 

SOLUTION. Solving this problem by supposing the date to be in (lis 
future, we find « = - 5 . Had the result been +5, it would have indicated 
5 years hence. The problem is stated in general terms, so as to admit 
either result, and need not be modified in its statement. This result, - -5, 
therefore indicates 5 years since, or 5 years ago, which, by examining the 
problem, we see is the correct time. 

4. There is a fraction such that if 1 be added to its numera-

tor the result is {-, and if 1 be added to the denominator the re-
sult is -I; what is the fraction ? 

— 4 
SOLUTION. Solving this problem, we find the fraction to be — - Thia • — " 

can be verified algebraically, but is absurd arithmetically considered. The 
problem can be made consistent, however, by changing the word " added 
to "subtracted." 

1 9 9 . From these examples and illustrations we derive the 
following conclusions: 

1. The negative solution indicates some inconsistency or ab-
surdity in the statement of the problem, or a wrong supposition 
respecting some condition of it. 

2. A problem which gives a negative solution can usually be so 
modified that it will become consistent, and the result will he 
positive. 

3. The negative solution sometimes merely indicates the direction 
in which the result is to be reckoned. 

2 0 9 . The pupils will solve, interpret, and modify the enun-
ciation of the following problems : 

5. W h a t number must be added to 18 that the result may 
be 15 ? Ann. - 3. 

6. W h a t number must be subtracted from 12 tha t the result 
may be 15 ? Ans. — 3. 

7. Required a number such that -f of it shall exceed f of it 
by 2. Ans. - 2 4 . 

8. A man was born in 1825, and his son in 1855; find at 
what time the father 's age is 4 times the son's age, dating from 
1870. Ans. - 5 . 

9. A man labored 10 days, his little son being with him 8 
days, and received §18; at another time he labored 14 days, 
his SQU being with him 12 days, and received $25; required the 
wages of each. Ans. Father , $2 ; son, — 25 cts. 
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DISCUSSION O F P R O B L E M S . 

9 0 1 . The Discuss ion of a problem is the process of assign 
ing different conditions to a problem, and interpreting the results 
which thus arise. 

1. I f we subtract b from a, by what number must the result 
be multiplied to give a product of e? 

OPERATION. 
DISCUSSION. Let x represent the number; Let x = the number, 

then we shall have (a — b)x = c, from which we. (a — b)x = e 
find the value of x equal to c divided by a —6. x- C 

a—b 

9 0 S . This result may have five different forms depending 
on the values of a, b and c. 

I. When a is greater than b. 

In this case, a - 6 is positive; and c being positive, the quotient is positive; 
hence, the required number is positive. This is as it should be, for the 
problem then is, By what shall we multiply a positive quantity to produce a 
positive quantity ? Evidently the multiplier should be positive. 

I I . When a is less than b. 

In this case a—b is negative, and consequently e divided by a —6 is 
negative; hence the required number is negative. This is as it should be, 
for the problem then is, By what shall we multiply a negative quantity to pro-
duce a positive quantity? . Ev iden t ly the mul t ip l ier should be negative. 

I I I . When a is equal to b. 

In this case a - 6 = 0and:s = ^ = co (Prin. 4, Art. 192); that is, wo finite 

quantity will answer the conditions. This is correct, since the problem 
then becomes, By what must we multiply 0, nothing, to produce c, something f 
Evidently by no finite quantity. 

IV. When c is 0, and a is either greater or less than b. 

In this case we have x = —•> which equals 0 (Prin. 2, Art. 192); that 

is, the multiplier is zero. This is correct, for the problem then is, By what 
must we multiply a — b, something, to produce nothing? Evident ly the mul-
tiplier should be zero. 

P R O B L E M O P T I I E COURIERS. 14S 

V. When c = 0 and a = b. 

In this case we have ^ jj' or any juantity whatever (Prin. 3, Art. 192), 

This is correct, for the problem then is, By what shall we multiply 0 to pro-
duce 0? Evidently the*nultiplier mjy be any quantity. 

NOTE.—Let the pupils illustrate each form by using particular values 
for a, b and c. 

PROBLEM OF THE COURIERS. 

9 0 3 . The Problem of the Couriers is a fine illustration 
)f the subject under consideration. I t was originally proposed 
by Clairaut, an eminent French mathematician. 

1. Two couriers start a t the same time from two places, A and 
B, a miles apart, the former traveling m miles an hour, and the 
latter n miles an hour ; where will they meet? 

There are evidently two eases of the problem. 

CASE 1. When the couriers travel toward each other. 

DISCUSSION. Le t A and B represent the two OPERATION. 
places, and P the point at which they meet. A P S 
AB = a. Let x = AP, the distance which the first 
travels; then a—x = PB, the distance which the a = AB 

second travels. Then — = the number of hours ^et x = AP; 
m then a- x = PB. a x 

the first travels, and — =the number of hours 
n x a—x 

the second travels. They both travel the same . m 

CC CF> CC 
time; hence, we have — = - — - . from which we x = ™ , „ 

m n "i~t" 
find the values of a; and a—a;. a

 a n 

1st. Suppose m = m ; then, by substituting, we m + n 

find x = -£> and a = thatis, if they travel at the same rate, each will 
2 2 

travel half the distance. This is evident from the nature of the problem. 

2d. Suppose 0 ; then x = a and a — x = 0; that is, if the second does 
not travel, the first travels the whole distance, and the second no distance. 
Phis is evident Crorfi the conditions of the problem. 

3d. Suppose m= 0; then x = 0 and a — x = a\ that is, the first travel* 
1 3 * 

n 
am 



no distance, and the second travels the whole distance. This is evident from 
the conditions of the problem. 

NOTE.—Let the pupil make the suppositions m ----- 2n, m = \n, etc., and 
• interpret the results. 

CASE II . When the couriers travel in the same direction. 

DISCUSSION. Let A and £ represent the two 
places, and P the point where they meet, each 
traveling in the direction of P. AB = a. Let 
x = AP, the distance the first travels; then 
x—a = BP, the distance the second travels. The 
limes they travel are equal; liance we have 

— = ———. from which we find the values of x 
m n 
and x—a. 

1st. Suppose m>n; then x and 2; —a will be 
positive. 

That is, they will meet at the right of B. This 
is as it should be by the conditions of the problem. 

2d. Suppose n>m; then x and x — a are both negative. 
That is, the point of meeting must be at the left of A, instead of at the 

right. Hence, if the second courier travel faster than the first, that they 
may meet, the direction in which they travel must be changed. This is 
evident from the conditions of the problem. 

3d. Supposem-n; then X = ^ ~ > O R co, and X — O R 0 0 • 

That is, if the couriers travel at the same rate, they can meet at no finite 
distance from A; in other words, the one can never overtake the other. 
This is evident from the circumstances of the problem. 

4th. Suppose a = 0; then £ = —— > or 0, and x—a = —— . or 0. 
m—n m—n 

That is, if the couriers are no distance apart, they will have to travel no 
distance to be together. This is evident from the circumstances of the 
problem. 

5th. Suppose TO = n and a = 0; then x = - and x—a = ~, or anvthino. 
0 0 J 

That is, if the couriers are no distance apart, and travel at the same rate, 
they will always be together. This is evident from the nature of the 
problem. 

6th. Suppose n = 0; then x = = a and x — a = 0. 
TO 

That is, if the rate at which the second travels is zero, the first counei 

O P E R A T I O N . 

A B P 

a = AB. 
Let x = AP-, 
then x — a=BP. 

x x — a 
TO n 

am x = m—n 

m—n 

travels the who.e distance, and the second no distance. This is evident 
from the circumstances of the problem. 

7th. Suppose TO =2n; then x = ~a"1 = 2a and x — a = a. 
m 

That is, if the rate at which the first travels is twice the rate at which 
(he second travels, the first courier travels twice the distance from A to B, 
overtaking the second a miles from B. This is evident from the oircum 
stances of the problem. 

8tL Suppose rn is plus and 11 is minus"; then 

am , — an 
x= and x — a = 

m+n m + n 

Here the value of x is positive, and the value of a; —a is negative; hence, 
they meet at the right of A and at the left of B, or between A and B. This 
is evident, since minus n indicates that the second courier travels toward 
A ; hence they must meet between A and B. 

an . Changing the signs of the last expression, we have a — x = ——< which 

is the same as the expression for the distance the second courier travels, 
obtained in the first case of this problem. Case I. is therefore but a special 
<ise of the general problem just discussed. 

PROBLEMS FOR DISCUSSION. 
1. Required a number that, being successively multiplied 

by TO and n, the difference of the products shall equal a. 

Arts. — 
m — n 

"When will the result be negative? When indeterminate? Wher 
infinite? Illustrate with numbers. 

2 B is a years old, and A is m times as old; a t what time 

will A be n times as old as B ? Am. x = —— 
n-1 

Interpret the result when m>n\ m<n ; when n < 1. 

3. The hour- and minute-hands of a watch are a minute 
spaces apart between m and m +1 o'clock; what is the time? 

Am. j l f e ^ 



INDETERMINATE AND IMPOSSIBLE PROBLEMS 

2 0 4 . An Indeterminate Problem is one whose conditions 
can be satisfied by different values of the unknown quantity. 

I. A problem giving only one equation containing fajo unknown 
quantities is indeterminate. 

Thus, the equation x+y = 12 is indeterminate; for, by transposing, we 
have a; =12—y, and this equation can be verified by any number of values 
of x and y. 

I I . A problem which gives only two equations containing three 
unknown quantities is indeterminate. 

PROBLEM.—Given x+3y-z = & and x+2y - 2z = 2, to find x 
and y. 

SOLUTION. By elimination, we find y+z=6, which may be verified by 
any number of values of y and z, and is therefore indeterminate. 
\ 

I I I . A problem is sometimes indeterminate when it contains 
only one unknown quantity. 

PROBLEM.—What number ' is t ha t whose f , diminished by its 
| , will equal its increased by its -gV? 

SOLUTION. 

Let x = the number; 

t]ien — — — — 
' ' 6 4 _ 20 30' 

Clearing of fractions, we have 50a;—4ox = %x + 2x; 
transposing, 5x — 5x = 0 ; 
factoring, (5 — 5)x = 0; 
whence, 0 x x = 0, 

i 0 and x = — 
0 

j.fie value of x thus found is indeterminate (Prin. 3, Art. 192); the 
problem is therefore indeterminate. 

2 0 5 . An Impossible Problem is one whose conditions are 
impossible or cpntradictory. 

I. A problem is impossible when its conditions are contradictory 

PROBLEM. - G i v e n the equations x+y-7,x-y = l and xy - 1 6 . 

to find the values of x and y. 
SOLUTION. Uniting equations first and second, we find x = 4 and y = 3. 

But the third equation requires their product to be 16, which is impossible 
for those values of a; and y. Hence the problem is impossible. 

I I . A problem that contains only one unknown quantity is some 
times impossible. 

PROBLEM.—Required a number whose {-, plus its dimin-
ished by 3, equals its XV, increased by 5. 

SOLUTION. 

Let x = the number. 
f + f - s A s ; 

whence, I x - 36 = I x + 60, 
and Ox a; = 96, 

96 ^ or x = — = co. 

This value of a; is infinite, which shows that no finite number will answei 
the conditions of the problem; it is therefore impossible. 

NOTE—When a problem contains more conditions than unknown quan-
tides, the conditions which are unnecessary are said to be redundant. 

E X A M P L E S . 

Bx + 5 3a; - 6 
1. F ind the value of x in the equation a;+2 x-2 

OPERATION 1ST. 
Zx+5 Zx — 6 

SOLUTION. Reducing the second member, ^ - 2 
re have equation (2); clearing of fractions, to + 5 (o\ 
re have (3) ; transposing terms and factoring, x + 
we have (4) ; dividing by the coefficient of a;, 3 J I 5 = 3a: + 6 (3) 
we have x = ì . or co , which indicates that no (3 - 3)a; = 6 ~ 5 (4) 
finite value will answer the conditions. 0 x a: = 1 

» - I - O O 15) 
0 



S O L U T I O N 2D. Clearing the equation of O P E R A T I O N 2IJ. 

fractions and reducing partly, we have (2); __ •'>'•« — 6 , 
transposing and uniting, we have (3); whence X — 2 
we have (4). This apparent value of x can- 3a;2-a;-10 = 3a:2-12 (2) 
not be verified, as the pupil may see by sub- —x= —2 (3) 
Btilution. ' x = 2 ( 4 ) 

2. Required a number such tha t its increased by its }, is 
equal to its diminished by its 

Ans. (x = -1. Indeterminate. 
I <V 

3 Required a number whose £, diminished by 4, is equal to 
the sum of its \ and diminished by 3. 

AM. (x = co ). Impossible. 
4. A and B dug a ditch for 820, A receiving $2, and B 83, a 

day ; how many days did each labor, if they did not labor the 
same number of days? Ans. Indeterminate. 

5. Twenty years ago, A was 40 years old, and his son was 
only \ as old; now the son is ^ as old as the fa ther ; gaining 
thus, when will the son be as old as the father? Ans. (a: = co ). 

6. Find a fraction such that if 2 be subtracted from the 
numerator, or if 3 be added to the denominator, the resulting 
fractions will equal f . Ans. Indeterminate. 

• 7. Required a number such tha t 4 times the number, dimin-
ished by 12, divided by the number minus 3, may equal 4 
times the number, plus 9, divided by the number plus 3. 

Ans. Impossible. 

NOTE.—The 6th reduces to the indeterminate form, although f, §, {2, 
*tc,, will answer the conditions of the problem. 

REVIEW QUESTIONS. 
State the principles of Zero and Infinity. Define Generalization. A 

General Problem. A Formula. A Negative Solution. State the prin-
ciples of negative solutions. Define the Discussion of a Problem. An 
Indeterminate Problem. An Impossible Problem. When is a problem 
Indeterminate? When in possible? 

S E C T I O N " V I . 

INVOLUTION, EVOLUTION AND RADICALS 
INVOLUTION. 

2 0 6 . Involut ion is the process of raising a quantity to any 
given power. 

2 0 7 . A P o w e r of a quantity is the product obtained by 
using the quantity as a factor any number of times. 

2 0 8 . An E x p o n e n t of a quantity is a number which indi-
cates the power to which the quantity is to be raised. 

Thus, let a represent any quant i ty; 
then, a = a1, is the first power of a. 

aa = a2, is the second power of a. 
aaa = a", is the third power of a. 

aaaa = a\ is the fourth power of a. 

When the exponent is n, as a", it indicates the nth power 
of a. 

2 0 0 . The E x p o n e n t (called also the Index) indicates how 
many times the quantity is used as a factor. 

T h e FIRST POWER of a q u a n t i t y is t h e q u a n t i t y itself. 
T h e SECOND POWER of a quan t i t y is ca l led its sqtiare. 
T h e THIRD POWER of a q u a n t i t y is cal led its cube. 

P R I N C I P L E S . 

1. The square of a quantity is the product obtained by using the 
quantity as a factor twice. 

2. The cube of a quantity is the prodxict obtained by using the 
quantity as a factor three times. 

3. All the powers of a positive quantity are positive. 
For, the square of a positive quantity is positive, since it is the product 

of two positive quantities; and its cube is positive, since it is also the 
produet of two positive quantities, etc. 
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S O L U T I O N 2D. Clearing the equation of O P E R A T I O N 2IJ. 

fractions and reducing partly, we have (2); 3x^-5 — 6 
transposing and uniting, we have (3); whence X — 2 
we have (4). This apparent value of x can- 3a;2-a;-10 = 3a:2-12 (2) 
not be verified, as the pupil may see by sub- —x= —2 (3) 
dilution. ' x = 2 ( 4 ) 

2. Required a number such tha t its increased by its }, is 
equal to its diminished by its 

Ans. ja; = - V Indeterminate. 
I <V 

3 Required a number whose £, diminished by 4, is equal to 
the sum of its \ and diminished by 3. 

AM. (x = co ) . Impossible. 
4. A and B dug a ditch for S20, A receiving $2, and B S3, a 

d a y ; how many days did each labor, if they did not labor the 
same number of days? Ans. Indeterminate. 

5. Twenty years ago, A was 40 years old, and his son was 
only \ as o ld ; now the son is \ as old as the f a the r ; gaining 
thus, when will the son be as old as the fa ther? Ans. (x = <x>). 

6. F ind a fraction such tha t if 2 be subtracted from the 
numerator, or if 3 be added to the denominator, the resulting 
fractions will equal f . Ans. Indeterminate. 

• 7. Required a number such tha t 4 times the number, dimin-
ished by 12, divided by the number minus 3, may equal 4 
times the number, plus 9, divided by the number plus 3. 

Ans. Impossible. 

NOTE.—The 6th reduces to the indeterminate form, although f, §, {2, 
*tc,, will answer the conditions of the problem. 

R E V I E W Q U E S T I O N S . 

State the principles of Zero and Infinity. Define Generalization. A 
General Problem. A Formula. A Negative Solution. State the prin-
ciples of negative solutions. Define the Discussion of a Problem. An 
Indeterminate Problem. An Impossible Problem. When is a problem 
Indeterminate? When in possible? 

S E C T I O N V I . 

INVOLUTION, EVOLUTION AND RADICALS 
INVOLUTION. 

2 0 6 . Invo lut ion is the process of raising a quant i ty to any 
given power. 

2 0 7 . A P o w e r of a quanti ty is the product obtained by 
using the quanti ty as a factor any number of times. 

2 0 8 . An E x p o n e n t of a quanti ty is a number which indi-
cates the power to which the quantity is to be raised. 

Thus, let a represent any quant i ty ; 
then, a = a1, is the first power of a. 

aa = a2, is the second power of a. 
aaa = a", is the third power of a. 

aaaa = a\ is the fourth power of a. 

W h e n the exponent is n, as a", it indicates the nth power 
of a. 

2 0 9 . The E x p o n e n t (called also the Index) indicates how 
many times the quanti ty is used as a factor. 

T h e FIRST POWER of a q u a n t i t y is t h e q u a n t i t y itself. 
T h e SECOND POWER of a q u a n t i t y is ca l led its sqtiare. 
T h e THIRD POWER of a q u a n t i t y is cal led its cube. 

P R I N C I P L E S . 

1. The square of a quantity is the product obtained by vjnng 'ha 
quantify as a factor twice. 

2. The cube of a quantity is the prodxict obtained by using the 
quantity as a factor three times. 

3. All the powers of a positive quantity are positive. 
For, the square of a positive quantity is positive, since it is the product 

of two positive quantities; and its cube is positive, since it is also the 
produet of two positive quantities, etc. 
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4. The EVEN powers of a NEGATIVE quantity are POSITIVE, 
and the ODD powers are NEGATIVE. 

The square is positive, since it is the product of two negative quantities; 
the cube is negative, since it is the square, wnich is positive, multiplied by 
the quantity, which is negative; the fourth power is positive, since it is the 
cube, a negative, multiplied by the quantity, a negative; etc. 

C A S E I . 

210. To raise si monomial to a given power. 

I . Raise 4a26 to the third power. 

SOLUTION. Multiplying 4a2b by itself, we have 16a*b2, 
and multiplying the square by 4a2b, we have 64a663. Ex-
amining the result, we see we have the cube of the coefficient, 
and the letters of the given quantity with three times the 
exponents which they have in the root. 

64«663 

Rule .—I. Eaise the coefficient to the required power, and mul-
tiply the exponent of each letter by the index of the power. 

I I . When the quantity is positive, the power will be positive ; 
when the quantity is negative, the even powers will be positive anil 
the odd powers negative. 

OPERATION 

4 a2b 
4 a'b 

16 a*b2 

4alb 

E X A M P L E S . 
2. Square of 3ab2. Aìis. 9a' / / . 
3. Square of 5aV. Am. 25a6e4. 
4. Square of — 6 a V . Ans. 3 6 a V . 
5. Cube of 3a"x. . Am. 2 7 a V . 
6. Cube of — 4 a V . J n s . - 6 4 a V . 
7. Four th power of 3a" b3. -4?is. 81a"'612. 
8. Four th power of - 2amcn. J-jis. 16a 4 V n . 
9. F i f t h power of - a W . Jlras. - « " W ® . 

10. F i f t h power of 2 ¡ e r W . Am. 3 2 a - ' W V . 
11. Sixth power of 2a3c2. .ATW. 64a18c12. 
12. Seventh power of - 2«V. -4ns. - 1 2 8 a V 4 

13. Eighth power of - a2nb3c',d-n. al6nb2ic-32d-s" 

14. n th power of a W . Ans. a2"b3nc\ 
15. n th power of - 2x 2 y- 3 z \ Am. ± 
16. Va lue of ( - 2 d ' b j . Am. - 3 2 a » b a . 
17. Va lue of {-a?bnc)'\ Ans. asbinc\ 
18. Value of ( — 2b~3m~n)\ Am. - 1 2 8 b ~ " m ^ " . 

19. Va lue of ( — anb2")n. Am. ±an*b2n\ 

20. Va lue of ( - x2"b-2nc",)n. Ans. ± a ^ ' V ^ ' V " . 

CASE II . 

S i l . To raise a fraction to a given power. 

1. F ind the third power of — • 

SOLUTION. Using the quantity three times as a OPERATION. 

a2 a2 a» a6 
(actor, we h a v e — x — x — = — . ^ x & & c , 

Rule.—Raise both numerator and denominator to the required 
ww er. 

E X A M P L E S . 
2a , 4a1 

2. Square of Am. — 

3«2 - 9a4 

3 Square o f — ^ W 

a2b , a*b3 

4. Cube of — • A m . - -

2ae2 . s"3*6 

5. Cube of - ^ r - Am. -
3a;> ' ' 27a;6 

3a2cn j 9c2"-' 
6. Square of • Am. ^ ^ 

7. Four th power of Am. 

, 2xy . 3 2 A Y 
8. F i f th power of Am. ac 

9. Sixth power of A m ' 
c<" ,-B 

a"be ' a6" 



1 5 8 I N V O L U T I O N . 

10. Second power of 2 — Z . A m
 4 a v 

Sbz 3 ' 9èV6 ' 

HM , • I ,, (¿VC" 
. I bird power of a'lbmC~'2 ' ASN-9J3RA-6 

12. Fuid value of / — — \ . _J: ,4N—8 

2 a V / ' 

13. Find value of ( - A n s _ 
' \ a"t> " / ' a5n6~5' 

14. F ind value of i ^ - T 
2 cd) • 2"cnd" 

15. F i n d value of ( - ~ V when m is even. Ans. """"" 
( I C " / „MIM—2) 

16. F i n d value of ( - ) , when m is odd. 
abx 

Ans.— 
¿ '" in- 3)^,2m 

17. F ind the square of the fraction " — — . 
a\x — 3) 

18. F ind the cube of the fract ion — — — . 
a 3 - 5 a 2 + 6 a 

(a —3)3 

CASE I I I . 

212. To raise a polynomial to any given power. 

1. T ; find the square of a + b. 

S O L U T I O N . (a + b)2 = (a + b){a-hb), which by multiplying we find to 
be equal to a2 + 2ab + b2. 

R u l e . — F i n d the product of the quantity taken as a factor as 
many times as there are units in the exponent of the power. 

P O L Y N O M I A L S . 159 

E X A M P L E S . 

2. Square of x — 1. Ans. x2 -2a; + l. 
3. Cube cf a — c. AVA. a" -3a2c + 3ac2 — c3. 
4. Square of 2a2 - 3c. Ans. 4a4 - 1 2 a 2 c + 9c2. 
5. Cube of 1 — x. . Ans. I-Bx+Zx1 -a?. 
6. Cube of 2a - b2. Ans. 8a3 - 12a*b*+, etc. 
7. F o u r t h power of a-b. Ans. a* — 4a?b + 6a2b2 —, etc. 
8. F o u r t h power of 2a - c2. Ans. 16a* - 32a3c2+, etc. 

9. Square of a — b + c. Am. a2 — lab + b2+2ac — 26c + c2. 

10. Square of a2 - 2b+c2. Ans. al - Aa2b + 46*+2oV - Abc2 + c \ 
11. Cube of a+b + c. 

Ans. a3+3a2b + 3ab2+63+ 3a2e + 6a6c + 36'c + 3ae2 + 3b<?+c3. 
12. Cube of 2 a - 3 6 2 + e3. 

Ans. 8 a 3 - 36a262 + 5 4 a 6 4 - 2766 + 12a 2 e 3 - 36a6V + 276V 
+ 6ac6-962c6 + e9. 

CASE IV. 

213. Special methods of squaring a polynomial . 

1. F i n d the square of a+b + e + d. 

S O L U T I O N . Squaring the polynomial by 
actual multiplication, and arranging the 
terms, we shall have the square as written 
in the margin. Examining this, we see a 
certain law which may be stated as fol-
Sows: 

O P E R A T I O N . 

(a+b+c+d)2 = 
a2 + b2+ c2 + d2+2ab + 2ac+ 

2ad+2öe+2bd+ 2cd. 

R u l e . — T h e square of a polynomial equals the -square of each 
term and twice the product of the terms taken two and two. 

N O T E S . — 1 . The rule may be briefly stated thus: The square of every one, 
twice the product of every two. 

2. The pupils will readily solve the given problems mentally ty means 
of this rule. 



E X A M P L E S . 

2. Square of a + b + c. Ans. a2 + b2+c2+ lab + 2ac+ 2be. 

3. Square of a+b — c+d. 
Am. a2 + b2 + e2 + d"- + 2ab - 2ae + lad, etc. 

4. Square of u-x+y-z. 
Am. u2+x2+y2+z2 — 2ux+2uy - 2uz, etc. 

5. Square of a+b + c+d+e. 
Am. a2+b2+c2+d2+e2+2ab + 2ac, etc. 

6. Square of a+b+c+d+e+f+ g. 
Am. d2+b2+c + d2+e2+f2+g2, etc. 

7. Square of 2a+3b+Ac+d. 

Am. Aa2+ 962 +16e2 + c£2+12ab + 16ac, etc. 
8. Square of l—m+n — o+p — q+r. 

Am. I2 + m2+n2+o2 +p2+ q2+r2- 2 hi, etc. 
9. Square of a+b - c-d + e+f-g - h+i+j. 

Am. a2+b2+c2+d2+e2+f2+g2, etc. 
10. Square a polynomial consisting of the letters of the alpha 

®et to TO. Am. a2+b2 + c2+d2+e2 +f2+g2, etc. 

2 1 4 . SECOND METHOD.—Arranging the terms in anothei 
order and factoring, we have the following: 

(a+b+c + d)2 = a2+2ab + b2+2(a+b)c + c2+2(a+b + c)d + d2. 

Stating this in ordinary language, we have the following 
ru le : 

R u l e . — The square of a polynomial equals the square of the 
first term, plus hviee the product of the first term into the second, 
plus the square of the second, plus twice the mm of the first two 
terms into the third, plus the square of the third, etc. 

2 0 3 . THIRD METHOD.—Still another form is the following, 
which pupils may translate into common language : 

(a Hb+c + d)2 = a2 + (2a+b)b + [2(a + b) + c]c+[2(a+b+c) + d]d 

CASE V. 

216. Special method of cubing a polynomial . 

1. F ind the cube of a + b+c. 

S O L U T I O N . Cubing the poly- O P E R A T I O N . 

nomial by actual multiplication, (a+b + c)3 = 
we have the expression (1). Fac- (1) a3+3a2b + 3ab2+b3+3a2c+6abc 
coring a part of this expression, + 3b-c + 3ac2 + 3bc-+c3; 
we have the cube in the form of ( 2 ) a

3 + 3a26 + 3a6J'+ b3 + 8(a + b)2c 
expression (2). Examining the + Z(a+b)c2+<^. 
last expression, we perceive a 
law in its formation which may be expressed as follows: 

R u l e . — T h e cube of a polynomial equals the CUBE of the FIRST 
term, plus THREE times the SQUARE of the FIRST into the SECOND,* 
plus THREE times the FIRST into the SQUARE of the SECOND, plus 
the CUBE of the SECOND; plus THREE times the SQUARE of the 
SUM of the FIRST and SECOND into the THIRD, plus THREE times 
the SUM of the FIRST and SECOND into the SQUARE of the THIRD, 
plus the CUBE of the THIRD, e t c . 

• 
E X A M P L E S . 

2. Cube b+c+d. Ans. b3+3b2c+3bc2+c3+3(b + c~)2d+,etc. 
3. Cube x+y+z. Ans. z3 + ,etc., + 3(x+y)2z + 3(x+y)z2+zs. 
4. Cube a+b+c+d. 

Ans. a3 + ,etc., +3(a+b+c)2d+3(a+b+c)d2+d? 
5. Cube a+b + c+d+e. 

Am. a3+,etc. , + 3(a+b+c+d)2e+3{_a + b + c+d)e2+e3. 
6. Cube a+b-c+d- e. Ans. a"+,etc.,+3(a + b-c+d)e2-e3. 
7. Cube x2-2y+i. 

Ans. xe - 6x4y+12xhf -8y*+3(x2 - 2y)2z3+.eic. 

NOTE.—In solving the 7th, expand a+b + c, and then substitute's1 for 
«, — 2y for b, and z3 for c, or involve it directly. 

2 1 7 . ANOTHER FORM.—The formula for cubing a polyno-
mial may be put in another form, which is sometimes more con-
venient, as follows: 

(a+b + c)3 = a3 + (3a2 + 3ab + b2)b + [3(a •+ b)2+3 (a + b)c+c'> 



T I I E B I N O M I A L T H E O R E M . 

2 1 8 . The B i n o m i a l T h e o r e m expresses a générai method 
of raising a binomial to any power. 

2 1 9 . This theorem affords a much shorter method of raising 
oinomials to required powers than the tedious process of multi-
plication. 

NOTE.—The Theorem was discovered by Sir Isaac Newton. I t was con-
sidered of so much importance that the formula expressing it was engraved 
upon his monument in Westminster Abbey. 

• 2 2 0 . To derive the binomial theorem, we will raise twc 
binomials to different powers by actual multiplication, and 
then examine these powers to discover the law of their 
formation. 

Let us raise a+b to the 2d, 3d, 4tli and 5th powers. 

a +b , 
a +b 
a2+ab 

ab+b2 

2d power, a2 + 2ab + b2 

a +b 
a" + 2a2b + ab2 

a2b+2ab2+b8 

3d power, a3 + 3a2b + Sab2 + b3 

' a +b 
a* + 3a3ò + 3a2b2 + ab3 

a3b + 3«262 + Sab3 + b* 
4th power, a.4 + 4a?b + Qa2b2+4ab3 + ò4 

a +6 
a5 + 4a4ò + Qa3b2+Aa2b3+ab* 

a*b + 4a3ò2 + Qa2b3 + 4a64 
- b 4 

5th power, a5 + 5a'b +10a3b2 +1 Oa'63+oab i+b i 

Raising a - b to the 2d, 3d, 4th and 5th powers, we have— 

0a~b)2 = a2-2ab+b2; 

0a-by = a3-3a2b + 3ab2-b3; 

(a - by = a4 - 4a'b + 6a2b2 -4ab3+b*-, 

(a - by = a5 - 5a'b + 10as62 - 10a263+5ab l - b\ 

I n deriving a law from these examples there 'are five things 
to be considered: 

1st. The number of t e rms ; 2d. The signs of the t e rms ; 
3d. The letters in the terms; 4th. The exponents of the letters; 
5th. The coefficients of. the terms. 

I . N U M B E R OF T E R M S . — E x a m i n i n g t h e r e s u l t s i n t h e g i v e n 

examples, we see tha t the second power has three terms, the third 
power jour terms, the fourth power five terms, the fifth power 
six t e rms ; hence we infer t ha t 

The number of terms in any power of a binomial is one greater 
than the exponent of the power. 

I I . SIGNS OF THE T E R M S . — B y e x a m i n i n g t h e s i g n s o f 

the terms in the different powers, we infer the following 
principles: 

1. When both terms of the binomial are positive, all the terms 
will be positive. 

2. When the first term is positive and the second negative, all 
the ODD terms, counting from the left, will be POSITIVE, and all 
the EVEN terms will be NEGATIVE. 

HE. THE LETTERS.—By examining the letters in the differ-
ent powers we infer the following principle: 

The first letter of the binomial appears in all the terms except 
ihe last; the second letter appears in all except the first; and then 
product appears in all except the first and the last. 

I V . THE EXPONENTS.—By examining the exponents of 
the terms in the different powers, we infer the following 
principles: 



1. The exponent of the leading letter or quantity in the first 
term is the same as the exponent of the power, and decreases by 
unity in each successive term toward the right. 

2. The exponent of the second letter or quantity in the second 
term is one, and increases by unity in each successive term toward 
the right, until in the last term it is the same as the exponent of the 
power. 

3. The sum of the exponents in any term is equal to the expo-
nent of the power. 

V. THE COEFFICIENTS.—By examining the coefficients of 
the terms in the different powers, we infer the following prin-
ciples : 

1. The coefficient of the first and the last term is 1. 
2. The coefficient of the second term is the exponent of the 

power. 

Thus , in the second power it is 2 ; i n the third power, 3 ; in the fourth 
power, 4 ; and in the fifth power, 5. 

3. The coefficient of any term, multiplied by the exponent of the 
leading letter in that term, and divided by the number of the term, 
equals the coefficient of the next term. 

Thus, in examining the powers of a+b or a — b, we see that in the 4th 
power the coefficient of the second term, 4, multiplied by 3, the exponent 
of a in that term, and divided by 2, the number of the term, equals 6, 
the coefficient of the following term; in the 5th power we have 5, the 
coefficient of the 2d term, multiplied by 4, the exponent of a in that 
term, and divided by 2, the number of the term, equals 10, the coefficient 
of the 3d term; also 10, multiplied by 3 and divided by 3, equals 10. 
the coefficient of the 4th term, etc. 

% 

NOTES—1. We see that the coefficients of the last half of the terms 
when even, or the terms after the middle when odd, are the same as the 
coefficients of the preceding terms, inversely; hence we may write 
the coefficients of the terms after the middle term without actual cal-
culation. 

2. The above method of deriving the Binomial Theorem is by observa-
tion and induction from particular cases. For a more rigid demonstration 
see Supplement, page 330. 

E X A M P L E S . 

1. Raise x - y to the fourth power. 

S O L U T I O N . 

Letters and exponents, x* x3y x-y2 xy3 yl 

Coefficients and signs, 1 . — 4 +6 — 4 + 1 
Combin ing, x*—Ax3y+6 x2y2 — 4xy3+y* 

NOTE.—In practice, we first write the literal part of the development, 
end then, commencing at the first term, insert the coefficients with their 
signs. 

2. Develop (a+xf. Ans. a3 + 3a2a;+3aa;2+a;3. 

3. Develop (a + c'f. Ans. a4+4a3c + 6aV+4ae3+c4 . 
4. Develop (a - b'f. 

Ans. a6 - 5a*b + 10a36! - 1 ( W + 5ab* - b\ 
5. Develop ( .x-y)6 . 

Ans. x0 - Gx'y +15x*y* - 20x3f +1 Qxhf - Qxf+ye. 
6. Develop (a + b)\ 

Ans. a: +7a% + 21aV+35a'63 + 35a3bl + 21a265+lab•« 
+ b\ 

7. Develop (a — x)s. 
Ans. a8 - 8a7z + 2 8 a V - 56a563 + 7 0 a V - 5 6 a V 

+ 2 8 a V — 8arc7+xs. 
8. Develop (1-af ) 6 . 

Ans. 1 - Qx + lôx2 - 20x> + 15a;4 - 6.-c5 + x\ 
9. Develop (a-c)9. 

Ans. a9- 9a8c + 36aV - 84aV + 126aV - 126aV 
• +84a 3 c G -36aV + 9ac8-c9 . 

10. Develop (a+c)10. 
Ans. à10 + 10a9c + 45aV + 120aV + 210aV + 252a5c5 

+ 210a4e6 + 120aV + 45a¥+10ac 9 f c'°. 

11. Develop (a+a;)". 
» „ „i n(n-l) . n(n-l)(n-2) . . Ans. an + na"-lx+— - a " " V + — — - a " V 

• 2 ' 2 3 
+ na 



B I N O M I A L S , W I T H C O E F F I C I E N T S A N D E X P O N E N T S . 

2 2 1 . The Binomial Theorem can also be applied to bina 
mials when one or both terms have coefficients and exponents. 

1. Raise 2a2+ 36 to the fourth power. 

S O L U T I O N . 

Let 2a2 = m and 3b = n; tjien m+n will equal 2a2+ 36. 
We have (m+n)i=mi+4?n3n+6m2n2+4mn3 + n*. 
Substituting, (2a2)4+4(2a2)33& + 6(2a2)2(36)2+4(2a2)(35)s+(36)1, 
Reducing, 16a8+96aG6 + 216a462+216a263^81ô*. 

NOTE. It can also be solved by writing the second expression directly 
»nd then reducing, without making the substitution. 

2. Develop (2a - 3b)3. Am. 8a3 - 3Qa2b + 54ab2 - 27b3. 
3. Develop (a2+3.*)4. Am. a 8 + 1 2 a 6 z + 5 4 a V + 1 0 8 a V + 81a;4. 
4. Develop ( 4 a - 3 a V ) 3 . 

Am. 64as - 144aV + 108aV - 2 7 i V . 

5. Develop f x - -Y. Am. 4a3s a4 

\ C J C C2 C3 

6. Develop ^a2 - . 

Ans. a I O -5a ' a ;+10aV-10aa r , + — - — . a2 a5 

7. Develop ( 3 s - - ) . Am. 8 1 s 4 - 1 0 8 s 2 + 5 4 - — + —. 
\ z) z4 

8. Develop Q - a - f c ) 5 . 
Am ^ _ 5 a 4 Ç + 5 a V _ 20aV 40ac4_32c5 

q T, i , , ' 3 2 2 4 ' 9 2 7 + «I 2 4 3 ' 

9. Develop (n2-n~y. 
Am. n12 - 6?i8+15n4 - 20 + 15n~4 - 6?i- 8+»-". 

10. Develop (1 -» fa ) 5 . 

2 2 4 16 32 
31. Develop (2a2a; - 4az3)6.' 

Ans. 64a1 V - 768a1 W + 3840a'Vz6 - •, etc. 

A P P L I E D T O P O L Y N O M I A L S . 

2 2 2 . The Binomial Theorem may also be applied to poly-
nomials by regarding them as binomials. 

1. F ind the second power of a+b + c+d. 

S O L U T I O N . 

Let x = a + b and y = c+d; then {x+y)2 = (a + b + c+ d)K 
By the Theorem, (x+y)2 = x2+2xy+y2. 
Substituting, (a+6)2+2(a+ b)(c+d) + (c+d) 2 . 
Expanding, a?+2 ab + b-+ 2ac+2bc + c2 + 2 ad+2bd+2cd + d\ 

2. Expand (a - b+c)2. Am. a2 - 2a& + b2+ 2ac - 2bc + c2. 
3. Expand ( a + 6 - e ) 3 . 

Am. a3 + 3a26 + Sab2 + b* - 3a2c - 6abe - 3b2c + 3OA? 

+ 36c2 — c3. 
4. Expand (a+6 + c+d)3 . 

Jms. a
3 + 3a26 + 3ab2 + b3+3a2c+6abc+3b2c+3ac2 + 3be1 

+ cs + , etc. 

M I S C E L L A N E O U S E X A M P L E S . 

1. Prove tha t the square of the sum of two numbers exceeds 
the square of their difference by 4 times their product. 

2. Show how much the square of the sum of two numbers 
exceeds the product of their sum and difference. 

3. W h a t is the difference between one-half the square of a 
number and the square.of one-lialf a number? 

4. Prove that the difference between the squares of two con-
secutive numbers equals twice the less number, plus 1. 

5. I f two numbers differ by unity, prove that the difference 
of their squares equals the sum of the numbers. 

6. Of three consecutive numbers, what is the difference be-
tween the square of the second and the product of the first and 
third? 

7. Prove tha t the sum of the cubes of three consecutive 
numbers is divisible by the sum of the numbers. 



E V O L U T I O N . 

EVOLUTION. 
2 2 3 . Evolut ion is the process of extracting the root of a 

quantity. 

2 2 4 . A Root of a quantity is one of its several equal fee-
tors ; or, it is a quantity of which the given quantity is a power. 

2 2 5 . The Square Root of a quantity is one of its two equal 
Victors; the cube root is one of its three equal factors, etc. 

2 2 6 . The Symbol j / , called the radical sign, indicates the 
root of a quanti ty; thus, j / 4 indicates the square root of 4; 
indicates the cube root of 8. 

2 2 7 . ^ The I n d e x of the root is the figure placed above the 
radical sign to denote what root is required. 

2 2 8 . A Fract ional Exponent is also used to indicate a 
root of a quanti ty; thus, a* indicates the square root, of a ; 
8 J indicates the cube root of 8. 

2 2 9 . In fractional exponents the numerator indicates a 
power and the denominator a root of the quant i ty; thus, 

a?
m = I/7«2, or the cube root of a squared ; 

a» = y'am, or the nth root of the mth power of a. 

2 3 « . A Per fec t P o w e r is a quantity whose required root 
can be exactly obtained. An Imperfect Power is a quantity 
whose required root cannot be exactly obtained. 

P R I N C I P L E S . 

1. The odd roots of a positive quantity are positive. 

For, the odd powers of a positive quantity are positive, while the odd 
ocwers of a negative quantity are negative. Thus, ^ 8 = + 2 , and ^ a 5 = + a. 

2. The even roots of a positive quantity are either positive oi 
negative. 

. For> , the P°w e r s of either a positive or a negative quantity are posi-
tive; thus, (+ 3)2= 9 and ( - 3 ) 2 = 9; hence, v ' 9 = + 3 or "-3; also, 
f / a = + a or - a , since ( + a)2 and ( - a ) 2 both equal a2. 

NOTE. The symbol ± means pluscr minus; thus. ^ a
2 = ± A is read 

the square root of a2 is plus or minus a. 
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3. The odd roots of a negative quantity are negative. 

For, the odd powers of a negative quantity are negative, while all the 
powers of a positive quantity are positive. Thus, ty — 8= —2 and 
ty - fi5 = — a. 

1 The even roots of a negative quantity are impossible. 

For, the even powers of both positive and negative quantities are posi-
"ive; hence no quantity raised to an even power can produce a negative 
quantity. Thus, j/—4, ^ — 16 and y — u~, are all impossible. 

NOTE.—The expression of the even root of a negative quantity is called 
an Imaginary Quantity. 

CASE I. 

231. To extract any root of a monomial. 

2 3 2 . The methods of extracting the roots of monomials are 
derived from those of involution, the one being the reverse of 
the other. 

P R I N C I P L E S . 

1. To find any root of a monomial, we extract the root of the 
numeral coefficient and divide the exponents of the letters by the 
index of the root. 

This is evident, since in raising a monomial to any power we raise the 
coefficient to the required power and multiply the exponents of the letters 
by the index of the power. (Art, 210.) 

2. To find any root of a fraction, we extract the root of both 
terms. . 

This is evident since to raise a fraction to any power we raise both 
terilis to the required power. (Art. 211.) 

1. Find the square root of 9a2b*. 

SOLUTION. Since to square a monomial we square OPERATION. 
the coefficient and multiply the exponents of the let- y<ja?b i= ± 3 a h ' 
ters by 2, to find the square root of a monomial we 
reverse the process, and extract the square root of the coefficient, and 
divide the exponents of the letters by 2. Doing this, we have 3a&2, and 
this is plus or minus (Prin. 2, Art. 230). Hence, i/9aV/' equals ± 3ab2-



2. F ind the cube root of 8a%\ 

S O L U T I O N . Since extracting the cube root of a quan- O P E R A T I O N 

tity is the reverse of raising it to the third power, we ex- {ySa6bi = 2a?b 
tract the cube root of the coefficient 8, and divide the V ' 
exponents of ae and b3 by 3, and we have 2o?b; and the sign is plus 
(Prin. I, Art. 230). 

R u l e . — I Extract the root of the numeral coefficient and iividf 
the exponents by the index of the root. 

I I . Prefix the double sign, ±, to all even roots, and the mini s 
sign to odd roots of negative quantities. 

3. Square root of 16a4Z»6. Ans. ±4a2b%. 
4. Square root of 25x*y2. Ans. ± 5 x s y . 
5. Cube root of 27acZ>9. Ans. 3a?b3. 
6. Cube root of - 64aV. Ans. -Aax2. 
7. F i f t h root of - 32aV°. Ans. -2ae2. 
8. F i f t h root of - 2 4 3 a 1 W ° . Ans. - 3 a V z \ 
9. Cube root of 2 1 6 a V y . Ans. Qaxlxf. 

10. Square root of 144a2"64"c8. Ans. ±12a"b2nc\ 
11. Square root of 64abxâ. Ans. ± 8 a h h \ 
12. Cube root of 125a2»4/. Ans. 5a%x$z2. 
13. Value of Am. a^c^'x. 
14. Va lue of Ans. ± 2a"ffn. 
15. Va lue of ( a 2 V ) t a V . 
16. Va lue of ( f a V ) 2 . Ans. ± - | a V . 

17 o . „ 16a3 
bquare root ot 1 25z5 ¿Ins. =t 

5x-

18. Cube roc t of 
27m6 

2a 
Ans. 

3m' 

19. r , , + , 64a8» Cube root of 
125c6" 

, 4a" 
Ans. 

5 c2* 

20. Value of f ( a " c V 2 " ) . 
S M 

Ans. ac2xnzn. 

CASE II . 

233. To extract the square root of a polynomial . 

2 3 4 . The method of extracting the square root of a 
polynomial is derived f rom the law for the square of a poly-
nomial. 

1. F ind the square root of a2+2a6 + 62. 

OPERATION. 

a2+2a& + 62 | a + 6 
a 2 

2 a 
2 a J 

¡2 cib+b* 
¿ ¡ 2 a6+62 

SOLUTION. The first terra, a2, is the square 
of the first term of the root, hence the first term 
of the root is the square root of a2, which is a . 
Squaring a and subtracting it from the poly-
nomial, we have 2a6 + 62, which equals twice the 
first term, plus the second term, multiplied by the 
second term (Art . 214); hence, if we divide by 

twice the first term of the root, we will obtain the second term. Dividing 
by 2a, we have b, the second term of the root; adding b to 2a, the trial 
divisor, we have 2a+ 6 ; multiplying by b and subtracting, there is no re-
mainder. Hence, the square root of a2 + 2ab + b'1 is a + b. 

2. E x t r a c t ' t h e square root of a2 + 2abJr2b2+2ac+2bc he2. 

O P E R A T I O N . 

a 2+2a6+6 2+2ac+26c+c 2 [ a + 6 + c 

2a 
2a+6 

2a6 + 62 

2«6 + 62 

2 a + 26 
2a+26 + c 

2ac+26c+e2 

2ac+26e+c2 

SOLUTION. Proceeding as 
in Prob. 1, we obtain the first 
two terms of the root, a+6 , 
with a remainder 2ae+26c 
+ e2. This remainder equals 
twice the sum of the first and 
second terms, plus the third 
term, multiplied by the third 
term (Art. 215); hence, if 
we divide by twice the sum of the first and second terms, we will obtain 
the third term. Twice a + 6 are 2a+26; dividing the remainder by 
2a+ 26, we obtain c, the third term. Adding e to the trial divisor, we 
have 2a + 26 + c; multiplying by e and subtracting, nothing remains. 
Hence, etc. 

Rule .—I. Arrange the terms of the polynomial with reference 
to the powers of some letter. 

I I . Extract the square root of the first term; write the result as 
the first term of the root; subtract the square from the given poly-
nomial, and bring down the next two terms for a dividend 



I I I . Double the root already found, for a trial divisor; divide 
the first term of the dividend by the result ; annex the quotient to 
the root and also to the trial divisor for a complete divisor. Mul-
tiply the complete divisor by the second figure of the root, and sub-
tract the product from the dividend. 

IV . If there are other terms of the polynomial remaining, pro-
ceed in a similar manner until the work is completed. 

NOTES.—1. If the first term of any remainder, when properly arranged, 
is not divisible by double the first term of the root, the polynomial is not 
a perfect square. 

2. When the trial divisor consists of two or more terms, it is necessary 
to divide only the first, term of the dividend by the first term of tin 
divisor. 

E X A M P L E S . 

Find the square root— 

3. Of a 2 + 4 a + 4 . Ans. a+2. 

4. Of a 2 -4ac+4c 2 . Ans. a-2c. 

5. Of 4a2 - 12ax+9x\ Ans. 2a - Bx. 

6. Of x2-xy+\y2. Ans. x-\y. 

7. Of a ,"+2a"ò" + 62n. Ans. a"+b". 

8. Of a2+62 + c2+2ab + 2ac+2be. Ans. a+b + c. 

9. Of a2+x2+z2-2ax- 2az+2xz. Ans. a-x-z. 

10. Of a 2 + 4 a ò + 4 ò 2 - 2 a c - 4 ò c + c 2 . Ans. a+2b-c. 

11. Of a 2 - 4 a c + 4 e 2 + 6 a - 1 2 c + 9 . Ans. a - 2 c + 3 . 

12. Of a - 2 a h + a26*+2ak* - 2ab*+bl Ans. a* - ab + bK 

13. Of m* + 4m3n+10m2n2+12mw3+9n*. Ans. m2+2mn+Zni. 

14. Of 4x2-lGz+lQ + 12xy-24y + 9y2. Ans. 2x-4+3y. 

15. Of 10ii2+25n4 - 20»i3+l - 4n+16)i6 - 24n». 
Aim. l-2n + Sn2-4n\ 

16. Of a6+ 4 a V + 4 a V + x 6 - 4a5x + 4 a V - 2 a V - 8aV-f- 4 a V 
- 4a«5. Ans. a3 - 2a'x+2ax? - x\ 

S Q U A R E ROOT O F N U M B E R S . 

21?»5. The method of extracting the Square Root of Num-
bers is most satisfactorily explained by Algebra. 

P R I N C I P L E S . 

1. The square of a number consists of twice as-many figures as 
the number, or of twice as many less one. 

Any integral number between 1 and 10 consists of 12 = 1 
one figure, and any number between their squares, 1 102 = 100 
and 100, consists of one or two figures; hence the square 1002 = 10,000 
of a number of one figure is a number of one or two ^QQQ2 = i QQQ QQQ 

figures. Any number between 10 and 100 consists of 
two figures, and any number between their respective squares, 100 and 
10,000, consists of three or four figures; hence, the square of a number of 
two figures is a number of three or four figures, etc. Therefore, etc. 

2. If a number be pointed off into periods of two figures each, 
beginning at units' place, the number of full periods, together with 
the partial period at the left, if there be one, will equal the number 
of places in the square root. 

This is evident from Prin. 1, since the square of a number contains 
twice as many places as the number, or twice as many, less one. 

3. If we represent the units by u, the tens by t, the hundreds by 
h, the thousands by T, we will have the following formulas: 

(t+u)2 = t2+2tu+u2-, 
(7i+i+u)2 = h2+2 ht+t2+2(h+t)u+u2; 
(T+h+t+uy=T2+2Th+h2+2(T+h)t+t2+2(T+h+t)u+u\ 

1. Ex t rac t the square root of 2025. 
S O L U T I O N . Separating the number into O P E R A T I O N . 

periods of two figures each, we find there t2+2tu+u2= 20-25 (, 40 
are two figures in the root (Prin. 2); hence ¿2 = 402 = 1600 _o 
the root consists of tens and units, and the 2 lu- i u 2 = 425 45 
number equals the square of the tens, plus 2̂  = 40x2 = 80 
twee the tens into the units, plus the square u = 5 
of the units. (2t + u)u =85x5 = 425 

The greatest number of tens whose square 
La contained in 2025 is 4 tens; squaring the tens and subtracting, we have 

1 5 * 



425, wh ich equals twice Ihe tens into the units, plus the square of the units 
Now, since twice the tens into the units is generally greater than the unit» 
into the units, 425 consists p r inc ipa l ly of twice the tens into the units; hence 
il we d iv ide by twice the tens, we can ascertain the units. Twice the tent 
equals 40 x 2, or 80; dividing 425 by 80, we find the units to be 5; then 
(2t+u)u, which equals 2tu+u", equals (80 + 5) x 5, or 425; subtracting, 
nothing remains. Hence the square root of 2025 is 4 tens and 5 units, 
or 45. 

2. Extrac t the square root of 104976. 

S O L U T I O N . Separating the number into periods of two figures each, 
beginning at the right, we find there are three figures in the root, and the 
foot consists of hundreds, tens and units, and the number equals h2 + 2ht 
+12+(2h+tju+u2. ' 

O P E R A T I O N . 

h2+2ht + t2 + 2{h+t)u+u2 = 10-4976(300 
ti'= ' 300s = 9 00 00 20 

2ht+t* + 2(h+t)u+u2 14976 4 
2A= 300x2 = 600 324 

t °= 2 0 

(2h+t)t= 620 x 20= 12400 
2 {h+t)u+u2^ 2576 
2{h+t) = 320x2 = 640 

u= 4 
[2(A + 0 + M ] » - (644) x 4 = 2576 

The greatest number of hundreds whose square is contained in 104976 
fs 3 hundreds; squaring and subtracting, we have 14976 remaining, which 
equals 2hfrt2+, etc. Now, since twice the hundreds into the tens is gene-
rally much greater than t2 +, etc., 14976 must consist principally of twiet 
the hundreds into the tens; hence, if we divide by twice the hundreds, we car. 
ascertain the tens. Twice the hundreds equals 300x2 = 600; dividing by 
600. we find the tens to be 2, etc. 

NOTE.—In practice we abbreviate the O P E R A T I O N AS I N P R A C T I C E 

work by omitting the ciphers and con- 10'49'76(324 
densing the other parts, preserving merely 3 g 
the trial and true divisors, as is indicated g.? 
in the margin. Here 6 is the first trial 644 124 
divisor and 62 the first true divisor; 64 is ~2576 
the second trial, and 644 the second true a—re 
aivisor. 2076 

From these explanations we derive the following rule : 

Rule.—I. Commence at units' place and separate the number 
into periods of two figures each. 

I I . Find the greatest number whose square is contained in the 
left-hand period, place it at the right as a quotient and its square 
•under the left-hand period, subtract and annex the next period to 
the remainder for a dividend. 

I I I . Double ihe root found, and -place it at the. left for a trial 
divisor, divide the dividend exclusive of the right-hand figure by it; 
the qu otient will be the second term of the root, 

IV. Annex the second term of the root to the trial divisor for the 
true divisor, multiply the result by the second term of the root, sub-
tract and bring down the next period for the next dividend. 

V. Double the root now found, find the third term of the root 
as before, and thus proceed until all the periods have been used. 

NOTES—1. If the product of any true divisor by the corresponding 
term of the root exceeds the dividend, the term of the root must be dimin-
ished by a unit. 

2. When a dividend, exclusive of the right-hand figure, will not contain 
the trial divisor, place a cipher in the root and at the right of the trial 
divisor, then bring down the next period and proceed as before. 

3. To extract the square root of a decimal, we point off the decimal into 
periods of two figures each, counting from units' place, and proceed as with 
whole numbers; the reason of which may be easily seen. When a number 
is not a perfect square, annex ciphers and find the root on to decimals. 

4. To find the square root of a common fraction, it is evident that we 
extract the square root of both numerator and denominator. When these 
terms are not perfect squares, the shortest way is to reduce the fraction tc 
a decimal and extract the root. 

E X A M P L E S . 

Extract the square root— 
3. 576. Ant. 24. 11. 5503716. Ans. 2346. 
4. 1296. Ans. 36. 12. 4137156. Ans. 2034. 
5. 2401. Ans. 49. 13. 11594025 Ans. 34Ò5. 
6. 56644. Ans. 238. 14. 

ffl-
Ans. ft. 

7. 119025. Ans. 345. 15. 1 6 4 f | . Ans. 12f. 
8. 207936. Ans. 456. 16. 12.96. Ans. 3 6. 
9. 321489. Ans. 567. 17. .0064. Ans. .08. 

10 6421156. Ans. 2534. 18. 10.6929. Ans. 3.27. 



3a2&+3aò2+63 

3a26+3aò2+&3 

CASE I I I . 

23«. To extract the cube root of polynomials. 

2 3 7 . The method of extracting the cube root of a polyno 
mial is derived from the law for the cube of a polynomial 

X-. 

I . F ind the cube root of a3 + 3a26 + 3a62+63. 

. SOLUTION. The first term, a3; O PE RA T I O N . 
is the cube of the first term of „, , „„.,, , „ , , , , , , . , , , . , „ , , . , , a j+3a2&+3a62 + 6s (a+b the root (Art. 220); hence, the tf 
first term of the root is the cube ga 2 
root-of a3, or a. Cubing a and sa

2+3ab + b2 

subtracting it from the polyno-
mial, we have 3d'b + 3ab2 + b\ which equals three times the square of the 
first term, of the root into the second, plus, e tc . ; hence, if we divide the first 
term of the remainder by three times the first term of the root, we can 
ascertain the second tern. Three times a squared equals 3a2, the trial 
divisor; d iv id ing 3dlb by 3a 2 , we obtain b, t he second term of t he root. 
Add ing to the tr ia l divisor three times the product of the first term of the 
root by the last term, and the square of the last term, we h a v e for a complete 
divisor 3a2+3a6 + &2; multiplying this by b, we have 3a26 + 3a&2+63 

subtracting this, nothing remains. Hence the cube root of the given 
polynomial is a+6 . 

Ru le .—I . Arrange the terms of the polynomial with reference 
to the powers of some letter. 

I I . Extract the cube root of the first term; write the remit 
as the first term of the root; subtract its cube from the given 
polynomial by bringing down the next three terms for a divi-
dend. 

I I I . Take three times the square of the root found for a trial 
divisor; divide the first term of the dividend by it, and write the 
quotient for the next term of the root. 

I V . Add to the trial divisor three times the product of the 
first, and last terms of the root, and the square of the last term, 
for a complete divisor. Multiply the complete divisor by the 
iast term of the root, and subtract the product from the divi-
dend. 

V. If there are other terms of the polynomial remaining, pro-
teed in a sim ilar manner until the work is completed. 

NOTES.—1. Arrange the terms of each new dividend, when necessary, 
with reference to the powers of the leading letter of the root. 

2 When there are three terms in the root, to obtain the third, we use 
the tirst two terms as we did the first term in obtaining the second. 

E X A M P L E S . 
Find the cube root— 

2. Of a? - 3a2x + 3ax2 - x*. Ans. a-x. 
3. Of a3 + 6a26 + 12a62+863. Ans. a+26. 
4. Of x6 - 6.r4 + 12z2 - 8. Ans. x2 - 2. 
5. Of a3 + 3a26 + 3a62+63+3a2c+6a6e + 362e f 3ac2 + 36c2+e3. 

Ans. a+b+c. 
6. Of a 6 - 3 a 5 + 5 a 3 - 3 a - l . Ans. a2-a-1. 
7. Of a"- 6 a 5 + 1 5 a 4 - 20as + 15a2 — 6a+1. Ans. a 2 - 2 a + l . 
8. Of m*+6m5 - 40»i3 + 96m - 64. Ans. m2+2m - 4. 
9. Of a.-6 - Sax* + 5a?x3 - 3asx - a6. Ans. x2 - ax - a2. 

C U B E ROOT O F N U M B E R S . 

2 3 8 . The method of extracting the Cube Boot of Numbers 
is most satisfactorily explained by means of Algebra. 

P R I N C I P L E S . . 

1. The cube of a number consists of three times as many figures 
as the number, or of three times as many less one or two. 

Any integral number between 1 and 10 consists of one 13 = 1 
figure, and any integral number between their cubes, 103 = 1000 
1 ar.d 1000, consists of one, two or three figures; hence 1003 = 1,000,000 
the cube of a number of one figure is a number of one, 
two or three figures. Any number between 10 and 100 consists of two 
figures, and any number between their cubes, 1000 and 1,000,000, consists 
of four, five or six figures; hence the cube of a number of two figures con-
sists of three times two figures, or three times two, less, one or two figure» 
Therefore, etc. 



1 7 8 E V O L U T I O N . 

2. If a number be pointed off into periods of three figurei 
each, beginning at units' place, the number of fidl periods, together 
with the partial period at the left, if there be one, will equal the 
number of figures in the-root. 

This is evident from Prin. 1, since the cube of a number contains three 
times as many places as the number, or three limes as many, less one or two. 

3. If we represent the units by u , the tens by t , the hundreds by 
h, etc., we will have the following formulas: 

1. (t+u)s = e + 3t2u+Btu2+u3; 
2. (h+t+u)3 = h3 + 3hH+ '¿hf + i3 + 3(/i + t f u + 3(ft + t ) u 2 + u \ 

1. E x t r a c t the cube root of .15625. 
SOLUTION. Separating the number into periods of three figures each, 

we find there are two figures in the root (Prin. 2); hence the root consists 
of tens a n d units, a n d t h e n u m b e r equa ls t h e tens3 + 3 x tens2 x units + 3 
x tens x units2+urais3. 

OPERATION. 
i? + Zt2u + 3tu2+ui = 

3t2u+3tu2+u3 = 

15-625 (.20 
203= 8000 _5 

25 
3x20= = 1200 

3 x 2 0 x 5 = 300 
52= 25 

(3£2+3£W+M2)W 

7625 

1525x5= 7625 

AS I N PRACTICE. 

15-625 ( 25 

The greatest number of tens whose cube is contained in 15625 is 2 lens; 
cubing the tens and subtracting, we |iave 7625, which equals 3 x tens2 x unit, 
+ 3 x tensx units2+uniis3. Now, s ince 3 x tens2 x units is genera l ly greater 
than 3 x tens x units2+, etc., 7625 consists 
principally of 3 x tens2 x units; hence, if 
we divide 7625 by 3 xtens2, we can ascer-
t a in t h e units. 3 x tens2 = 202 x 3 = 1200 ; 
dividing 7625 by 1200, we find the units to 
be 5. We then find 3 x tens x units equals 
3 x 20 x 5 = 300, and units2 equals 52 = 25; 
taking their sum, we have 3t2 + 3tu + u2 

= 1525 ; and multiplying by the units, we 
have {'¿t2+ Uu+u'ju = 1525 x 5, or 7625; and subtracting, nothing re» 
mains. Ilence the cube root of 15625 is 25. 

NOTE—In practice we omit the naughts and abbreviate is is seen in 
die margin. 

3 x 202 = 
3 x 20 x 5 ; 
52 = 

2s. 
1200 

- 300 
25^ 

1525 

2. E x t r a c t the cube root of 14706125. 

SHOWN BY LETTERS. 

14-706-1251,215 
7,3 = 2003 = 8 000 000 

AS IN PRACTICE. 
14-706-1251,2« 

23= 8 

KÄ + t)hi + 3(/» + t)u°- + w3 = 

52 = 

120000 6 706 125 20» x 3 = 1200 6706 
24000 20 x 4 X 3 == 240 

1600 4 2 = 16 
145600 5884000 ' 1456 5824 

882125 882125 
172SOO 2 4 0 2 x 3 = 172800 

3600 240 x 5 x 3 = 3600 
25 5 2 = 25 

17642.5 882125 176435 882125 

NOTE.—In practice, abbreviate by omitting ciphers and using periods 
instead of the whole number each time. 

Rule .—I. Separate the number into periods -of three figures 
each, beginning at units' place. 

I I . Find the greatest number whose cube is contained \n the left-
hand period; place it at the right and subtract its cube from the 
period, and annex the next period to the remainder for a dividend. 

I I I . Take 3 times the square of the first term of the root re-
garded as tens for a TRIAL DIVISOR ; divide the dividend by it, 
and place the quotient as the second term of the root. 

I V . Take 3 times the last term of the root multiplied by the pre-
ceding part regarded as tens; write the result under the trial 
divisor, and under this write the square of the last term of the 
root; their sum will be the COMPLETE DIVISOR. 

V . Multiply the COMPLETE DIVISOR by the last term of the 
root; subtract the product from the dividend, and to the remain-
der annex the next period for a new dividend. Take 3 times 
the square of the root now found, regarded as tens, for a trial 
divisor, and find the third term of the root as before; and thus 
continue until all the periods have been used. 

N O T E S . — 1 . If the product o'f the complete divisor by any term of the 
root exceeds the dividend, that term must be diminished by a unit. 

2. When a dividend will not contain a trial divisor, place a cipher in 
the root and two ciphers at the right of the trial divisor, and proceed a3 
before. 

3. The cube root of a fractian equals the cube root of the numeratoi 



and der.ominator. "VVhen these are not perfect cubes, reduce t<? a decimal 
and then extract the root. 

4. From the' work in the margin we see that the 
cube root of a decimal of one, two or three places is a 
decimal of one place; of four, five or six places, is a 
decimal of two places, etc.; hence, to extract the cube 
root of a decimal, we point oil' in periods of three 
figures each, commencing at units' place and counting to the right. 

T^.001 = .1 
f .000001 = .01 

etc., etc. 

F i n d the cube root o f -
E X A M P L E S . 

3. 24389. Ans. 29. 11. 41063.625. Ans. 34.5. 
4. 300763. Ans. t67. 12. 130.323843. Ans. 5.07. 
5. 405224. Ans. '74. 13. 95256152263. Ans. 4567. 
6. 18191447. Ans. 263. 14. 3 4 f i . Ans. 3-jf. 
7. 44361864. Ans. 354. 15. 6. Ans. 1.8171+. 
8. 82881856. Ans. 436. 16. 7. Ans. 1 .9129+. 
9. 66923416. Ans. 406. 17. 9. Ans. 2.08008+. 

10. 1879080904. Ans. 1234. l'8. 10. Ans. 2.15443+ . 

N E W M E T H O D O F C U B E ROOT. 

2 3 9 . T h e method here presented is supposed to be simpler 
and more convenient in its application than those usually given. 

2 4 © . I n the operation, indicate the trial divisor by t. d., 
and the complete divisor by c. D., and use dots, t h u s , . . , to indi-
cate the local value of the figures. 

1. E x t r a c t the cube root of 1470612c 
S O L U T I O N . We find the number 

of figures in the root, and the first 
term of the root, as in the preced-
ing method. 

We write 2, the first term of the 
root, at the left at the head of 
Col. 1st; three times its square 
with two dots annexed at the head 
of Col. 2d; its cube under the first 
period; then subtract and annex 
ihe next period for a dividend; 

O P E R A T I O N . 

1ST COL. 

2 
4 
64 

8 
725 

2D COL. 

12. . t .d. 
256 

1456 c.D. 
16 

14-706-125 ( >45 

6706 

5824 
1728 . . t .d . 

3625 
176425 c.R 

882125 

882125 

and divide by the number in Col. 2d as a trial divisor, for the second term 
of the root. 

We then take 2 times 2, the first term, and write the product, 4, in Col. 
1st, under the 2, and add ; then annex the second term of the root to the 
6 in Col. 1st, making 64, and multiply 64 by .4 for a correction, which we 
write under the trial divisor; and adding the correction to the trial divisor, 
we have the complete divisor, 1456. We then multiply the complete 
divisor by 4, subtract the product from the dividend, and annex the next 
period for a new dividend. , 

We then square 4, the second figure of the root, write the square under the 
complete divisor, and add the correction, t h e complete divisor and the square 
for the next trial divisor, which we find to be 1728. Dividing by the trial 
divisor, we find the next term of the root to be 5. 

We then take 2 times 4, the second term, write the product 8 under the 
64, add it to 64, and annex the third term of the root to the sum, 72, 
making 725, and then multiply 725 by 5, giving us 3625 for the next cor-
rection. W e then find t h e complete divisor by add ing the correction to the 
trial divisor; multiply the true divisor by 5, and subtract and have no 
remainder. 

S H O W N B Y A L G E B R A . 

1ST COL. 2D Cot . 

2 h 12 3 h? 
4_ 2 h 
64 3/i+1 
8 21 

• 256_ 3ht+F-
1456 Zh2+5ht+t2 

16 t2 

72 3h+Zt 1728 Zh2 + 6ht + 3t2 

725 3/t+3 t+u 3625 3hu + 3tu f v? 
176425 3^2 + 6^í:+3í2 + 3/m + 3^u+« , 

Rule .—I. Separate the number into periods of three figures 
each; find the greatest number whose cube is contained in the first 
period, and write it in the root. 

I I . Write the first term of the root at the head of 1st Col., 3 
times its square, with two dots annexed, for a TRIAL DIVISOR, at 
the head of 2d Col., and its cube under the first period; subtract 
and annex the next period to the remainder for a dividend ; divide 
the dividend by the trial divisor, and place the quotient as the 
second term of the root. 

I I I . Add twice the first term of the root to the number in the 
first column; annex the second term of the root, multiply the result 
by the second term, and write the product under the trial d ivisor 

ifi 



for a CORRECTION ; add the CORRECTION to the T R I A L DIVISOR, 

and the result will be the COMPLETE DIVISOR ; multiply the COM-
PLETE DIVISOR by the last term of the root, subtract the product 
from the dividend, and annex the next period to the result for a 
new dividend. 

IV. Square the last term of the root, and take the sum of this 
SQUARE, the last COMPLETE DIVISOR and the last CORRECTION, 

and annex two dots, for a new TRIAL DIVISOR ; divide the divi-
dend by it and obtain the next term of the root. 

V. Add twice the second term of the root to the last number in 
the first column; annex the last term to the sum, multiply the result 
by the last term, and write the product under the last trial divisor 
for a CORRECTION ; add the CORRECTION to the T R I A L DIVISOR, 

and the result will be the COMPLETE DIVISOR ; use this as before, 
and thus continue until all the periods have been used. 

N O T E . — A part of this method can be easily remembered by means of 
the following formulas, which show the formation of the trial and complete 
divisors : 

1. Trial Divisor + Correction = Complete Divisor. 
2. Correction + Complete Divisor + Square = Trial Divisor. 

2. Extrac t the cube root of 41673648563. 

1ST COL. 2D COL. 4 1 - 6 7 3 - 6 4 S - 5 6 3 (,3467 
3 27.. t.d. 27 
6 3 7 6 1 4 6 7 3 

9 4 3 0 7 6 c . D . 

8 1 6 1 2 3 0 4 

1 0 2 6 3 4 6 8 . . t . d . 2 3 6 9 6 4 8 

1 2 R 6 1 5 6 

1 0 3 8 7 3 5 2 9 5 6 c . D . 

3 6 2 1 1 7 7 3 6 

3 5 9 1 4 8 . . t . d . 2 5 1 9 1 2 5 6 3 

7 2 7 0 9 

3 5 9 8 7 5 0 9 c . D . 

2 5 1 9 1 2 5 6 3 

NOTE.—Let the pupils apply this to the problems under the preview» 
method. 

R A D I C A L S . 

2 4 1 . A Radical is an indicated root of a quantity ; as i/a, 

A ^ , T / 2 4 , 3 ] / ( a — x), etc. 

2 4 2 . The Coefficient of a radical is the quantity which in-
dicates the number of times it is taken. Thus, in 3 i / ( a s z ) and 
m(d!-x2)^, 3 and m are the coefficients. 

2 4 8 . The D e g r e e of a radical is indicated by the index of 
the radical sign, or by the denominator of the fractional expo-
nent. Thus, 

-y/a; 62' ; (2aV)^ are radicals of the second degree. 

-fta?; $ ; ( aV)^ are radicals of the third degree. 

-{/a3; (26)» ; (a - 6)" are radicals of the n th degree. 

2 4 4 . Similar Radicals are those which have the same 
quantity under the same radical sign ; as \ / (a 2 c) and 4p/(a2c) ; 

also a\/c and 6c". 

NOTE.—A quantity whose root cannot be expressed without a radical 
sign or fractional exponent is called an irrational quantity or a surd ; when 
the root expressed can be obtained exactly, it is called a rational quantity. 

R E D U C T I O N O F R A D I C A L S . 
2 4 5 . Reduction of Radicals is the process of changing 

their forms without altering their values. 
2 4 6 . The reduction of radicals depends upon the following 

principles: 
PRIN. 1. Any root of the product of two or more quantities 

equals the product of the same roots of those quantities. 

Thus, i/(«6) = 1/« x T/&- For, y(ab) equals aW1 (Art. 231), and a d -
equate i/a x i/b. In the same way we may prove that t"(ab) = {/a x 1>6. 

PRIN. 2. Fractional exponents may be added, subtracted, multi-
plied, and divided the same as integral exponents. 

This may be readily inferred from the relation of integers and fractions; 
it will be rigidly demonstrated in the article on the Theory of Exponents. 



C A S E I . 

247. To reduce a radical to its simplest form. 

2 4 8 . A radical is in its simplest form when the radical pari 
is integral, and contains no factor of which the given r o d can 

. be extracted. 

I , Reduce -j/(48a3a;) to its simplest form. 

S O L U T I O N . Resolving the quantity O P E R A T I O N . 

under the radical sign into two factors, / (48a 3z) = /(16a2x3a:e) 
one of which, 16a2, is a perfect square, and = / (16a2) / (3ax) 
the other, 3ax, not a perfect square, =4a/(3cfcc) 
we find / (48a 3 x) equals / (16a 2 x 3ax), 
which (Prin., Art. 246) equals / (16a 2 ) x / ( 3 a z ) ; which, extracting the 
square root of 16a2, equals 4a/(3aa:). 

Rule.—I. Separate the quantity under the radical into two 
factors, one of which shall contain all the perfect poivers of the 
same degree as the radical. 

II. Extract the root of the rational part, and prefix it as a 
coefficient to the other part placed under the radical sign. 

E X A M P L E S . 

Reduce the following radicals to their simplest fo rm: 
2. t / ( 4 a2x). J-iis. 2a-j/a;. 
3. -[/ (9a3c). 3a-j/(ae). 
4. t / ( 8 a V ) . 
5. 3 j / (12a5). ^liw. 6 a V ( 3 a ) . 
6. a l / (48a 3 6) . ' -4ns. 4a 2 ] / (Sab) . 
7. t / ( 3 2 a W ) . Ans. 4a362cV(2c). 
8. •j/ {4a2(a — b)\. -4ns. 2 a ( a - b ) ^ . 
9. 2 | / { 9 (a3-a2c)\. Ans. 6 a j / ( a — c). 

10. a j ^ - s V ) . Ans. a . ry /( 1 - 2). 

11. 2(a.r2 ¡¿ns. 
12. 5 a ^ ( 5 4 a W ) . 15a6cjs/(2a2c). 

13. (75aVy)*. 

14. ( 2 4 a W ) i 

15. iTJ162<t(b s -b 'c )* \ . 

16. (a + b)(a3 — 2a26 + ab2)^. 

17. (m-n)(2am1+Aamn+2an2)\. 
18 2a-l/(8x*y+l6xy+8xtf). 

Ans. 5ax2(3axy) *. 
Ans. 2a6(3a6V)^. 

Ans. Sa^{2b(b-cf\. 
Ans. (a2 - br)y' a. 

Ans. (m2-n2)-j/2a. 

Ans. 4a(x+y)\/(2xy). 

O P E R A T I O N 

W3 

WHEN THE RADICAL IS FRACTIONAL. 

24!>. A Fractional Radical is reduced to its simplest 
form by changing it to an entire quantity. 

I . Reduce 2-j /f to its simplest form. 

SOLUTION. Multiplying both terms of 
the radical by 3 to make the denominator a 
perfect square, we have 2 / f ; factoring, we 
have 2/ |x~6, which equals 2 / £ x / 6 (Art. 
246), which, extracting the square root of 
£ and multiplying, equals f / 6 . 

Rule.—I. Multiply both terms of the fraction by such a quantity 
as will render its denominator a perfect power of the degree 
indicated. 

I I . Resolve the quantity under the radical into two factors, one 
of which is a fraction and a perfect power of the degree indicated, 
and proceed as before. 

V f = 2 V ^ T 3
= 2 l / f 

= 2/~|~xTr=2/ x j/6 
= 2 x | / 6 = f / 6 

E X A M P L E S . 

Reduce the following to their simplest forms : 

2. T/f. 

3. V h 

ATIS. | - j /5 . 

Ans. ^ / 1 4 . 

Ans. f j / 5 . 

t 4a 
J.?2S. - - - i /oa . 

5 

6. 2 | / f . 

'8xy 
9. 6z: 

272s 

Ans. 

Ans. ^ 1 2 a. 
o 

A .is. 2a-fi Qab. 

Ans. 2xz(24xy2z)K 
l«» 



186 R A D I C A L S . 

CASE II. 

350. To reduce a rational quantity to tlie form 
of a radical. 

1. Reduce 2a?x to tlie form of the cube root. 

S O L U T I O N . Since any quantity is equal to the O P E R A T I O N . 

cube root of its cube, 2a2x is equal to the cube root 2a2x = 
of (2a2x)3, which equals the cube root of 8a*x3. = ^/(gaW) 

Rule.—Raise the quantity to the power indicated by the given 
root, and place the result under the corresponding radical sign. 

NOTE.—The coefficient of a radical or any factor of a coefficient may be 
placed under the radical sign by raising it to the power indicated by the 
radical, and multiplying the quantity under the sign by the result. 

E X A M P L E S . 

2. Reduce 2a2c to the form of the square root. Ans. ft(4a'c2). 

3. Reduce 3a2b3 to the form of the cube root. 
Ans. -ft (21a669). 

4. Reduce a+26 to the form of the square root. 
Ans. -ft(a2+4ab+4b2). 

5. Reduce 2a- ĉ ' to the form of the fourth root. 
Ans. -ft(lQa2bh). 

6. Express 2a-ftb without a coefficient. Ans. -ft(4a2b). 

7. Express 3a2-ft(2ac2~) without a coefficient. 
Ans. -ft (54aV). 

8. Express (x+y)-ftz without a coefficient. 
Ans. i/z(x+y)2. 

I 
9. Express %-ft(3ax) without a coefficient. Ans. 

10. Express 6 a j / ( r a ) with a coefficient of 2. Ans. 2p/(9a2cx). 
2a 

11. Express — -ft(2aP) without a literal coefficient. 
b , Ans. 2ft(2a?b). 

3c 3l4ax ,,, , „ . , . 3l3acx 
12. Express ^ y j ^ r without, a coefficient. Ans. yj ^ 

A D D I T I O N O F R A D I C A L S . 1 8 7 

A D D I T I O N O F RADICALS. 

252. Addition of Radicals is the process of finding the 
gum of two or more radical quantities. 

1. W h a t is the sum of 2-,/8 and 3ft 18 ? 
S O L U T I O N . Factoring and reducing, we O P E R A T I O N . 

have 2 / 8 equal te 4 / 2 , and 3 / 1 8 equal to 2 / 8 = 2 / ( 4 x 2 ) = 4 / 2 
9 / 2 ; 9 times / 2 plus 4 times / 2 equals 13 3 / 1 8 = 3 / ( 9 *2) = 9j/2 
times / 2 . . 

CASE III . 

251. To reduce radicals of dliferent degrees to 
a common radical index. 

1. Reduce a- and b* to a common index. 
1 A O P E R A T I O N . 

S O L U T I O N . \ equals f; hence a? = a*, , 
which equals (a3)*, which equals f a 3 . | = = 6 ' ° r 

equalsf; hence which equals (Ö2)^, ò ' '=&i = (Ò2)S or 
which equals \/b2. 

Rule .—I. Reduce the exponents to a common denominator. 
I I . Raise each quantity to the power indicated by the numeratot 

of its reduced exponent, and indicate the root denoted by the com-
mon denominator. ^ 

E X A M P L E S . 

2. Reduce a* and c* to a common index. Ans. -fta® ; -ft c*. 
3. Reduce 4^ and 6^ to a common index. 

Ans. -ftlß ; ì/216. 

4. Reduce a» and b™ to a common index. Ans. "ft a™ \ m-ftbn. 
5. Reduce ft a, ftb2 and yC1 to a common index. 

Ans. j?a6; ftb8; 
6. Reduce T/3, -ft4 and -ft5 to a common index. 

Ans.iftm-, r 2 5 6 ; i ^ 1 2 5 -
7. Reduce 2-ftQ, 3-ft§ and o ft8 to a common index. 

Ans. 2 ^ 2 1 6 ; 3 ^ 8 1 ; 5 ^ 8 . 
8. Reduce \ /2a , y '3c? and -ftJäFto a common index. 

Ans. r ( 6 4 a 6 ) ; ^ ( 2 7 a 9 ) ; ft (16a6). 
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OPERATION. 

y (a2x2ax) - a / (2aar) 

2. W h a t is the sum of -¡/(2a3x) and / ( 8 a ' a ; ) . 

SOLUTION. Reducing the radi-
cals to their simplest form, we / ( 2 a s x ) 
have / ( 2 a 3 / ) = a/(2oa,-); and /(8a3a,-) = / ( 4 a 2 x 2 a c c ) = 2 a / ( W ) 
y/{8asz) = 2a-/(2ax); 2 a / ( 2 a z ) 3a-/{2ax) 
plus ay'(2ax) equals 3a-/(2ax). 

Rule .—I. Reduce the radicals to their simplest form. 
I I . If the radicals are then similar, add their coefficients and 

annex the common radical. 
I I I . If the radicals are riot similar, indicate their sum by the 

proper signs. 

E X A M P L E S . 

Find the sum— 
3. Of i/12 and / 2 7 . 
4. Of / 2 0 and / 4 5 . 
5. Of bi/(a2b) and a / 6 8 . 
6. Of ! / ( a 2 b ) and a / 6 3 . 
7. Of 3 / ( 3 a ' V ) and a- / (27aa;) . 
8. Of a / (18a ; c 2 ) and a r / ( 3 2 a s ) . 
9. Of aj/(ac3) and c / ( a 3 e ) . 

10. Of 2y-'(16a) and 3v
3 /(54a). 

11. Of / 5 0 , j / 7 2 and / 1 2 8 . 
12. Of 1/(28crc3) and c l / ' (H2a 2 c) . 
13. Of / 2 and 2y\. 
14. Of 2 / 3 and 3 
15. Of and G ^ V 
16. Of • / ( 2 a f x ) and v

/(2Vx). 
17. Of / ( a 2 m ) and - / ( a V ) . 

1 m . 5 | / 3 . 
5 j / 5 . 

.Ins. 2ab \/b. 
Ans. ( a + a 6 ) / 6 . 
-4 ns. 6 a / ( 3 a a ; ) . 
.4ns. 7 a « / ( 2 a ) . 
.4ns. 2ac-j/(ac). 
-4ns. 13y / (2a ) . 

Ans. 19;/2. 
.4ns. 6ac-|/(7c). 

I n s . 2 j / 2 . 
-4ns. 3 ] / 3 . 
I n s . 

Ans. ( a + 6 ) [/2a.-. 
J n s . a ( - [ / m + ] / n ) . 

-4ns. ( a + 6 ) 2 j / c . 18. Of ] / (a 4 c) , 2 / ( a 2 6 2 c ) and j / (6V) . 
19. F ind the sum of 2a; ] / (50aV), 3 / ( 2 4 a V ) , ^a 1 / (72ac.r r ) 

and 2*^ (811 4 ) . 1 2 a z ( / 2 a e + v
3 7 3 a j . 

S U B T R A C T I O N O F R A D I C A L S . 

2 5 S u b t r a c t i o n of Radicals is the process of finding 
the difference between two radicals. 

1. Subtract 3 / 8 from 2 / 3 2 . 

SOLUTION. Reducing the radicals to their OPERATION. 

simplest form, we have 2 / 3 2 = 8 / 2 , and 2 / 3 2 = 2 / ( 1 6 x 2 ) = 8 / 2 
3 / 8 = 6 / 2 . 6 / 2 rsubtracted from 8 / 2 3 / 8 = 3 / ( 4 x 2 ) = 6 / 2 
leaves 2 / 2 . 2 / 2 

Rule .—I. Reduce the radicals to their simplest form. 
I I . If the radicals are then similar, subtract the coefficient of 

the subtrahend from the coefficient of the minuend, and annex the 
common radical. 

I I I . If the radicals are not similar, indicate their difference by 
the proper sign. 

E X A M P L E S . 

2. F r o m T / ( 2 0 a ) take / ( 5 a ) . 

3. F r o m / ( 4 9 a / ) t ake / ( 2 5 a / ) . 

4. F r o m 3 / ( 1 2 a 3 ) take ¿ / ( 2 7 a ) . 

5. F r o m ]X(125a2) take ] / ( 8 a 2 ) . 

6. F rom 2 / ( a 2 c ) take a / c 3 . 

7. F r o m / ( 1 2 a ) take 2 - y J j -

8. F f o m 1/(250a4rc) t ake y/(54a*x). 

9. F r o m 3 / f take 2 / | . 

10. F r o m 4 / 3 2 take 4 ^ . 

11. F r o m / ( a ? + a 2 x ) t ake / ( 9 a & 2 + 96V). 
Ans. (a — 3 6 ) / ( a + x). 

12. F r o m / ( 2 a 3 + 4 a 2 b + 2a&2) t a k e / ( 2 a s - 4 a 2 6 + 2a6J). 
Ans. 26 ] / (2a ) . 

13. F i n d tl:e value of 7 6 - / ( i f o ) - a / ( 9 # J a ; ) + 5 - / ( a 3 c V ) 
- Zc\/(9asx)'. Ans. 4a(b • - e ) / a r . 

Ans. / ( 5 a ) . 

.4ns. 2a,-]/(ax). 

Ans. 3 a / ( 3 a ) . 

^Lite. 3 / V . 

J4ns. ( 2 a — a c ) / e . 

,4ns. - j /3a. 

I n s . 2a / (2aas ) . 

.4?is. f / 3 . 

Ans. 6 / 2 . 



M U L T I P L I C A T I O N O F R A D I C A L S . 

2 5 4 . Multiplication of Radicals is the process of finding 
the product of two or more radicals. 

2 5 5 . PRINCIPLE.—The product of the same root of twt 
quantities is equal to the same root of their product. 

For (Art. 246, Prin.), / a 6 = ) / a x 1 / 6 ; hence, transposing, / a x / f t 
•= /(ab). Similarly, we may prove that ft ax 'ftb = ¡/(ab). 

CASE I. 
256. To multiply radicals of the same degree. 

1. Multiply 2a-j/(ab) by 3 i / ( ac ) . 

S O L U T I O N . We multiply the coefficients O P E R A T I O N . 

together, and the radical parts together. 2a 2 a / ( a b ) x 3 / ( a c ) -
multiplied by 3 equals 6a; /(aft)multiplied 6 a / ( A N _ 8 a t , / i f t ^ 
by / ( a c ) equals / (a 2 6c) (Art. 255); hence, V ( ' V ( °> 
the product is 6a/(a 26e) , which, reduced, equals 6a2 / (£e) . 

Rule.—Mult iply the coefficients together for the coefficient of the 
product, and the quantities under the radical sign for the radical 
part of the product. 

NOTE—We may reduce to the form of fractional exponents and add 
the exponents of the similar letters as in simple multiplication. 

E X A M P L E S . 

2. Multiply 3ft (ac) by 4ft(acx). Avs. 1 2 a c f t x . 
3. Multiply 2 | / 6 by 3ft8. Ans. 24ft3. 
4. Multiply 2 f t x by 3 ft (ax). Ans. Bxfta. 
5 Multiply 3ft(2a) by 2 f t (3c). . Ans. 6 1 / (6«c) . 
6. Multiply 2ft(3a) by ft(Qax). Ans. 6aft(2x). 
7. Multiply 2ft27 by 3ft3. Ans. 54. 
8. Multiply o , / ( 4 a ) by 3 ,7 (2 a). Ans. 3D ft a1. 
9. Multiply 2 f t \ by 2ft§. An& ft5. 

10. Multiply 3 ^ 1 ! by 2 A n s . aft2. 

11. Multiply 3ft(a2x) by {/(ax'). Ans. 3ft (a'x*). 
12. Multiply ft(an_1e*+1) by ft(acn). Ans. aefte. 
13. Multiply aft(b»+1c"-1) by ft(an+V). Am. a'beftiabe1). 
14. Multiply fta+ftb by fta-ftb. Ans. a~b. 
lb. Multiply ft(a+b) by ft(a-b). Ans. ft(a2-b*). __ 
16. Multiply (m+ri)% by ( m - » ) i Ans. ( m 2 - » 3 ) i 

i i 1 
17. Multiply (a+c)" by ( a - c ) " . -Ans. (a2-c1)". 

18. Multiply (a+bft by ( a + 6 ) 1 A?is. (a+6)". 

CASE II . 

257. To multiply radicals of different degrees. 

1. Multiply ft a by ft b. • O P E R A T I O N . 

SOLUTION. We reduce the radicals to a common index, / a = / a3 

and then multiply, / a equals / a 3 ; / 6 equals / ö 2 ; / 6 = 
l^a3 multiplied by equals / (a3ö2) . (Case I.) / ( Ö W ) 

Rule.—I. Reduce the radicals to a common index, and multiply 
as in Case I.; or, 

I I . Reduce the radicals'to the form of fractional exponents, 
and multiply as in simple multiplication. 

E X A M P L E S . 

2. Multiply a* by A Ans. a?c\ or ft(aV). 

3. Multiply ft a by ft a. Ans. a*, or ft a\ 

4. Multiply 3a"i by 4(ab f . Ans. 12o#. 

5. Multiply a y 6 by 6{/c. Ans. abmft (bmcn). 
m + n 

6. Multiply 3ft a by Aft a. Ans.- 12a •»« . 
7. Multiply a y V " by aft(/'mx). Ans. a2c5ftx. 
8. Multiply ft (a+c) by ft (a+c). Ans. ft (a+c)4 . 
9. Multiply 2y / (a - c) -by 3 , / a . Ans. 6 "ft {a"(a - c)2}. 

10. Multiply ft (m+n) by ft(m-n). 
Ans. ft'im'-n^Xm + n). 



D I V I S I O N O F R A D I C A L S . 

2 5 8 . Division of Radicals is the process of dividing 
when one or both terms are radicals. 

2 5 9 . PRINCIPLE.—The quotient of the same roots of two 
quantities is equal to the same root of their quotient. 

For, by Art. 231, ^ = 

hence, transposing, = y 'q 
7b 

CASE I. 

200. To divide radicals of tlie same degree. 

I. Divide 6]/(24ax) by 2 1 / 3a . 

S O L U T I O N . We first divide the coefficients, and O P E R A T I O N . 

then the radical parts. 6 divided by 2 equals 3; 6^/(24ax) 
\ /(24ax) divided by / 3 a equals -j/8x, according 2y 3a ^ 
to ¿lie principle above ; hence the entire quotient is = 6 [/2x 
3j/8x, which, reduced, equals ljy/2x. 

Rule.—I. Divide the coefficient ef the dividend by the coef-
ficient of the divisor, and the radical part of the dividend by the 
radical part of the divisor. 

I I . Annex the latter quotient to the fomier, and reduce the 
result to its simplest form. 

E X A M P L E S . 

2. Divide 6 / ( a x ) by 2 / a . Ans. 3 y ' x . 
3. Divide 4 - / 2 7 by 2 / 3 . Ans. 6. 
4. Divide 5 / ( 2 7 a e ) by 3 / ( 3 a ) . Ans. 5 / c . 
5. Divide 6 j / 5 4 a by 3] /27 . Ans. 2 ] / (2a ) . 
6. Divide 3 / ( 7 2 0 6 ) by 2 / ( 6 6 ) . Ans. 3 / ( 3 a ) . 
7. Divide 6 ] / (20a ) by 2 / ( 3 0 a ) . Ans. - / 6 . 
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8. Divide 2 / a * by / 2 a i V 2 -

9. Divide 15(as65)^ by 3(a62)*. 0 0 6 / 6 . 
10. Divide 5 / ( 1 6 a V ) by 2 / ( 2 a x ) . I r « . a. 

11. Divide by 

12. Divide ( 1 - a 2 ) 1 by ( l - a ) i -4ns. ( l + a ) s . 

CASE II . 

261. To divide radicals of different degrees. 

] . Divide 4 / ( a x ) by 2 - / a . 

S O L U T I O N . We reduce the radicals O P E R A T I O N . 

to a common index, and then divide 4 / ( a x ) _A^{asx3) _2 e/r^ 
<V(ax) equals 4 f ( a s x 3 ) ; 2$ a equals 2 f a 2 / a 2 

2 / a 2 ; 4 / (a 3 x 3 ) divided by 2 / a 2 equals 
2/ (ax 5 ) , according to Case I. 

Rule.—I. Reduce the radical parts of the dividend and divisor 
to a common index, and divide as in Case I.; or, 

I I . Red/ace the radicals to the form of fractional exponents, and 
divide as in simple division. 

E X A M P L E S . 

2. Divide 3 ^ ( a 2 c ) by / a . Am. 3 / ( a c 2 ) . 

3. Divide 6 / ( a V ) by 2 / ( a x ) . Ans. 3 / ( a x 6 ) . 
4. Divide 2/(aZ>) by 2 / ( a 6 ) . Ans. -¿f ab). 
5. Divide 8 / ( a x ) by 4 / ( a x 2 ) . Ans. 2 / x " ' . 
6. Divide 6 / 3 by 3 / 3 . 2 / 3 . 
7. Divide 12 by / 3 . V & 

8. Divide 4 / ' (CO by 6 / ( 0 « ) . b j j c ' 
. W1 TTÍM / M — N 

9. Divide a y x by c ^ x . . J n s . - v / x 

10. Divide by H ' C 

1? 



R A D I C A L S . 

I N V O L U T I O N O F R A D I C A L S . 
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9 6 2 . Involution of Radicals is the process of raising 
radical quantities to any required power. 

1. Find the cube of 2 ft a. 

S O L U T I O N . Expressing the radical with a frac- O P E R A T I O N . 

tional exponent, we have (2a*)»; raising it to the (2 , / a ) 3 =(2xa ty 
third power, we have 23 x r j • which reduced gives = 23 x ci§ = 8 / a 3 

8 a ^ a ' =8 a V a 

Rule—Raise the rational part to the required power, and mul-
tiply the fractional exponent by the index of the power; or, 

Raise the rational and radical parts to the required 'power, 
and reduce the result to its simplest form. 

NOTE .—Divid ing the index of the radical by any number raises the radical 
to a power denoted by the number. Thus , t h e s q u a r e of / a is / a . 

, , E X A M P L E S . 

Find the— 
2. S q u a r e of 3 f t (ac2). 

3. Cube of 2 ft (ax). 
4. Cube of 3ft(2x). 
5. Square of - ft(2a). 

2 

6. Cube of ~ 

7. Fourth power of 3 - J ^ -

8 Foui th power of 2 a * / - -
\ a 

9. nth power of aftx. 
10. Third power of ft2a2 * ft (ax'). 
11. Square of ft a -ftx. 
12. Square of ft 2+aft 2. 

Ans. 9cft(a2c). 
Ans. 8axft(ax). 
Ans. 54xft(2x). 

Ans. — 
2 

Ans. 16x2ft (4a3x). 

Ans. 9aa. 

Ans. lQa2xft(d'x). 

Ans. a" ftx". 
Ans. 2a2xft(ax\ 

Ans. a — 2ft(ax)+x. 
Ans. 2-t 4a + 2a1. 

E V O L U T I O N 01° R A D I C A L S . 1 9 5 

E V O L U T I O N O F RADICALS. 

2 6 3 . Evolut ion of Radicals is the process of exti acting 
any required root of radical quantities. 

1. F ind the cube root of a3ftc3. 

S O L U T I O N . Keducing the radical to the form O P E R A T I O N . 

of a fractional exponent, we have a3c* ; extract- f (a'ct) -
ing the cube root by dividing the exponents by 3, a (X = 
we have a<fl, which equals aty c. 

Rule.—Extract the required root of the rational part, and 
divide the fractional exponent by the index of the root; or, 

Extract the required root of the rational and radical parts, and 
reduce the result to its simplest form. 

NOTE.—Mul t ip l y ing the index of the radical by a number extracts a root of 
the radical denoted by the. number. Thus, the square root of / a is tya. 

E X A M P L E S . 

Find the— 
2. Square root of 4fta2. Ans. ± 2 ft a. 

3. Square root of 9|>'(4a;2). Ans. ¿=3ft(2x). 

4. Square root of 1 6 / ( 3 » ) . Ans. ± 4 / ( 3 » ) . 

5. Cube root of 2ft(ax). Ans. ft(4ax). 

6. Cube root of 2aft(2a). Ans. ft(2a). 

7. Fourth root of 3aft(3a). Ans. ft(3a). 

8. Fourth root of \ft(2a). Ans. ft (\a). 

9. Fi f th root of 4c2ft(2c). Ans.; ft(2c). 

10 Fif th root of 4xft(4x). Ans. ft(4x). 

11 Cube root of Ans. ìft(.2a)' 

* a "la 12. Square root of g>Jg - • Ans. -1 ft (3a2). 

13. Fourth root of Ans. ìft(2a). 
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R A T I O N A L I Z A T I O N . 

2 6 4 . Rationalization is the process of removing the radi-
cal sign from a quantity. 

CASE L 

265. To rationalize any monomial surd. 

1. Rationalize -j/a, also . 

SOLUTION. Multiplying / A by / a , we have a, a OPERATIONS. 
rational quantity. 1 / a x l / a = a 

SOLUTION. Multiplying A ? by we have a, a a ì x A ? = A 
rational quantity. 

Rule.- -Multiply the surd by the same quantity with a frac-
tional exponent which added to the given exponent shall equal 
unity. 

E X A M P L E S . 

2. What /actor will rationalize ? Ans. a». 
3. W h a t factor will rationalize / ( a 2 c ) ? Ans. /ac2. 
4. W h a t factor will rationalize 2 / ( 0 0 ) ? Ans. / ( a 3 6 3 ) . 
5. W h a t factor will rationalize 3 / ( a 2 6 ) ? Ans. / (aZ.2) . 

CASE II. 
266. To rationalize a binomial surd of the second 

degree. 

1. Rationalize -¡/a —-j/6. 

SOLUTION. Since the product of the sum and difference OPERATION. 

of two quantities equals the difference of their squares, if | / a — j / 6 
we multiply / a - j /6 b y / « + -/&, we obtain a-b, a / « + -,/6 
rational quantity. * a — b 

Rule .— Multiply the given binomial by the same binomial, with 
the signs of one of the terms changed. 
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E X A M P L E S . 

What factor will— 
2. Rationalize i/a+^/x? Ans. j/a-j/.x. 
3. R a t i o n a l i z e - / 2 - - J / 3 ? Ans. y 2 + / 3 . 
4. Rationalize 2 - l / a + 1 / 5 ? Ans. 2 / a - ] / 5 . 
5. Rationalize a + ? Ans. a-i/b. 

CASE III . 

267. To rationalize either of the terms of a frac-
tional surd. 

1. Rationalize the denominator of ——• 
T / « _ 

SOLUTION. Multiplying both terras of the fraction O P E R A T I O N . 

by Vx, we have Jn which the denominator is -cc 
rational, and the value of the fraction is not changed. 

Rule.—Mult iply both terms of the fraction by a factor that will 
render either term rational which may be required. 

E X A M P L E S . 

2. Rationalize the denominator of • Ans. £-j/2. 
j / 2 

Ct CL / 3 
3. Rationalize the denominator o f — — • Ans. ——— • 

¿I /O O 
^ /g ^ 

4. Rationalize the denominator of — • Ans. —— 
1+-J /3 2 

/g /g 
5. Rationalize the denominator of — A n s . — - — • 

3 —y 3 2 

6. Rationalize the denominator of 

]/x \/x x 

V x -Vv 
Am. 

x-y 

7. Rationalize the denominator*of V ^ L j H ^ . 
l/a-y^c 

Ans. 
a- e 
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I M A G I N A R Y Q U A N T I T I E S . 

2 6 8 . An Imag inary Quantity is an indicated even root 
of a negative quantity. 

2 6 9 . Imaginary quantities, though they represent impos-
sible operations, are of use in some departments of mathematics. 

PRINCIPLE.—Every imaginary quantity may be reduced to the 
form of aV — 1; or a\/— 

Thus, / — a 2 - / a 2 x — 1 = / a 5 x / — 1 = ± a / " ^ 1 ; 

Also, / — n = / n x — 1 = ± j /nx\ /~—i; or, putting a =• \/n, we 
have ± a / = l . 

In all higher powers the form will be ± a p/ — 1. 

R E D U C T I O N O F I M A G I N A R Y Q U A N T I T I E S . 

Reduce to simplest form— 

5. / —ns. Am. ± n ^ / — 1. 

6. / — 4a2c*. Am. ± 2 a c 2 - / ^ l . 

1. - / — n2. .4ns. ^ n / — 1. 

2. t / ^ 4 . ± 2 / ^ 1 . 

3. i / ^ W . Am. ± 3 a 2 j / ^ I . 

4. - / ^ O T . lns .±4aV" r l -

7. / - 1 6 / / . 
I n s . 

8. i / — 8aV. l n s . ± 2 c w V " - 2 -

A D D I T I O N A N D S U B T R A C T I O N O F I M A G I N A R Y 

Q U A N T I T I E S . 

Î . Add / ^ a 2 and 
O P E R A T I O N . 

S O L U T I O N . = Y - ^ I ^ F C / ^ T ; | / R Â Î = A / ^ Î 

sddhg these two quantities, we have ( a + & ) / —1. - / ^ J 2 »= ̂  ( /"^rj 

( a + ô j y ^ l 

E X A M P I E S . 

2. Add a' and / — c2. 

3. Add and y ^ 9 . 

Am. ( a + c | | / —1. 

I n s . 5 - / — 1. 

4. Add / - 8 and / - 1 8 . Ans. 5 / ^ 2 . 

5. Subtract from t / ^ 1 6 . I n s . 2 1 / g l . 

6 Subtract - / - 2 m 2 from / - 8m2. .4ns. m - / - 2. 

M U L T I P L I C A T I O N O F I M A G I N A R Y Q U A N T I T I E S . 

1. Multiply 3 / ^ 2 by 
O P E R A T I O N . 

S O L U T I O N . 3 / ^ 2 = 3 / 2 X / - A , a n d / ^ 3 3 / ^ 2 = 3 / 2 X 

= / 3 x / —1; multiplying, we have 3 / 6 / —3= / 3 x / — 1 
x ( / - l ) ' , which equals 3 / 6 x - l , o r - 3 / 6 . 3 / 6 x ( / ~ l ) 2 = - 3 / 6 

NOTE.—Had we multiplied the quantities under the radical sign at 
first, we could not have determined the sign of the product. 

E X A M P L E S . 

2. Multiply - / - - o by 2 , / ^ 2 . I n s . - 2 / 6 . 

3. Multiply a-y/^T' by 2 1 / r P . I n s . - 2ab\ 
4. Multiply I + T / ^ 1 by 1 - / ^ 1 . Am. 2. 
5. Multiply 1 + J / = 1 by l + v 7 ^ . I n s . 2 / ^ 1 . 

D I V I S I O N O F I M A G I N A R Y Q U A N T I T I E S . 

1. Divide 4 / ~ ^ 6 by 2 / " -^3 . 

S O L U T I O N . 4 / " : r 6 = 4 / 6 x / = T , and O P E R A T I O N . 

2 / ^ 3 = 2 / 3 x / ^ I ; dividing the divi- 4/"="6 = 4 / 6 x / - l 
dend by the divisor and canceling the 2 /~^3 = 2 / 3 x 
eommon factors, we have 2 / 2 . 

NOT». —In dividing, it is not necessary to reduce to the general form, 
though it is sometimes convenient. 

E X A M P L E S . 
* 

2. Divide 6 / ^ 3 by 2 / ^ 4 . Am. f / S. 

3. Divide by a / ^ 2 . Am. 2 / 2 . 

4 Divide a / - ~ 6 e by / - 2ac. Ans. / 3 a . 

5. Divide 2 / ^ 1 by 1 + / " 1 7 ! - I + T / ^ 1 . 



PRINCIPLES. 

1 . The PRODUCT of two imaginary quantities is real, with the sign 
before the radical the REVERSE of that given by the common rule. 

Thus, -[/ — — 62 = — ab-, and — j / - a2 x - j / — ¿>2 = — ab; bul 
— y — a? x y—b2 = + ab, etc. 

2. The QUOTIENT of two imaginary quantities is real, with the 
sign before the racM&al the SAME as that given by the common rule. 

Thus, = + 2 ; _ + _ = + a l s 0 _ + 
e c 

, , , a + V — e2 = — , etc.. c 

S Q U A R E ROOT O F B I N O M I A L SURDS. 

2 7 0 . Some binomials containing a radical quantity are 
squares of binomials, and will thus admit of the extraction of 
the square root. 

Thus, ( 2 + l / 3 ) 2 = 4 + 4 l / 3 + 3, or 7 + 41 /3 ; hence the square 
root of 7 + 41/3 is 2+VS. 

2 7 1 . Since the second term in the square of a binomial is 
twice the product of the other two terms, if we reduce the bi-
nomial surd to the form a+2Vb, a will be the sum and b the 
product of two numbers. 

1. F ind the square root of 11 + 6 V2. 
SOLUTION.—11 + 61/2=11 + 21/] 8 ; now find two numbers whose sum is 

11 and product 18. These numbers, we see by inspection, are 9 and 2; 
then 11 + 21/18 = 9 + 21/18 + 2, the square root of which is 3 + 1/2. 

NOTE.—The numbers 9 and 2 can be obtained by letting x+y = 11 and 
xy — 18, and finding x and y. 

E X A M P L E S 
Find the 

2. Square root of 14 + 6 Vo. 
3. Square root of 28 + 101/3. 
4. Square root of 1 1 - 4 1 / 7 . 
5. Square root of '15 + 61/6. 
6. Square root of 5 + 2 VQ. 

Arts. 3 + T/5. 
Ans. 5+4/3. 

Ans. 2- VI. 
Ans. 3 + 1 / 6 . 

Ans. 1/2+ VS. 

7. Square root of 8 - 2 VT5. Ans. V3 - V5. 
8. Square root of 9 + 2 V14. Ans. V2 + Vl. 
9. Square root of 14 - 41/6. Ans. 2VZ- V2. 

10. Square root of 30 +12 VQ. Ans. 21 /3 + 3 V2. 
11. Square .root of 3a-2aV2. Ans. Va- V2a. 
12. Square root of 2a + 2Vd'-b2. Ans. Va+b+ Va-b. 
13. Square root of m2 - 2n Vm2 - n\ Ans. Vnv-n2- n. 
14. Square root of 7 + 30 V ^ 2 . 5 + 3 V~^2. 
15. Square root of 12 V^2 - 1 4 . Ans. 2 + 3 V^2. 
16. Square root of 24 V^2 - 23. Ans. Z + iV~=2. 
17. Square root of 4 0 l / ^ 3 - 23. Ans. 5 + 4 l / ^ 3 . 
18. Square root of V18 - 4. 1 Ans. / 2 ( V2 -1). 
19. Square root of 4 VZ - 6. Ans. VZ -1). 
20. Square root of 6 Vo - 1 0 . Ans. V5 - 1). 
NOTE.—In the 18th, let x+y = 1 / 1 8 and xy = 4 ; in 19th, let x+y = 4 l / 3 , 

and, since 6 = 21/9, let xy = 9, etc. 

R A D I C A L E Q U A T I O N S . 

S O L V E D A S S I M P L E E Q U A T I O N S . 

2 7 2 . Radical Equations are those which contain the un-
known quantity in the form of a radical. 

2 7 3 . Some radical equations may be solved by the princi-
ples of simple equations, examples of which will now be 
presented. 

1. Given -\/x - 3 = 2, to find x. 

SOLUTION.—Given, Vx—3 = 2, 
transposing, Vx = 5, 
squaring, 

2. Given V(o + 2v/x) = Z, to find x. 
SOLUTION—Given, 1 / ( 5 + i V x ) = 3, 

squaring, 5 + "2VX = 9, 
transposing and reducing, IVx = 4, 
dividing and cubing, x = 8. 

x = 2o. ..4 ns. 



3. Given i/x + 7 + yx^5 = 6. 

S O L U T I O N . 

Given, i/x + 7 + i/x-5 = 6, 
transposing, -¡/x+7 = 6 - t/x=% 
squaring, ^ 7 = 3 6 - 1 2 / 5 ^ 3 + 3; 5, 
transposing and reducing, i / x — 5 = 2, 
squaring, £ - 5 = 4, 
transposing, rc = 9. 

E X A M P L E S . 

4. Given -]/2x + 5 = 9, to find x. Am. a; = 8. 

5. Given - 3) + 2 = 5, to find as. I n s . x = 12. 

6. Given • / ( « + 5 ) = - | A + 1 , to find a;. I n s . ® - 4. 
7. Given 3+- j / (2» + 4) - 7, to find x. Am. x = 6. 
8. Given 8 - - j A = / ( « - 1 6 ) , to find it. I n s . » = 25. 
9. Given T/(6 + / 3 x ) + 5 = 8, to find x. Am. x = 9. 

10. Given j / x - 2 = j / ( x - 24), to find x. Am. x = 49 

11. Given t / ( ® •+ 2) = — — , to find x. Am. x - 3. 
l / ( x + 2 ) 

12. Given / ( a - 9 ) + - / ( » + 1 1 ) = 10, to find Ans.x = 25. 

13. Given / ( » - a ) = -,/x - - ^ / a , to find x. Am. x - ~ 
16 

, , x — 2 2\/x „ , 
14 Given — — = to find x. Ana. x = 6. 

y x 3 
15. Given -\,'(x+4ab) = 2a-j/x, to find J.ns. x-(a-b)\ 

16. Given ®+-j/(a —a) = — — t o find x. Am.x=a-1. 

17. Given v
/ ( « - o ) + i / ( a - 6 ) = i / ( a - b), to find re. 

.4ns. x = a. 

18. Given X a X = to find x. Am. x = —— • 
yx x 1 _a 

S E C T I O N V I I 

QUADRATIC EQUATIONS. 
2 7 4 . A Quadratic Equation is one in which the second 

power is the highest power of the unknown quant i ty; as, x1 = 4, 
and 2a;2+3a; = 5. 

2 7 5 . There are two classes of quadratic equations—Pure 
or Incomplete quadratics, and Affected or Complete quadratics. 

2 7 6 . The term which does not contain the unknown quan-
tity is called the absolute term,-or the term independent of the 
unknown quantity. 

NOTES.—1. A quadratic equation is also called an equation of the 
second degree. An equation of the fourth degree is called a bi-quadratic 
equation. 

2. When there are two unknown quantities, a quadratic is defined as 
en equation in which the greatest sum of the exponents in any term is 
two. 

P U R E Q U A D R A T I C S . 

2 7 7 . A Pure Quadratic Equation is one which contains 
the second power only of the unknown quantity ; as a:2 = 16. 

2 7 8 . The General Form of a pure quadratic equation, is 
ax1 = b. 

1. Given 2a;2 + 6 = 24, to find x. 

S O L U T I O N . 
Given, 2a;2+6 = 24, 
transposing and reducing, a;2 = 9, 
extracting the square root, x — ± 3. 



3. Given ftx + 7 + yx^5 = 6. 

S O L U T I O N . 

Given, i/x + 7 + i/x-5 = 6, 
transposing, -¡/x+7 = 6 -
squaring, ^ 7 = 3 6 - 1 2 / » ^ + » 5, 
transposing and reducing, j / » - 5 = 2, 
squaring, £ - 5 = 4, 
transposing, rc = 9. 

E X A M P L E S . 

4. Given -]/2x + 5 = 9, to find x. Ans. x = 8. 

5. Given / ( a ; - 3) + 2 = 5, to find as. Ans. x = 12. 

6. Given - / ( » + 5 ) = i/x+1, to find ». Ans. x = 4. 
7. Given 3+- j / (2» + 4) = 7, to find as. Aw?. » = 6. 
8. Given 8 - ftx = / ( « - 1 6 ) , to find x. Ans. x = 25. 
9. Given T/(6 + / 3 » ) + 5 = 8, to find x. Ans. » = 9. 

10. Given - / » - 2 = j / ( x - 24), to find x. Ans. » = 49 

11. Given T/(® •+ 2) = — - — — , to find ». Ans. » = 3. 
- j / (»+2) 

12. Given , / ( « —9) + p / ( » + l l ) = 10, to find x. Ans. » = 25. 

13. Given / ( » - a ) = - , /» - - ^ a , to find ». Ans. » . 
16 

, . » — 2 2 i / » „ , 
14 Given — — = to find ». Ans. x = 6. 

y x 3 
15. Given p / ( » + 4 a 6 ) = 2a--]/», to find ». Ans. x-(a-b)\ 

16. Given » + - j / ( a - » ) = - — ^ — - - t o find». Ans. » = a - I . 
. ! / ( « - a ) 

17. Given v
/ ( « - o ) + i / ( a - 6 ) = i / ( a - b), to find ». 

Ans. x = a. 
18. Given ^ a X = , to find ». A w . » = — • 

yx x 1 _a 

S E C T I O N V I I 

QUADRATIC EQUATIONS. 
2 7 4 . A Quadratic Equation is one in which the second 

power is the highest power of the unknown quant i ty; as, »2 = 4, 
and 2»2+3» = 5. 

2 7 5 . There are two classes of quadratic equations—Pure 
or Incomplete quadratics, and Affected or Complete quadratics. 

2 7 6 . The term which does not contain the unknown quan-
tity is called the absolute term,-or the term independent of the 
unknown quantity. 

NOTES.—1. A quadratic equation is also called an equation of the 
second degree. An equation of the fourth degree is called a bi-quadratic 
equation. 

2. When there are two unknown quantities, a quadratic is defined as 
en equation in which the greatest sum of the exponents in any term is 
two. 

P U R E Q U A D R A T I C S . 

2 7 7 . A Pure Quadratic Equation is one which contains 
the second power only of the unknown quantity ; as »2 = 16. 

2 7 8 . The General Form of a pure quadratic equation, ia 
ax1 = b. 

1. Given 2»2+ 6 = 24, to find ». 

S O L U T I O N . 
Given, 2»2+6 = 24, 
transposing and reducing, x1 = 9, 
extracting the square root, x — ± 3. 



2. Given ax2+n = cx2+m, to find x. 

S O L U T I O N . 

Given, ax2 + n=ox1+m, 
transposing, ax2 — ex2—m—n, 
factoring, (a—c)x2=m—n, 

, . „ m—w reducing, 
i 

extracting square root, 

Rule •—I. Reduce the equation to the form ax2 = h. 
II. Divide by the coefficient of x1, and extract the square rod 

ej both members. 

E X A M P L E S . 

3. Given a2+5 = 3x2 -13 , to find x. Ans. x = ± 3. 
4. Given (x-6)0+6) = -11, to find x. Ans. x=±5. 
5. Given tf+ab = 5x\ to find x. Ans. x = ±\^/(ab). 

6. Given 2z2 - 3 - ~+12 , to find at. Ans. x~ ±3. 

7. Given x2+a2+b2 = lab + 2x2, to find x. Ans. x = ± (a - b). 
8. Given Ax+8 = (x+2)2, to find x. Ans. x = ± 2. 

9. Given — + — = 3, to find x. ,4ns. x = ± i i /3 . 
1-x 1+x iV 

A 4 1 
10. Given = to find x. Ans. x = ± 9. 

x-3 x+3 3 
11. Given 2x + 5x~' = 3x-llx~\ to find x. Ans. x = ±4. 

12. Given —? = 31 t0 find x.' Ans. x =- ± 6. 
x-3 x+3 

x x 13. Given - + = 1, to find x. Ans. x = ± 2. 
a; + 1 2; + 4 
cc cc x b 

14. Given = to find x. Ans. x= ±1 /(ab). 
a x b x v 

15. Given (n - xf + (n+ x)s = 3n3, to find x. Ans. x- ± £j/6. 

2 7 9 . Radical Equations sometimes become pure quad-
ratics when cleared of radicals. 

1. Given i/(x2 + 9) = 1 / (2x 5 -7) , to find -x. Ans. x= ±4. 
2. Given - / (V - 4 ) = 2 / ( a - 1 ) , to find x. .¿»w. re- ± 2|/a. 

3. Given —?j = -j/x, to find x. Ans. x= 

4. Given (re+a) 2 = -—— > to find x. Ans. x - ± a-j/2. 
(x -

5. Given i/(ic+m) =1/{ic + 1/(n2+a;2)}, to find x. 
Ans. x=*-i/(m2-n2). 

6. Given y/(x-La) =— > to find x. 
vO-«) Ans. x-^Qt+b*). 

7. Given i/{x2+2ax+-i/(x2-A)\ =a+x, to find x. 
Ans. x = ±-|/(a*+4). 

8. Given i / ^ + i / ( V —ii4) J =n, to find x. Ans. x*= ¿=n. 
71? 771? 

9. Given i/(x+m) =y/(a;2+?i2), to find x. Ans. x = — 
A7TI 

2 a2 

10. Given x + -i/(a2+x2~) =— —> to find x. 
V{o?+x2) A n s . x ~ ± \ a V 3. 

PRINCIPLES OF PURE QUADRATICS. 

2 8 0 . The Principles of Pure Quadratics relate to the form 
of the equation and the relative value of its roots. 

P R I N C I P L E S . 

1. Every pure quadratic equation may be reduced to the form 
ax2 = b. 

For, it is evident we can reduce all the terms containing x2 to one term, 
as ax2, and all the known terms to one term, as b ; hence the form will 
become ax2 = b. 

2. Every pure quadratic equation has two roots, equal in 
numerical value, but of opposite signs. 

18 



DEM. 1ST. The general form of a pure quad-
ratic is ax'2 = b; dividing by a, we have x2 = b 
divided by a ; representing the quotient by m2, 
we have x1 = m2 ; extracting the square root, we 
have x = ± m. Therefore, etc. 

DEM. 2D. From the equation x2 = M2, by 
transposition, we have x2—?n2 = 0; factoring, we 
have (x+m)(x — m) = 0. This equation can be 
satisfied by making x — m equal 0, or by making 
x-i m equal 0, and in no other way (Art, 192, 
Prin. 1). Making x—m = 0, we have x = + m; 
making x+m = 0, we have x = — m. Therefore, 
etc. 

PROBLEMS 
P R O D U C I N G P U R E Q U A D R A T I C S . 

1. The product of two numbers is 48, and the greater is 8 
times the smaller; required the numbers. 

SOLUTION. 

Let x = the smaller number, 
and 3x = the larger number; 
then . 3xxx = 3x2 = 48; 
whence, a;2 =16; 
then x= ±4, , 
and 3»= ±12. 

2. The sum of two numbers is 10, and their product is 24; 
required the numbers. 

S O L U T I O N . Let 5+a; represent 
the greater number, and 5 — x the 
smaller number; their sum will be 
10, which satisfies the first con-
dition of the problem. By the sec-
ond condition, (5+a;)(5 — x) = 24, 
or 25 —a;2 = 24. Reducing, we have 
X = ± 1 . Using the positive value, 
we have 6 or 4; using the negative 
value, we have 4 or 6. 

3. The sum of two numbers is 15, and their product is 54; 
required the numbers. Ans. 9 ; 6. 

O P E R A T I O N . 

ax2=b 
. b . . 

x2 = - = m* 
a 
x= ±«i 

x2=m' 
x2—m2=0 

(x+m)(x—m) = 0 
x—m=0 

a;= + ra 
a;-t-m = 0 

x= —m 

O P E R A T I O N . 

5+a; = the greater number; 
5 — x = the less number. 

(5 + a;)(5—a:) =24 
25—a;2 = 24 

a:2 = l 
x = ± 1 

5 + x = 6 or 4 
5 — x = 4 or 6 

4. The sum of two numbers is 12, and the sum of their 
squares is 74 ; required the numbers. Ans. 7 ; 5. 

5. The difference of two numbers is 5, and their prodv.ct i3 
84; required the numbers. Ans. 12 ; 7. 

6. Divide the number 24 into two such parts tha t their 
product shall be 140. Ans. 14; .10. 

7. The difference of two numbers is 4 and the sum of their 
squares is 208; what are the numbers ? Ans. 12; 8. 

8. Required a number whose square is 432 more than the 
square of the number. Ans. 24. 

9. W h a t number is that which, if multiplied by \ of itself, is 
72 greater than the square of its - | ? Ans. 36. 

10. W h a t two numbers are to each other as 4 to 5, and the 
difference of whose squares is 81 ? Ans. 12 ; 15. 

11. Required two numbers whose product is 48, and the quo-
tient of the greater divided by the less, 3. Ans 12 ; 4. 

12. There is a rectangular field containing 4 acres whose 
length is to its breadth as 5 to 2 ; required its dimensions. 

Ans. Length, 40 rods; breadth, 16 rods. 
13. There is a number whose third part squared and sub-

tracted from 170 leaves a remainder of 26 ; what is the number ? 
Ans. 36. 

14. | of the square of twice a number is equal to £ of the 
square of f of the number, increased by 28; what is the number ? 

Ans. 6. 

15. A man has two cubical bundles of hay, one of which 
contains 999 cubic feet more than the other; what are the 
dimensions of each, if the smaller is f as long as the larger? 

Ans. 12 f t . ; 9 ft . 
16. A merchant bought a piece of cloth for §216, and the 

number of dollars he paid for a yard was to the number of 
yards as 2 to 3; required the price per yard and the number of 
yards. Ans. 18 yards at $12 a yard. 

17. A man bought a field whose length was to its breadth as 
5 to 4 ; the price per acre was equal to the number of rods in 
the length cf the field, and 5 times the distance around the 



field equaled tlie number of dollars tha t it cost; required the 
length and bread ill of the field. 

Ans. Length, 60 rods; breadth, 48 rods. 

18. From a cask containing 81 gallons of wine a vintner 
draws off a certain quantity, and then, filling the cask with 
water, draws off the same quantity again, and then there re-
mains only 36 gallons of pure wine; how much wine did he 
draw off each time? Ans. First; 27 gals.; second, 18 gab . 

A F F E C T E D Q U A D R A T I C S . 

281. An Affected Quadratic Equation is one that con-
tains both the second and first powers of the unknown quantity; 
as, »2+4» = 12. 

2 8 2 . The General Forms of an affected quadratic are 
ax2 + 6» = e, and x2+2px = q. 

1. Given »2+6» = 16, to find the value of x. 

S O L U T I O N . If tlie first member of this equation O P E R A T I O N . 

were a perfect square, we could extract the square x2 +6» =16 
root of both members, and find the value of x from o;5 + 6» + 9 = 25 
the resulting equation. Let us, therefore, see if we » + 3= ± 5 
can make the first member a perfect square. x = —3 + 5 

The square of a binomial is equal to the square of x= + 2 
the first term, plus twice the product of the first term into X = — 8 
the second, plus the square of the second. If now we 
consider »2+6» as the first two terms of the square of a binomial, the first 
term of this binomial will be the square root of x2 or x; and 6» will be 
twice the first term of the binomial into the second; hence, if we divide 
6» by twice the first term, 2x, the quotient, 3, must be the second term of 
the binomial, and its square, 9, added to the first member of the equation, 
will render it a perfect square. 

Adding 9 to the first member to complete the square, and to the second 
member to preserve the equality, we have x2 + 6» + 9 = 25. Extracting 
the square root, we have £ + 3= ± 5; from which, using the positive value 
if 5, we have » = 2 • and using the negative value, we have x = —8. 

Rule.—I. Reduce the given equation to the general form 
a? + 2px = q. 

O P E R A T I O N . 

» 2 - 8 » = - 7 
» 2 -8»+16 = 9 

» - 4 = ± 3 
» = 7 
x = l 

(U 
(2) 
(3) 
(4) 
(5) 

I I . Add to both members the square of one-half the coefficient 
of x . 

I I I . Extract the square root of both members, and solve the 
resulting simple equation. 

2. Given x2 - 8x -= - 7, to find ». 
SOLUTION. Completing the square by adding 

the square of half the coefficient of x to both 
members, we have x2-.8»+ 16 = 9. Extracting 
the square root of both members, we have 
£—4= ±3 . Using the positive value of 3, we 
have x = 7; using the negative value, we have 

V E R I F I C A T I O N . 

72 —8x7 = —7; o r 4 9 - 5 6 = - 7 ; 
also, l2 —8xl=—7; or l - 8 = - 7 . 

3. Given »2+4» = 32, to find x. 

S O L U T I O N . 

Given the equation, x2 + 4x = 32, 
completing the square, x2 + 4x + 4 = 36, 
extracting the root, x + 2 = ± 6 
whence, » = — 2 + 6 = +4, 
and » = - 2 - 6 = - 8 . 

Both of which will verify the equation. 

4. Given x2 - 1 2 » = - 20, to find ». 

S O L U T I O N . 

Given the equation, »2 —12» = — 20, 
completing the square, x2 - 1 2 » + 36 = 16, 
extracting the root, x — 6 = ± 4 ; 
whence, » = 6 + 4 = lft 
and » = 6 — 4 = 2. 

5. Given x2- 5» = 6, to find ». 

S O L U T I O N . 

Given the equation, »2 — 5» = 6, 
completing the square, »2 —o» + (f)2 = 6+(|)2 , 
which reduced, equals »2 — 5» + ( |)2 = 6 + = 

• extracting the root, »—1= ± \ ; 
whence, s = f + 3 = + 6, 
and X = 

is * 



6. Given Br* - 7 « = 66, to find x. 

S O L U T I O N . 

Given the equation, 3a;2- 7a; = 66, 

dividing by the coefficient of a;2, x1 —— = 22, 
3 

completing the square, a;2 — |a;+ (|)2 = 22 -f; ;)2, 

which reduced, equals x2 — fa;+ (I)1 = W > 

extracting the root, a; — f = ± ; 

whence, x = | + 2
S
9 = + 6, 

and 

Reduce the following equations: 

7. x2 + 2a; = 24. ' 4 n s . a; = 4, o r - 6 . 
8. a;2 + 2a; = 35. 4ns . x = 5, or - 7 . 
9. a;2+4a; = 32. 4 n s . a; = 4, or - 8. 

10. a;2 - 6a; = 16. 4 n s . x = 8, or - 2. 
11. a^-3a; = 18. 4ns . x = 6, or - 3. 
12. a;2 - 5a; = 84. 4 n s . a; = 12, or - 7. 

13. x2-llx = 60. 4?is. x = 15, or - 4. 
14. a;2 - 13a; = 140. Ans. x = 20, or - 7. 
15. a;2 - 14a; = - 24. Ans. x = 12, or 2. 
16. a^-4a; = l . Ans. a; = 2 ± 1 / 5 
37. 3a^-4a; = 39. 4ns . » = or - 3 . 

18. (a; — l)(a; — 2) = 20. Ans. x = 6, or - 3. 
19. a^-6a; = - 1 3 . Ans. x = 3 ± 

20. 4 ( ® » - l ) - 4 a s - l 4ns . x = or -
21. (2» — 3)2 = 8x. Ans. x = 4%, o r f 

22. a;2 — 3 =• —77- • 4ns . x = U, or - 1 4 . 

23. a;2+2pa; = q. Ans. x = - p ± / ( j?2+q). 
24. z2 - aa; - b. Ans. x = ± j / a J + 46). 
25. a;2- 2na = m * - n ' . 4?;s. a; = n ± m. 
'¿6. a;2 — ax-bx =• — a&. 4 n s . a; = a. or 6. 

A F F E C T E D QUADRATICS. 2 1 1 

27. a. f = 5. Ans. x — 4. 
a; — 3 

K 
28. a; = 2 + - - 4ns . a; = 2L or - J. 

4« 

29. ^ + 2a; = 12. Ans. x = 5, or 3 | . 
a; - 3 

30. - J L + ^ t ! = ' 4ns . 3, or - 2-|. 
a; + 3 2 3 

31 . + ^ = 2. 4ns . a; = 2. 
a;+ 2 2a; 

0 , a; a; + 1 13 , o o 
32 . h = — Ans. x = / , or — ¿5. 

» + 1 s 6 
„ „ I + 2 IC + 1 1 3 . 1 . 
33 . + = — 4ns . a; = l , o r - 4 . 

x+1 x+2 6 

34. X + ^ — - — - = - 4ns . a; = 3, or —-I. 
x-1 x+2 5 ¥ 

35. a;2+2aa; = a2. Ans. x = a ( - 1 ± j / 2 ) . 

36. 3a2a;_1 — a; = - 2a. 4 n s . a; = 3a, or - a. 

37. x2-2ax = b2-a2. Ans. x = a+b, or a-b. 

38. x1— (a — b+e)x = (b-a)e. Ans. a; = a-b, or +c. 

2 8 3 . The roots of a complete quadratic may be directly 
written by the following ru le : 

Rule.—I. Reduce the quadratic to the form x2+2px = q. 
I I . Take, with a contrary sign, one-half of the coefficient of x, 

plus or minus the square root of the sum obtained by adding the 
square of half the coefficient of x to the second member. 

The reason for this rule may be shown as follows: Solving the general 
quadratic, x2+2px = q, we find that x= —p -\/{q+p''); comparing the 
root with the general equation, we see that —p is | of 2p with the sign 
changed, and y (q+p2) is the square root of the second member plus the 
square of half the coefficient of x. 

NOTE.—Pupils should be required to solve some of the previous exam-
ines by this rule 



S E C O N D M E T H O D O F C O M P L E T I N G T H E S Q U A R E . 
« 

2 8 4 . A SECOND METHOD o f c o m p l e t i n g t h e s q u a r e e n a b l e s 

us to avoid fractions in the solutions of all forms of quadratics. 
' 2 8 5 . The method already given involves fractions when the 

coefficient of » is an odd number or a fraction. 

NOTE.—This method k sometimes called the Hindoo Method of solving 
quadratics. 

I . Giyen ax2+bx = e, to find the value of x. 

SOLUTION. T O complete OPERATION. 

the square without using ax2+bx — c (1) 
fractions, it is evident that 4a2»2+4a6» = 4ac (2) 
the first term must be a 4a2»2 + Aabx + b2 = Aac + b2 (3) 
perfect square and the sec- 2ax + b= ± i/(4ac+b2) (4) 
ond term must be divisible 2a» = -b ± /(4ae+£>2) (o) 
°y 2. -b±V{Aac+b2) 

To make the first term a 2a 
perfect square and the second 
term divisible by 2, we multiply both members by 4a, which gives eq. (2). 
If now we consider Aa2x2 + Aabx as the first two terms of the "square of a 
binomial, the first term of this binomial will be the square root of 4a2»2, 
or 2ax ; Aabx will be twice the product of the first term by the second: 
hence, if we divide Aabx by two times 2a», or Aax, the quotient b will be 
the second term of the binomial, and its square, b2, added to both mem-' 
bers of the equation, will complete the square. 

Extracting the square root and reducing, we have the values of x ex-
pressed in equation (6). 

Rule.—I. Reduce the equation to the form ax2+bx = c, in which 
the three terms are integral and prime to each other. 

I I . Multiply the equation by 4 times the coefficient of x 2 ; add the 
square of the coefficient of x to both members. 

I I I . Extract the square root, and find the value of x in the re-
sulting simple equation. 

NOTES.—1. A quadratic may also be solved by multiplying by th« 
coefficient of x2, and adding the square of one-half the coefficient of x. 

2. Let pupils make a rule from the formula which expresses the root 
ot the general quadratic, ax24- bx = c. 

2. Reduce 3»2+5» = 22. 
SOLUTION. 

Given the equation, Sx2 + 5x = 22, 
multiplying by 4 x 3 or 12, 36»2 + 60» = 264, 
completing the square, 36»2 + 60» + 25 = 264 + 25, 
extracting the root, 6»+ 5= ± 1 7 , 

transposing and reducing, 6 » = - 5 ±17; 
whence, • » = +2, 
and » = — 3f. 

E X A M P L E S . 

3. Reduce 2 » 2 - 3 » = 9. Ans. x = 3, o r -

4. Reduce 3»2 + 8» = 28. Ans. x = 2, or — 4f . 

5 . Reduce 4»2+7» = 11. A?is. » = 1, or — 2f . 

6. Reduce 5»2 + 2» = 88. Ans. » = 4, or — 4 | . 
7. Reduce 5»2 - 4» = 156. Ans. x = 6, or — 5 i . 
8. Reduce 4 » 2 - 4 5 » = 36. Ans. » = 12, or — f . 
9. Reduce 8 » 2 - 7 » = 165. Ans. x = 5, or — 4^-. 

10. Reduce 9 » 2 - 7 » = 116. Ans. x = 4, or — 3 | . 
11. Reduce 2»2 + ax = b. Ans. x = \\ - a ± 1 / ( a 2 + 86)}. 

12. r> , » - 3 a 9(5 - a) 
Keduce 

b x 
Ans. x = 36, or 3(a — b). 

13. Reduce » 2 +3» = 5. Ans. 1.1925+ , or - 4.1925+. 
14. Reduce »2 + 2» = 5. Ans. 1.449+ , or - 3 . 4 4 9 + . 
15. Reduce »2 - 8» = - 8. Ans. 6.828 + , or 1.172+ . 
16. Reduce 5»2 — 4» = 2. Ans. 1.148, or - 0.348. 

T H I R D M E T H O D O F C O M P L E T I N G T H E S Q U A R E . 

2 8 i S . A T H I R D METHOD of c o m p l e t i n g t h e s q u a r e is s t a t e d 

ia the following ru le : 

Rule.—I. Make the coefficient of the first term of the quadratic 
a positive square. * 

I I . Divide the second term by twice the square root of the first, 
and add the square of the quotient to both members. 



E Q U A T I O N S I N T H E Q U A D R A T I C F O R M . 

2 8 7 . Any equation which is in, or may be put in, the quad-
ratic form, may be solved by the following methods. 

2 8 8 . An equation is in the quadratic form when it con 
tains but two powere of an unknown quaciity, and the index 
of one power is twice that of the Qther a?, x2n+aaf> = b, or 
ax^+bxn = c. 

CASE I. 
289. When the u n k n o w n term of the- Q u a d r a t i c 

is a m o n o m i a l . 

1. Given >c4 —6a;2 - - 8 , to find x. 

S O L U T I O N . 

Given the equation, a;4—fix2 = — 8, 
completing the square, x4 — 6a;2 +9 = 1, 
extracting the square root, a;2 —3= =k 1, 
transposing and reducing, a;5 = 4, or 2, 
extracting the square root, x — =•= 2, or ± j/2. 

2. Given a;6 - 4a;3 = 32, to find x. 

S O L U T I O N . 

Given the equation, a,-8 —4â  = 32, 
completing the square, z?—4a;3+4 = 36, 
extracting the square root, a;3 — 2 = ±6, 
transposing and reducing, x3 = 8, or — 4, 
extracting the cube root, x = 2, 

. and X— / (—4). 

NOTE.—Since the odd roots of a negative quantity are real, by extract-
ing the cube root of 4 and prefixing the minus sign we find the approxi-
mate value of the second root of the above equation. 

0 

E X A M P L E S . 

3. Given x* + 4a;2 = 32 , to find x. 
Ans. x- ± 2 , or ± 2 1 / ( - 2 ) . 

4. Given x4 — 5a;2 = 36, to find x. 
Ans. a; = =t 3, or ±2y/(-l). 

5. Given x 6 - 7 x s = 8, to find x. Ans. x = 2, or - 1 . 
6. Given a;2+4ars = 5, to find x. Ans. x = =*= 2, or ± 1. 
7. Given x+Sj/x = 18, to find x. Ans. x = 9, or 36. 

8. Given x% +4a;* = 5, to find x. Ans. x = 1, or - 1 2 5 . 

9. Given x2n- axn = b, to find a;. Ans. x = (\a ± - / ö + \ a ? ) n . 
10. Given a;2"+4a;n = 12, to find a;. Ans. x = y2, or •{/ - 6. 
11. Given a:3 + 7a# - 3 f , to find a;. Ans. x = 2, or |-y /450. 
12. Given - /a; + 2 / a ; 2 = f , to find x. Ans. x = ̂  or - f f . 
13. Given a;" - axi = b, to find x. Ans. x = (\a ± - / 6 + £a2)». 

14. Given + "" = ̂  "*" , g n ( j x_ Ans. x = 64, or 4. 
4 + j / a ; -j/a; 

CASE II. 

290. When the unknown term of the quadratic 
is a polynomial. 

2 9 1 . When a polynomial becomes the basis of the quad-
ratic form, we may consider it as a single quantity, and proceed 
as in the previous case. 

1. Given (a;2+2a;)2+4(a;2 + 2a;) = 96, to find a;. 

S O L U T I O N . 

Given the equation, (a;2 + 2a;)2 + 4(a;2+2a;) = 96; 
completing the square, (a;2+2z)J + 4(a;2 + 2a;) + 4 = 100; 
extracting the sq. root, a;2+2a; + 2 = ± 10; 
transposing, a;2+2a; = 8, o r - 1 2 ; 
completing the square, x1 + 2a; + 1 = 9, or —11; 
extracting the sq. root, a ;+l= ±3, or ± / ( - l l ) ; 
whence, a; = 2, o r - 4 , 
and x= —1 ± /( — l l) . 

NOTE.—This problem may also be solved by placing x2+2x=y, giving 
the equation, y2+4,?y = 96, which may be solved and the value of y thus 
found placed equal to xl + 2x, from which the value of x can readily 
be found. 



2 1 6 Q U A D R A T I C E Q U A T I O N S . 

2 Given (V - 2)2+2af = 67, to find x. 

S O L U T I O N . 

Given the equation, (a;2 - 2)2+2a;2 = 67 
subtracting 4, (a;2 - 2)2 + 2x2 - 4 = 63 
factoring, (a;2-2)2+2(a;2-2) = 63 
completing the square, (a;2-2)2+2(a;2-2) + l = 64; 
extracting the sq. root, (a;2 — 2) +1 = ± 8; 
whence, 3^ = 9, o r - 7 , 
and x = ±3 , or ± / - 7 . 

NOTE.—The 4 was subtracted to put the equation in the quadratic 
form. Sometimes this can be done by transposing a term or by adding oi 
subtracting some quantity. 

E X A M P L E S . 

3. Given (a;2 - 3)2+4(a;2 - 3) = 5, to find x. Ans. x - ± 2. 

4. Given (a;2 + 3a;)2- 6(a;2 + 3a;) = 216, to find x. 
Ans. x = 3, or - 6. 

5. Given (x2 - 4a;)* + (a;2 - Ax) = 3f , to find x. 
Ans. x = 4jjr, or — 

S. Given ft(h+x) + ft(5+x) = 6, to find x. 
Ans. x = 11, or 76. 

7. Given ( - + ») +6 =40 , to find x. 
\x ) \x ) Ans. x = 2, o r - S i p / ( 2 1 ) . 

8. Given x-ft(x+b) = 1, to find x. Ans. x = 4, or - 1. 

9. Given (x - 4)2 - 6ft(x - A) to find a;. 
x ~ 4 Ans. a; = 8, or A + ft A. 

10. Given {x2+2x-<Sf+7{x2 + 2x-%) = 60, to find x. 
Ans. x = 2, 4, or — 1 ± 2ft( — 2). 

11. Given (a ; 2 -9 ) 2 -11a ; 2 +40 = 21, to find a;. 
Ans. x = ± 5, or ± 2. 

12. Given (x2-4x+5)2 + Ax2-16x= - 8 , to find a;. 

Ans. x = 3, or 1, or 2 ± ft( - 7). 

NOTE.—Add 59 to both members of Ex. 11; add 20 to both members 
of Ex. 12. Several of the problems in Art. 290 have other results than 
those given. 
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PROBLEMS 

PRODUCING AFFECTED QUADRATICS. 

1. F ind two numbers sucli tha t their sum is 16 and their 
product is 60. 

S O L U T I O N . 

Let x = one number; 
then 16—:c = the other number, 
by the conditions, (16 — x)a; = 60; 
which gives a;2—16a; = - 60; 
whence, a; = 10, or 6, 
and 16-a; = 6, or 10. 

Hence the two numbers are 10 and 6. 

2. A man sold a watch for §24, and lost as much per cent, 
as the watch cost h i m ; what did the watch cost him ? 

S O L U T I O N . 

Let a; = the cost of the watch; 
then x = the loss per cent., 

cc and x x = — = the loss; 
100 100 

x2 

therefore, x - = 24; 
whence, a; = 60, or 24. 

Both of these values will satisfy the conditions of the problem. The 
pupil will show this by verification. 

3. A lady divided §144 equally among some poor persons: 
if there had been two more, each would have received §1 less; 
required the number of persons. 

S O L U T I O N . 
144 

Lei a; = the number of persons; then = what each received; 
x 

and • ^ what each would have received if there had been two more ; 
x + 2 

then - ! i i - = i i i - l ; whence a; = 16, or - 1 8 . The number of persons 
x+2 x 

was therefore 16; the negative result will not satisfy the proDlem in an 
arithmetical sense. 

NOTE.—If, in the problem, 2 more be changed to 2 less, and §1 less to 
$1 more, the correct result will be 18. 

1 9 



4. A gentleman divided §50 between his two sons in such a 
manner tha t the product of their shares was 600 ; what was 
the share of each ? Ans. $30; $20. 

5. The wall which encloses a rectangular garden is 128 yards 
long, and the area of the garden is 1008 square yards; what is 
its length and breadth ? Ans. 36 yds . ; 28 yds. 

6. An officer wishes to arrange 1600 men in a solid body, so 
that each rank may exceed each file by 60 men ; how many 
must be placed in rank and file? Ans. 20 ; 80. 

7. A merchant bought a number of Bibles for $50, which he 
sold for $5.50 a piece, and thus gained as much as one Bible 
cost; how many Bibles did he buy? Ans. 10. 

8. The perimeter of a room is 48 feet, and the area of the 
floor equals 35 times the difference of its length and breadth; 
what are the dimensions of the room ? Ans. 14 f t . ; 10 ft. 

9. Two boys, A and B, bought 10 oranges for 24 cents, each 
paying 12 cents; if A paid 1 cent more apiece than B, how 
many oranges did each buy ? Ans. A, 4 ; B, 6. 

10. A lot of sheep cost $180, but on 2 of them being stolen, 
the rest averaged $1 more a head than at first; find the number 
of sheep. 

11. A man walked 48 miles in a certain t ime: if he had 
gone 4 miles more per hour, he would have gone the distance in 
6 hours' less t ime; how many miles did he travel per hour? 

Ans. 4 miles. 
12. In an orchard containing 180 trees there are 3 more trees 

in a row than there are rows; required the number of rows and 
the number of trees in a row. 

Ans. 12 rows, and 15 trees in a row. 
13. In a purse containing 52 coins of silver and copper, each 

silver coin is worth as many cents as there are copper coins, 
and each copper coin is worth as many cents as there are silver 
coins, and the whole is worth $2; how many are there of 
each ? Ans. 2 silver; 50 copper.. 

14. A person distributed $6 equally among a number of 

PROBLEMS. 2 1 9 

paupers; and as there were 5 less than he supposed, they each 
received. 10 cents apiece more than they otherwise would; how 
many paupers were there? Ans. 15. 

15. The expenses of a party amount to $10; and if each 
pays 30 cents more than there are persons, the bill will be set-
tled ; how many persons are there ? A?is. 20. 

16. There is a number consisting of two digits whose sum is 
10 and the sum of whose squares is 52 ; it is required to find 
the number. . A.m. 46, or 64. 

17. Mr. Leslie sold his horse for $171, and gained as much 
per cent, as the horse cost h i m ; what was the first cost of the 
horse? A n s - S 9 ° -

18. A person laid out a certain sum of money for goods, 
which he sold again for $24, and lost as much per cent, as the 
goods cost him ; what was the first cost? Ans. $40, or $60. 

19. A yacht sails 90 miles down a river whose current moves 
3 miles an hour, and is gone 16 hours; required the rate of 
sailing. -Ans. 12 miles an hour. 

20. A farmer bought a number of sheep for $80; if he had 
bought 4 more for the same money, he would have paid $1 less 
for each; how many did he buy ? Ans. 16 sheep. 

21. A man bought a quantity of meat for $2.16. If meat were 
to rise in price .1 cent per pound, he would get 3 pounds less for 
the same sum. How much meat did he buy? Ans. 27 lbs. 

22. The plate of a mirror, 18 inches by 12, is to be set in a 
frame of uniform width, whose surface is to be equal to the surface 
of the glass; required the width of the frame. Ans. 3 inches. 

23. Todhunter gives the following beautiful little problem: 
Find the price of eggs per dozen when two less for 12 cents 
raises the price 1 cent per dozen. Ans. 8 cts. 

24. A and B start at the same time to travel 90 miles; A 
tiavels 1 mile an hour faster than B, and arrives 1 hour earlier; 
at what rate per hour did each travel ? 

Ans. A, 10 mi . ; B, 9 mi. 

25. A person bought cloth for $72, which he sold again at 
a yard, and gained by the bargain as much as one yard cost 

h im; required the number of yards. Am 12. 



Q U A D R A T I C E Q U A T I O N S 

CONTAINING TWO UNKNOWN QUANTITIES. 

2 9 2 . The Degree of an equation containing two or more 
unknown quantities is determined by the greatest sum of the 
exponents of the unknown quantities contained in any term. 
Thus, 

2ax + 3xy = 4a is an equation of the 2d degree; 
Bxy+4x-y = 12 is an equation of the 3d degree. 

2 9 3 . A Homogeneous. Equation is one in which the sum 
of the exponents of the unknown quantities in each term which 
contains them is the same. Thus, 

3x2+2xy+y2 = 3i 

and x3 + 3x2y+3xy2+tf = 27 

are each homogeneous equations. 

2 9 4 . A Symmetrical Equation is one in which the un-
known quantities are similarly involved, or one in which they 
can change places without destroying the equation. Thus, 

x2+y2 = 13, and - + - = 2 | 
y x 

and x2+y2-xy+3x+3y = 22 

are each symmetrical. 

29i5. Quadratic Equations containing two unknown quan-
tities can generally be solved by the rules for quadratics if they 
come under one of the following cases: 

I. W h e n one of the equations is simple and the other 
quadratic. 

I I . When each equation is homogeneous and quadratic. 
I I I . When each equation is symmetrical. 

NOTE.—Two quadratics containing two unknown quantities usually pro-
duce a biquadratic in elimination; hence all quadratics containing tw« 
unknown quantities cannot be solved by the rules fof quadratics. 

CASE I. 

200. Wlien one of the equations is simple and the 
other quadratic. 

2 9 7 . Equations of this case can generally be solved by sut 
stituting in the. quadratic equation an expression for the valu 
of one unknown quantity found from the simple equation. 

I. Given | } - to find a and y. 

S O L U T I O N . 

2x+y=$, (1) 
x2+y2=13. (2) 

From (1), y = 9 - 3 z ; (3) 
squaring (3), y2 = 81 - 54x+ 9x2; (4) 
substituting in (2), a;2 + 81-54r+9:c2 = 13; (5) 
reducing (5), x 2 - V x = - V ; 
completing the square, x1 - 2Jz + ( f j ) 2 = TVu; 
extracting sq. root, x— H= ^ 
whence, 2 = 2, or 3|, 
and y = 3, or — 

E X A M P L E S . 

Find the values of x and y in the following equations: 

Am. 
(.# = 3, or 5. 

2 = 5, 
y = 2. 

2 = 4, or 2, 
y = 2, or 4, 

2 = 4, or — H, 
y = 2, or —5 j. 

Zc+y =>11) [ 2 = 3, or+41. 
y=5, o r - 7 1 . 

2 = 3, or —9, 
2/ = 6, or - 2 . 

2. Given { T ^ l (_2+2/ = 8 j 

7. Given I „ } • Am. 

• IS» 
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1 1 
+ — 

X y 
1 1 

X 1 V 

a. Given ? ? >• Ans. 
o r s 

?/ = i> o r i 

CASE N. 

298. When each equation is homogeneous and 
quadratic. 

2 9 9 . Equations in this case are usually most conveniently 
solved by substituting for one unknown quanti ty the product 
of the other by a third unknown. 

1. G i v e n J ^ 2 ^ = 2 4 } ' T O FIND * A N D Y ' 

S O L U T I O N . 

x2+xy = 1 0 , (1) 
xy -f lif- = 24. (2) 

L"i y=vx, (3) 
substituting in (1), »2+ra2 = 10, (4) 
substituting in (2), vx2 + 2>;2x2 = 24, (5) 

from (4), X t = T h ' { 6 ) 

from (5), = (V) 
10 24 

equating (6) and (7), T ^ v ^ V + W ' ^ 

clearing of fractions, etc., 10v* - l v = 12, (9) 
solving (9), v = § or - f . (10) 

substituting in (6), ?2 = — ^ =4> 

1 0 - A and »2 = Y 3 7 = o0; 

whence, » = ±2, or ± 5 / 2 , 
and y-=MB,or ± 4 / 2 . 

, f x1 — 2xy = 5 } , ( » = ± 5 , 
2 G l V e n U 2 - £ - 3 1 } ' ^ U = ± 2 . 

o r.- (x2-y2=12 } . f a ; = ± 4 . 
a 0 l W , { a i . _ V + ^ - 1 2 } • A n A ^ = ± 2 . 

, f s + y ) - 2 0 1 . i »=• ¿ 2 / 2 , or ± 2 / - 2 , 
4 G l W n { x'y(2x — 3y) = 2 0 } ' j ^ / 2 , or ± * / - 2 . 

_ (a;2-a3/ = 8 ì . f :c= ±4 , ± / c o , 

„ (x2+xy=10) . (x=±2, or À / 2 , 

„ (x2-y2 = 3 "> . ( » = ± 2 , or ± f / 5 , 
7. Given { 4 « . ± 1 | o r ± i / 5 . 

CASE III . 

300. When each equation is symmetrical. 

3 0 1 . There is no general method for the solution of equa-
tions in this case. The various expedients employed depend 
upon the powers of binomials and principles of factoring. 

3. Given j } , to find x and y. 

S O L U T I O N . 

x y - 24, (1) 
;C+2/ = 10. (2) 

Squaring (2), x2 +2xy+y'l=\W, (3) 
multiplying (1) by (4), 4 x y =96, (4) 
subtracting (4) from (3), z2-2xy+y2 = 4, (5) 
extracting square root, x - y ~ ± 2 , (6) 
uniting (6) and (2), x = 6, or 4, 

aud « y = 4, or 6. 
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2. Given { * + f , 5
 1 0 l , t o find 2 and y. 

Completing the square, 
extracting square root, 
whence, 
squaring (1), 
subtracting 4 times (5), 
extracting square root, 
whence, 
and 

3. Given 
(x+y = 7 
I a;3+2/3 = 91 

S O L U T I O N . 

x+y=5, (1) 
x*y'—4xy=12. ( 2 ) 

xy-4xy-1-4=16, (3) 
xy-2= ± 4 ; (4) 

2?/ = 6, or — 2, (5) 
22+2a®?+2/2 = 25, 
22-222/+2/2 = l, or 33, 

2 - 2 / = ±1 , or ± / 3 3 ; 
cc = 3, or 2, or 1 ( 5 ^ / 3 3 ) , 
2/ = 2,or 8, or 1 (5±^33) . 

, to find x and y. 

S O L U T I O N . 

Dividing (2) by (1), 
squaring (1), 
subtracting (3) from (4), 
dividing by 3, 
subtracting (6) from (3), 
extracting square root, 
whence, 
and 

x+y=7, (1) 
x3 +y3 = 91". (2) 

x2-xy+yl =13, (3) 
x2+2xy+y2 = 'i9, (4) 

322/= 36, (5) 
2 2 / = 1 2 , ( 6 ) 

22-222/+2/s==l, 
2 - 2 / = ± 1 ; 

2 = 4, or 3, 
2/ = 3, or 4. • 

NOTES.—1. Let the pupils see that the values of 2 and y in these equa-
ions are not equal to each other; for when 2 = 4, y = 3; and when 2=3, 
y = 4. Their values are interchangeable. 

2. The signs ± and =p are equivalent when used independently; bit 
when taken in connection they are the reverse of each other. Thus, ii 
2 = ±et and y=^=b, then when 2 =+a, 2/=-—&; and when 2 = - a, 

'4. Given 

E X A M P L E S . 

' 22/ = 20 
2 -2 / - ? l 

— i S S U ' 

4?IS. 

4?IS. 

2 = 5, or —4, 
2/ = 4, or —5. 

2 = 4, or 1, 
y = 1, or 4. 

6. Given \ £ _ 3 2 { . 4ns . i * = 4>or 2*> 

n p - fo2/=15 
( ( 2 + 2 / ) 2 — 6 ( 2 + 2 / ) = 1 6 3 * 

4 n s . 

8. Given 4ns . j 
(x2+xy+y* = 27 3 I 

9. Given { X J _ ^ Ì 1 5 2 } ' Am. 

10. Given A - Am. {x2y-xy2 = 6 ) 

2 = 5, 3, or — 1 =fc i / ( —14), 
2/ = 3, 5, or — 1 =f •[/( —14). 

2 = 3, 
y - 3 . 

2 = 6 , or —4, 
2/ = 4, or - 6 . 

2 = 3, or - 2 , 
2/ = 2, or - 3. 

22 ?/2 

+ ̂ " = 9 / ( 2 = 4, or 2, 11. Given \ y x [ • Am. , 
, 2 + 2 / = 6 j U = 2 , O R 4 . 

3 0 2 . Equations which are not symmetrical may sometime» 
be so combined as to produce a symmetrical equation. 

3 0 3 . Equations that are not symmetrical with respect to 
the unknown quantities themselves may be symmetrical with 
respect to some multiple or power of these quantities. 

1. Given j X J X y 'tl } , to find 2 and y. 
{y +xy=36 ) 1 

S O L U T I O N . 

• 2 2 + x y — 45; (1) 
y2 + xy = 36. (2) 

Adding, 22 -f 2 2 ? / + 2 / 2 = 81; (3) 
evolving, 2 + 2 / = ± 9 ; (4) 
subtracting (2) from (1), 2 2 - 2 / 2 = 9; (5) 
dividing (5) by (4), x-y = (6) 
adding (4) and (6), 2 2 = ±1Q (7) 
whence 2 = ± 5 ; ( 8 ) 

subtracting (6) from (4), 22/= ± S ; (9) 
whence (IOT 
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2. Given { } ' t 0 fi,ld * a n d 

S O L U T I O N . 
x+2y =13 

£2+4?/2 = 109 

Squaring (1), x t+4xy+4y i = m ; 
subtracting (2) from (3), 4xy = 60 ; 
subtracting (4) from' (2), ce2 - 4xy + 4y2 = 49; 
evolving, x — iiy= ± 7 ; 
adding (1) and (6), 2» = 20, or 6 
whence » = 10, or 3 
subtracting (6) from (1), 4)/= 6, or 20 
whence 2/ = f, or 5. 

( i ; 
(2) 

(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

(9) 
(10) 

NOTE.—In Example 1, the sum of the two equations gives a symmet 
r i c a l equation. Example 2 is symmetrical with respect to x and 2y. 

E X A M P L E S . 

3. Given ] * 2 + / + f = 1 9 
(xy+y=8 

Ans. 

Ans. 

» = 1, or 3, 
2/ = 4, or 2. 

x = 6, or — 3, 
y-= 1, or - 2 . 

Ans. 
x = a, 
y = b. 

Ans. 

7. Given Ans. 

. fx2+2/2 = 106 I 
8- Given j " 

9. Given { l H y C ' a - b } 

to- e i v e n { ^ - ; ! r 6 

Ans. 

x'= 4, or 2, 
2/ = 2, or 4. 

» = a, or 0, 
2/ = 0, or 6. 

» = 9, or — 5, 
?/ = 5, or — 9. 

. ( » = a3, or — b3, 
Ans. 

7 / = — ( 2/ = — 6s, or a3. 

» = 3, or -2 , 
y - 2, or — 3. 

PROBLEMS. 2 2 1 

U Given = . t e ( a , - o r 1, 11. i j iveu 1^3^2/3 = 65 | = or 4. 

19 Given { * * - * * * } . ' j * = O T ^ 1Z. u iven + j_2/ = i / 6 , o r / a . 

1 0 = J , « | » = 8, or —1, 

.. ( xy = 36 I A1IS f » = o r 4, 
1 4 G l V e Q { / - 2 / = v / » ^ r * * * U = 4,or9. 

15. Given { 10-2/2} ' ^ { or - 3 . 

. . . f»3+2/3 = ^ ( » + 2/)3") f » = 3, or 1, 
16. Given. } • Ans' \y=l,or3. 

( x-2+2/"2 = i l I f » = 2, or 3, 17. Given }• ^ t y = 3,or2. 

f »2+2/2 = 25 ) - „ C ® - ± 3 , or ±4, 

f»w = 6 ") , f » = ± 3 , or ±2, 
19- Given | J + 2 / 4 = 9 7 } - ^ o r ± 3 . 

20 Given i ^ " 6 1 - ^ 1' ¿0. Urven j U = l , or4. 

PROBLEMS 

PRODUCING QUADRATICS WITH TWO UNKNOWN QUANTITIES. 

1. The sum of two numbers is 7, and the sum of their squares 
is 25; required the numbers. Ans. 4 and 3. 

2. The difference of two numbers is 2, and the difference of 
their squares is 20 ; required the numbers. Ans. 6 and 4. 

3. Divide 97 into two such parts tha t the sum of the square 
roots of those parts may equal 13. Ans. 81 and 16. 

4. The difference of two numbers is a, and the difference of 
their square roots is | i / 2 a ; required the numbers. 

Ans. f a and 
5. Find two numbers whose product is 3 times their sum, and 

the sum of their squares is 160. Ans. 4 and 12. 



6. Divide the number 10 into two such par t i that the sum 
of the cubes of the parts may be 280. -4ns. 6 and 4. 

7. The difference of two numbers is 3, and the difference of 
their cubes is 117 ; required the numbers. Am. 5 and 2. 

8. F ind two numbers whose product is 6 times their difference, 
and the sum of their squares is 13. 4?is. 3 and 2. 

9. The sum of two numbers is a, and the sum of their cubes 
is 4a3; required the numbers. Am. f (1=F Vr°)-

10. Two men, A and B, can together do a piece of work in 
12 days; in how many days can each do it if it takes B 10 days 
longer than A ? Am. A, 20 days; B, 30 days. 

11. A colonel forms his regiment of 1025 men into two 
squares, one of which has 5 men more in a side than the other; 
required the number of men in a side of each. Ans. 20 ; 25. 

12. A farmer sold 7 calves and 12 sheep for §50; and the 
price received for each was such that 3 more calves were sold 
for §10 than sheep for §6 ; what was the price of each? 

Am. Calves, §2; sheep, §3. 
13. F ind two numbers such tha t their difference added to the 

difference of their squares shall equal 6, and their sum added, 
to the sum of their squares shall equal 18. Ans. 3 and 2. 

14. The expense of a sociable was §70, but before the bill 
was paid, 4 of the young men sneaked off, in consequence of 
which each of the others had to pay §2 more than his proper 
share; how many young men were there? Ans. 14. 

15. A merchant sold some cloth for §24, and some silk a t '§ l 
less a yard for the same sum; required the number of yards of 
each, provided there were 2 yards of silk more than of cloth. 

Ans. Cloth, 6 ; silk, 8. 
16. A and B run a r ace ; B, who runs slower than A by a 

mile in 2 hours, starts first by 2 minutes, and they get to the 
4-mile stone together • required their rates of running. 

Ans. A, 8 mi. ; B, mi. an hour. 
17. A certain rectangle contains 300 square feet ; a second 

rectangle is 8 feet shorter and 10 feet broader, and also con-
tains 300 square feet ; find the length and breadth of the firss 
rectangle. Am. Length, 20 f t . ; bm.d th . 15 f t 

18. A bought two pieces of cloth of different sorts; the finer 
cost 1 dollar more a yard than the coarser, and there were 10 
yards more of the coarser than the finer; find how many yards 
there were in each piece, provided the coarser cost §80 and the 
finer §90. Ans. 30 yds.; 40 yds. 

19. The area of a rectangular field is 2275 square rods; and 
if the length of each side is diminished by 5 rods, the area will 
be 1800 rods; required the dimensions of the field. 

Ans. 65 rods; 35 reds. 
20.. There is a certain number, of two digits; the sum of- the 

squares of the digits is equal to the number increased by the 
product of the digits, and if 36 be added to the number, the 
digits will be reversed; what is the number? 

Am. 48. 
21. A person bought two cubical stacks of hay for £41, each 

of which cost as many shillings per cubic yard as there were 
yards in the side of the other; and the greater stood on more 
ground than the less by 9 square yards; what was the price 
of each? Am. £25 and £16. 

22. A laborer dug two trenches for £17 16s., one of which 
was 6 yards longer than the other, and the digging of each 
trench cost as many shillings a yard as it was yards in length ; 
what was the length of each? Ans. 10 yds.; 16 yds. 

23. Required two numbers such that their sum, their product 
and the difference of their squares shall be equal to one another. 

Ans. | ± |T/5; 
24. Two partners, A and B, gained §18 by t rade: A's money 

was in trade 12 months, and he received for his principal and 
gain §26; B's money, which was §30, was in trade 16 months. 
How much did A put in trade ? Ans. §20. 

25. The fore wheels of a carriage make 5 revolutions more 
than the hind wheels in going 60 yards; but if the circumfer-
ence of each should be increased one yard, the fore wheels will 
make only 3 more, revolutions than the hind wheels in the same 
distance; required the circumference of each. 

-4ns. 3 and 4 yards. 
20. A n English landholder received £ 7 4s. for a ceitain 

quantity of wheat, and an equal sum, at a price less by lr*. 6(1. 



per bushel, for a quantity of barley which exceeded the quan-
tity of wheat by 16 bushels; how many bushels were there of 
each 1 Ans. 32 bu. wheat ; 48 bu. barley. 

27. A and B run a race around a two-mile course. In the 
first heat B reaches the winning-post 2 minutes before A ; in 
the second heat A increases his speed 2 miles per hour, and B 
diminishes his as much, 'and A then arrives at the winning-post 
2 minutes before B. Find at what rate each man ran in the 
first heat. Ans. 10 mi. per hour ; 12 mi. per hour. 

P R I N C I P L E S O F Q U A D R A T I C E Q U A T I O N S . 

3 0 4 . The PRINCIPLES of Quadratics are the relations which 
exist between a quadratic and its roots. 

NOTE.—This subject may be omitted by young pupils, and even hr 
older pupils until review, if the teacher prefers. 

P R I N C I P L E I . 

Every quadratic equation has two roots, and only two. 

F I R S T . ' The general form of the O P E R A T I O N . 

complete quadratic isx2 + 2px = q. x2+2px = q (1) 
Completing the square of the gen- ^ + = (2) 
eral quadratic, and finding the ' " 
value of x, we have two values, 1 

- P + v W a n d - p - v W , x ^ - p - V ^ P W 
which proves the principle. 

S E C O N D . This proposition can also be demonstrated in another way, aa 
follows: 

Assume that rril = q +p2, or m = Vq+p2, 
then we have + + P * = 5 
or, in another form, (x+p)2 = mi; 
transposing, (x+p)2-m2 = 0; 
factoring, (x+p+m)(x+p-m) = 0; 
making the second factor equal to zero, x+p — m = 0; 
from which we have 2 = -p+m= - p + Vq+Pi\ 
making the first factor equal to zero, x+p + m = 0; 
from which we have x=-p-m= -p-Vl+P'< 

and since equation (3) can be satisfied in these two ways, and in these two 
ways only, therefore X can have but two values, and the principle is true. 

/ 
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P R I N C I P L E I I . 

The sum of the two roots of a quadratic of the form x'' + 2px - q 
is equal to the coefficient of the first power of x, with its sign 
changed. 

For, solving the quadratic x*+2px=q, we O P E R A T I O N . 

find the two roots are - p + \/q + p2 and x2 + 2px = q 
-p-l/q+p2; taking the sum of the two ~P + /g+JP* 
roots, we have — 2p, which is the coefficient x= -p~Vq+p1 

of the first power of X, with its sign changed. _ 2 p 
Therefore, etc. 

P R I N C I P L E I I I . 

The product of the two roots of a quadratic of the form 
x'+2px = q is equal to the known term with its sign changed. 

O P E R A T I O N . 

2 = - p + t / q+p2 

For, multiplying the two roots together, ^ 5 

we have the result p2-(q+p1), which, ^--P-Vq+P 
reduced, equals —q, which is the known P2—PV11+P'2 

term with its sign changed. Therefore, 4^5\/q +p'e— (q +p2) 

p2-(q+p2)=-q 

S O . s . Principles I I . and I I I . enable us to construct quad-
ratic equations from their roots. 

1. F ind the quadratics whose roots are 4 and 3. 

S O L U T I O N . Since the sum of the two roots with O P E R A T I O N . 

its sign changed equals the coefficient of x, and x2— (4+3)2= —4x3 
their product, with its sign changed, equals the x2-7x = - .12 
known term, the equation whose roots are 4 and 3 
must be x 2 - ( 4 + 3 ) 2 = - ( 4 X 3 ) , which, reduced, becomes 2 s - 7 2 = -12. 

E X A M P L E S . 

Find the quadratic whose— 

2. Roots are 5 and 4. Ans. x2 - 9.2 = - 20 
3. Roots are 7 and - 3. Ans. x2-4x - 21. 
4. Roots are 4 and - 9 . Ans. 2*+5s = 36. 



5. Roots are - 2 and - 8. Ans. x2+10» - - 1 5 . 
6. Roots are 2 + - / S and 2 - j / 3 . Ans. a?- 4» - - 1 . 

7. Roots are a and b. Ans. x2-(a+b)x = -ab. 
8. Roots are a+b and a - b. Ans. x2 - lax = b2 - a?. 
9. Roots are a + b-\/c and a- b\/c. Ans. x2 - 2ax = b2e - a\ 

P R I N C I P L E I V . 

A quadratic equation of the form x2 + 2px = q may be resolved 
into two binomial factors, of which the first term in each is x, and 
the second term the roots with their signs changed. 

• For, suppose the two roots are r and O P E R A T I O N . 

then (Prin. II. and III.) we have Let X=r and r' 
x2-(r+r')x rr'\ transposing rr' to x2—(r +r')x = -rr' 
the first member, we have x2 - (r+r')x x2 - (r+r/)x + rr' = 0 
+ vr'= 0 ; factoring, we have (x—r) [x-r)(x -r') = 0 
(x—r') = 0; which proves the principle. 

3 0 6 . Quadratic equations may also be constructed from 
their roots by Principle IY . 

1. F ind an equation whose roots are 3 and 5. 
O P E R A T I O N . 

S O L U T I O N . Since the roots are 3 and 5 , we have [x - '¿)(x- 5 ) = 0 

(Prin. IV.) (x-Z)(x-5) = 0. Expanding, we have » 2 -8»+15 = 0 
r 2 - 8x+15 = 0; transposing, we have x2 - 8» = -15. x2-8x= - 15 

E X A M P L E S . 

Find the equation whose— 

2. Roots are 6 and - 4. * Ans. x2 - 2» - 24. 
S, Roots are + 3 and - 8 . Ans. a 2 +5» » 2 4 , 

4. Roots are 2a and 3a. Ans. x2- 5ax = - 6a2. 
5. Roots are h a and - a. Ans. x2 = a2. 
6. Roots are f and - f . Ans. x2+\{n-m)x = \mn. 
7. Roots are a + 2 , / n and a - 2 , / n . Ans. x2 - 2 a t - 4n - a' 

FORMS OF QUADRATICS. 

3 0 7 . There are four distinct forms of the complete quad 
ratic, depending upon the sign of 2p and q. Thus, 

1st form, x2 + 2px = q. 
2d form x2 - 2px = q. 

3d form, x2 + 2px = — q. 
4th form, x2 — 2px = — q. 

P R I N C I P L E V . 

In a quadratic of the first form one root is positive and the other 
negative, the negative root being the greater. 

For, since q is the product of the two roots with its sign changed, and 
is positive, one root must be positive and the other negative; and since 
2p is the sum of the roots with its sign changed, and is positive, the nega-
tive root must be the greater. 

P R I N C I P L E V I . 

In a quadratic of the second form one root is positive and the 
other negative, the positive root being the greater. 

For, since q is the product of the two roots with its sign changed, and 
is positive, one root must be positive and the other negative; and since 2\p 
is their sum with its sign changed, and is negative, the positive root must 
be the greater. 

P R I N C I P L E V I I . 

In a quadratic of the third form both roots are negative. 

For, since q is the product of the two roots with its sign changed, and is 
negative, the two roots must be both negative or both positive; and since 2p 
is the sum of the roots with its sign changed, and is positive, both roots 
must be negative. 

P R I N C I P L E V I I I . 

In a quadratic of the fourth form both roots are positive. 

For, since q is the product of the two roots with its sign changed, and 
is negative, the roots must be both positive or both negative; ani since '2p 
is the sum of the roots with its sign changed, and is negative, both roots 
tnust be positive. 

2n* 
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E X A M P L E S . 
N 

Required the form where the— 

1. Roots are - 8 and 5. Am. 1st foim. 
2. Roots are 9 and - 6. • Am. 2d form. 
3. Roots are 6 and 7. Am. 4 th form. 
4. Roots a r e - 5 and - 4. Am. 3d form. 
5. Roots are - 3 a and 2a. Am. 1st form. 

• 

VALUES OF p AND g. 
S O S . The quantities p and q a re general, and may therefore 

have any values whatever. W e will now discuss t he equation 
by assigning different values to each. 

FIRST.—Suppose q = 0. 

Solving the equation x2 + 2px = q, and substituting 0 for q in the root, 
we have x= —p =_p, whence x = 0, or —2p. 

1 S T O P E R A T I O N . 2 D O P E R A T I O N . • 

#?+2px = q • x2+2px = q 
x - -p ± \Zq+p'2 Let q = 0 

Let ? = 0 x2+2px = 0 
4 x=—p±p x(x+2p) = § 

a; = 0, or — 2p x = 0 
a; = — 2p 

Making the same substitution in the equation, we have x*+2px = 0', 
factoring, we have x(x + 2p) = 0-, dividing by x\2p, we have 2 = 0; 
dividing by x, we have a; + 2p = 0, or x = —2p. 

The third form gives the same result ; the second and fourth form? 
give x =»0 and e = + 2p. 

SECOND.—Suppose 2 p = 0. 

If 2p = 0, by substituting 0 for 2p in the root of the quadratic we have 

1 S T O P E R A T I O N . 2 D O P E R A T I O N . 

x*+2px = q x2 + 2px = q 
x = - p u t •i/q+pi Let 2p = 0 

Let 2p = 0 x*=q 
x = ± ftq a-= ± i f q 

»taking the same substitution in the equation, it reduces to a pure 

THIRD.—Suppose p2 = q when q is negative. 

Take the quadratic of the third form, x2 + 2px = - q. Substituting p2 

for q in the root, we have » - - p + 0, or -p; and x = - p - 0, or -p; 
hence x has.two values, both of which are - p . • 

1 S T O P E R A T I O N . 2 D O P E R A T I O N . 

x*+2px=-q x2jr2px= —q 
Let p2 = q 

Let p2 = q a;2 + 2px +p2 = 0 
x = _ _ p + 0 = - p (a;+_p)2 = 0 
x=-p-Q =-p {x+p){x+p)= 0 

x=*—p 
x= —p 

Making the same substitution in the equation and reducing, we have 
tx+p)(x+p)= 0; dividing by the first factor, we have x%p = 0, oi 
x=-p\ dividing by the second factor, we have x+p = 0, or x - -p. 

In the first and second forms the results will be different. 

F O R M S J F Q U A D R A T I C S . 

quadratic, a W y T Solving this, we have the same result as before, 

r In'the^first and second forms this result will be real, in the third and 
fourth forms, in which q is negative, the result will be imaginary. 

FOURTH.—Suppose q to he greater than p2 when q is negative. 

If in the third or fourth form we assume q O P E R A T I O N . 

numerically greater than p2, the quantity x2+2px=-q _____ 
under the radical becomes a negative quan- x p VP 9 
tity, and the value of x is therefore imaginary. 
Hence, the root of an equation in the third and fourth forms is imaginary 
when q is numerically greater than p2. 

E X A M P L E S . 

1. F i n d a number such tha t its square increased by four 

times the number equals zero. A n s - ~ 4-
2. Required the number such t h a t its square, p lus 6 times 

tha t number , shall equal minus 9. A m . - 3. 
3 Divide 8 into two such parts t h a t thei r product_shall 

be equal to 20. J i s . 4 ± V - 1 . 
Why does the root in the last equation"become imaginary? Wfcich 

supposition does Ex. 2 illustrate? What does Ex. 1 illustrate? 



I M A G I N A R Y ROOT. 

3©4>. An Imaginary Root of a quadratic is a root which 
contains a n imaginary quanti ty. 

3 1 0 . The I m a g i n a r y R o o t occurs in the third and fourth 
forms of a quadrat ic upon a certain supposition. 

3 1 1 . W e shall now discuss the imaginary root under three 
distinct heads : 

FIRST.—When does a quadrat ic give an imaginary root? 

PRIN. 1. A quadratic gives an imaginary root when the known 
term is negative and numerically greater than the square of half 
the coefficient of the first power of x. 

For, if q is negative and numerically O P E R A T I O N . 

greater than p2, the quantity under the radi- z2+2px = —q 
cal is negative, and we shall have the square x = —p =±= -j/ (pz — q) 
root of a negative quantity, which is imagin-
ary. Therefore, etc. 

' SECOND.—What is assumed by a quadrat ic which gives an 
imaginary root? 

PRIN. 2. A quadratic which gives an imaginary root assumes 
that the product of two quantities is greater than the square of 
half their sum. 

For, since 2p is the sum of the two roots O P E R A T I O N . 

with its sign changed, p2 is the square of half x2 + 2px= —q 
the sum of two quantities, and q is the prod- x= — p ± j/ [p2- q) 
uct of the two roots, with its sign changed; 
hence, when q is negative and greater than p2, the quadratic assumes 
that the product of two quantities is greater than the square of half 
their sum. 

THIRD.—Prove tha t this assumption is false. 

PRIN. 3.— The product of two quantities can never he greater 
than the sqwre of half their sum; hence, the above assumption is 
false. 

Let 2p represent any num- O P E R A T I O N . 

ber, and let it be divided into 2p = (p+z) + (p - 2)j 
two parts, p+z and p-z\ p r oduct. (p + z){p-z)=p2-z2 

the product of the two parts ( . ( _ _ 2 
is p2-z2', the sum of the , 
parts is 2p, and the square of /^'""V 
half, their sum is p2. Now, \ 2 / 
p2 is greater than p2-z2-, Now> p*>p2-z2-, 
hence the product of two /SumV 
numbers can never be greater hence, f • — ) > Product, 
than the square of half their 
sum 

From the above discussion we see that a quadratic of the form 
x1 ± 2px = -q, in which q is greater than p2, assumes that the product of 
two quantities is greater than the square of half their sum, which ia 
absurd. When a problem furnishes such an equation, the problem is 
impossible. 

E X A M P L E S . 

1. Divide tlie number 12 into two par ts such tha t their 
product shall be 40. Am. 6 ± 2j/ -1. 

2. A farmer thought to enclose 40 square rods in rectangular 
form by a fence whose entire length shall be 20 rods ; required 
its length and breadth. Ans. 5 ± - 1 5 ; 5 =F - [ / - 1 5 . 

Why do these problems give an imaginary result ? What is incorrect 
in the first ? What is incorrect in the second ? 

REVIEW QUESTIONS. 
Define a Quadratic Equation. State the two classes of Quadratics. De-

fine a Pure Quadratic. An Affected Quadratic. Give examples of each. 
How do we solve a pure quadratic? IIow solve an affected quadratic? 
State each method of completing the square. Explain each method. 

Define a Quadratic of two Unknown Quantities. A Homogeneous Equa-
tion. A Symmetrical Equation. What cases of quadratics of two un-
known quantities can be solved ? Give examples. Show the method of 
solution. 

Define principles of Quadratics. State the principles of Pure Quad-
ratics. State the first four principles of Incomplete Quadratics. State the 
four forms of a quadratic. State the principles of the forms. Define at 
imaginary Eoot. State the principles of an Imaginary Root, 



S E C T I O N V I L I . 

RATIO AND PROPORTION. 

« 
ti ? 

I • la 

ft: 

\\ < ) 
t> -a 
m 

R A T I O . 

3 1 2 . Ratio is the measure of the relation of two similai 
quantities. Thus, the ratio of 8 to 4 is 2. 

3 1 3 . The S y m b o l of ratio is the colon, read to, or is to 
Thus, a : c indicates the ratio of a to c. 

3 1 4 . The Terms of a ratio are the two quantities com-
pared. The first term is the Antecedent; the second term is the 
Consequent. The two terms together are called a Couplet. 

35«5. A ratio is expressed by writing the two quantities with 
the symbol between them (Art . 27), or by writing the conse 
quent under the antecedent in the form of a fraction. 

Thus, the ratio of a to c is a : c, or 
3 1 6 . A Simple Ratio is the ratio of two quantities. A 

Compound Ratio is the product of two or more simple ratios. 
Thus, (a : 6)(c : d), or 

3 1 7 . A Compound Ratio is usually expressed by writing 
the simple ratios one under another. 

Thus. | " ^ | expresses the ratio compounded of a : b and 

c * d. 
318. A Duplicate Ratio of two quantities is the ratio of 

their squares; as, a2 : c2. A Triplicate Ratio of two quanti-
ties is the ratio of their cubes; as, a3 : c3. 

3 1 9 . A Ratio of Equal i ty exists when the two terms are 
equal. W h e n the antecedent is the greater, it is called a ratio 
of greater inequality when less, a ratio of less inequality. 

236 

NOTES.—1. The symbol of ratio, :, is supposed to be a modification of 
the symbol of division. 

2. Ratio is usually defined as the relation of two numbers. This is 
indefinite, however, for the ratio is the measure of the relation. 

3. A few authors divide the second term by the first, calling it the 
French Method. This is wrong in method and name, as nearly all the 
French mathematicians, like the German, English, etc., divide the irst 
¡oi m by the second. 

P R I N C I P L E S . 

1. The ratio equals the quotient of the antecedent divided by the 
consequent. 

4 OPERATION. 

Thus, if r represents the ratio of a to c, we have r=a:c 
r=a: c, or r equals a divided by e (Art. 315), There- r=a 
fore, etc. c 

2. The antecedent is equal to the product of the consequent and 
ratio. 

OPERATION. 

For, if r = a divided by c, clearing of fractions, we have _ a 
a = r.c. Therefore, etc. c 

r.c-'a 
3. The consequent is equal to the quotient of the antecedent 

divided by the ratio. 
OPERATION. 

a 
For, if r =- a divided by c, clearing of fractions, we have c 

r . c = a ; and dividing by r, we have C = a divided by r. r.c=a 
Therefore, etc. e = — 

r 
4. Multiplying the antecedent or dividing the consequent multi-

plies the ratio. 
For, a ratio is expressed by a fraction whose numerator is the antece-

dent and denominator the consequent; and multiplying the numerator or 
dividing the denominator multiplies the fraction (Art. 129, Prin. 1). 
Therefore, etc. 

5. Dividing the antecedent, or multiplying the consequent, divides 
the ratio. 

For, a ratio is expressed by a fraction whose numerator is the antece-
lent and denominator the consequent; and dividing the numerator vi 



2 4 0 R A T I O A N D P R O P O R T I O N . 

multiplying the denominator divides the fraction (Art. 129, Prin. 2). 
Therefore, etc. 

6. Multiplying or dividing both terms of a ratio by any number 
does not change the ratio. 

For, a ratio is expressed by a fraction whose numerator is the antece-
dent and denominator the consequent; and multiplying or dividing both 
terms of a fraction does not change its value (Art. 129, Prin. 3). There-
fore, etc. 

NOTE—These principles are restricted to simple ratio. Similar princi-
ples may be proved of compound ratio. 

C A S E I . 

320. Problems which arise in simple ratio. 

1. F ind the ratio of 4a2 to la. Ans. 2a. 
2. F ind the ratio of 3 bushels to 2 pecks. Ans. 6. 
3. F ind the ratio of a2-x2 to a+x. Arts. a-x. 
4. The ratio is 2a and the consequent Sab; required the ante-

cedent- Ans. 6d2b. 
5. The antecedent is 6 a V and ratio 2a2; required the conse-

qucnt- -Ans. Sac2. 

6. The ratio is ^ and the antecedent is ; required the con-

sequent. Ans — 
' a 2 ' 

7. I f the ratio of a to b is what is the ratio of 5a to 4b ? 
Ans. 

8. I f the ratio of 3a to 2b is f , what is the ratio of a to b ? 
Ans. f . 

9. I f the ratio of 2TO to on is f , what is the ratio of 5m to 2n 5 
Ans. 5. 

10. I f the ratio of a to c is f , what is the ratio of a+c tc 
» - c ? Ans.-9. 

11. The ratio of two numbers is a-rb, and the consequent is 
a-b; required the antecedent. Ans. a'2 - b\ 
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C A S E I I . 

321. Problems which arise in compound ratio. 

1. F ind the ratio compounded of 8 :15 and 21 : 24. 

S O L U T I O N . The ratio of 8 to 15 is -f-; the ratio of O P E R A T I O N . 

21 to 24 is f '-; compounding them by taking their r = T
s
3 x = ^ 

•product, we have XJ X F J = t
7J. 

2. F ind the ratio compounded of a: b and b2: Sax. Ans. 

3. Required th,e value of— 
3 : 6 1 „ ( a: b 1 » f a 2 : c 3 ) , 4 ac a2 

8 : 1 5 / ' ° F { C : 4 ; * { * : „ } ' 

4. Given the compound ratio of x : 8 and 6 : 9 equals j^-, to 
find the first antecedent. Ans. x = 6£. 

f 9 • 1 2 ) 

5. Given the compound ratio j ^ ' ^ \ = to find the second 

antecedent. Ans. 6. 

6. Given the compound ratio | • e ̂  j" = 7 ' t 0 ^ t l i e s e c o n c l 

consequent. Ans. 3 i . 
7. The ratio of 2 : 3|- equals the compound ratio 1 6 : 1 5 

18 :c 
required the second consequent. Ans. 32. 

8. The duplicate of the ratio x : 1 equals the ratio 27 : x; 
required the value of x. Ans. 3. 

9. The ratio a-x :b ~x is the duplicate of the ratio a: b; 

required the value of z. Ans. — 
a + b 

10. The duplicate ratio of x : a equals the compound ratio 

{ xx; a2") 
. x i > required the value of x. Ans. x - b\ 



P R O P O R T I O N . 

3 2 2 . A Proportion is an expression oi' equality between 
equal ratios. Thus, a formal comparison of the equal ratios 
8 to 4 and 12 to 6, as 8 : 4 = 12 : 6, is a proportion. 

3 2 3 . The Symbol of proportion is the double colon, : : . 
Thus, a : b :: c : d is read the ratio of a to b equals the ratio 
of c to d; or, a is to b as c is to d. 

3 2 4 . The Terms of a proportion are the four quantities 
compared. The first and fourth terms are the extremes, and the 
second and third are the means. 

3 2 5 . The Couplets are the two ratios compared. The first 
couplet consists of the first and second te rms; the second couplet 
consists of the third and fourth terms. 

3 2 6 . A Mean Proportional of two quantities is a quantity 
which may be made the means of a proportion in which the 
two quantities are the extremes; as, a : b :: b : c. 

3 2 7 . A Continued Proportion is one in which each conse-
quent is the same as the next antecedent; as, a : b :: b : c :: c: d. 

3 2 8 . Quantities are in proportion by Alternation when ante-
cedent is compared with antecedent and consequent with conse-
quent. Thus, if a : b :: c : d, by alternation, a : c :: b : d. 

3 2 0 . Quantities are in proportion by Inversion when the 
antecedents are made consequents and the consequents antece-
dents. Thus, if a : b :: e : d, by inversion, b : a :: d : c. 

3 3 0 . Quantities are in proportion by Composition when the 
sum of antecedent and consequent is compared with either ante-
cedent or consequent. Thus, if a : b :: c : d, by composition, 
n a+b :: c : c+d. 

3 3 1 . Quantities are in proportion by Division when the 
difference of antecedent and consequent is compared with ante-
cedent or consequent. Thus, if a : b :: c : d, by division, 
a : a —b :: c : c - d. 

NOTE.—Ratio arises from the comparison of two quantities; proportion 
from the comparison of two ratios. A proportion is therefore a compan-
ion of the results of two previous comparisons. 

« 

S I M P L E P R O P O R T I O N . 

3 3 2 . A Simple Proportion is an expression of equality 
between simple ratios; as, a : b : : c : d. 

3 3 3 . A Proportion may be written in the form of an equa-

tion. Thus, a: b :: c: d becomes ~ = - . 
b d 

3 3 4 . This Equat ion is called the fundamental equation of 
the proportion. I t lies at the basis of the principles of pro-
portion. 

3 3 5 . The Principles of simple proportion are expressed ii. 
the following theorems: 

THEOREM I. 

In every proportion the product of the extremes is equal to the 
•product of the means. 

Let a :b :: c : d; 

then (Art. 333), T.=~v O tt 
clearing of fractions ad = be. 

Therefore, etc. 

THEOREM II. 

Either extreme is equal to the product of the means divided by 
the other extreme. 

Let a : b :: c : d; 

then (Theo. I.), ad = bc\ 
be be 

hence, a n d " = 

' d a 
Therefore, etc. 

COR.—Either mean equals the product of the extremes divided 
by the other mean. 



THEOREM III. 
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If the product of two quantities equals the product of two other 
quantities, two of them may be made the extremes, and the other 
two the means, of a proportion. 

Let 

dividing by bd, 

or (Art. 33$. 

ad - be ; 
a_o 
b~d 

a : b : : e : a. 
Therefore, etc. 

THEOREM IV. 

A mean proportional between two quantities equals the square 
root of their product. 

Let 
then (Theo. I.), 
and 

a : b : : b : c; 
b2=ae, 
b =i/ac7 

Therefore, etc. 

THEOREM V. 

If four quantities are in proportion, they will be in proportion 
by ALTERNATION. 

Let a :b :: c\d\ 
then, ad=bc; 

a b 
e ~d' 

whence, a : c :: b : d. 

dividing by do, 

Therefore, etc. 

THEOREM VI. 

If four quantities are in proportion, they will be in proportion 
by INVERSION. 

Let a : b :: e : d ; 
then (Theo. I.), be = ad ; 

b d dividing by ac, 

whence, 
a e 

b : a:: d: c. 
Therefore, etc. 

THEOREM VII. 
If four quantities are in proportion, they will be in proportion 

by COMPOSITION. 

Let a : b :: c : d; 
then will a+b : b :: c+d : d. 

For, 
A _ C _ M 

b~d' 
Ct (J 

adding 1 to each aide, — + 1 = ^ + 1 ; 

a+b c+d 
b d ' 

whence, a+b : b : : C+d : d. 

reducing, 

Therefore, etc. 

THEOREM VIII. ' 
If four quantities are in proportion, they will be in proportion 

by DIVISION. 
Let a:b :: c: d; 
then will a-b : b :: C-d : d. 

For, 
a_c _ 
b~d' 

, a - o , subtracting 1, — — 1 = - — I ; 
o a 

a—b o—d 
b d ' 

whence, a — b : b : : c — d : d. 

reducing, 

v 
Therefore, etc. 

THEOREM IX. 
If four quantities are in proportion, like powers or roots of 

those quantities will be proportional. 
Let a : b :: c : d; 
then 

raising to nth power, 

a c 
b = d' 

a" c" 
bn ~ d" 

hence, an : bn : : C : dn ; 

Therefore, etc. 
21 « 

1 1 1 1 

similarly, a» : Ô» : : C» : d*. 



THEOREM X. 

Equimultiples of two quantities are proportional to the quanti-
ties themselves. 

Let a and b be any two quantities. 
A,, a a Then 

. . . . , ma a multiplying by m, = - ; 

whence, ma : nib :: a : b. 
Therefore, etc. 

THEOREM XI. 

If four quantities are in proportion, any equimultiples of the 
first couplet will be proportional to any equimultiples of the second 
couplet. 

Let a : b : : c : d; 
, a c then r = - • b d 

ma nc and — mb na 
whence, ma : mb •.•.nc\ nd. 

Therefore, etc. 
i 

THEOREM XII. 

If two proportions have a couplet in each the same, the other 
couplets will form a proportion. 

i 
Let a : b : : C : d, 
and a :b::e:f-, 

then, a 

\ 

c , a e 
d b j 

hence, c e 
d~T 

or, C ! •.d-.-.e-.J. 
Therefore, etc. 

SIMPLE PROPORTICN. 2 4 7 

THEOREM XIII. 

The products of the corresponding terms of two proportions are 
'proportional. 

. . . . am 
multiplying, -777- = 

whence, 

a:b : : C : d, 
m:n::p: q; 

a_c_ 
b ~ d' 

m _p 
n q ' 

am _cp_. 
bn dq' 

am : bn : : cp : dq. 

Therefore, etc. 

THEOREM XIV. 

If any number of quantities are in proportion, any antecedent 
will be to its consequent as the sum of all the antecedents is to the 
mm of all the consequents. 

Let 

then will 
For Theo. I., 
and 
also, 
Adding, 
factoring, 
whence, 

Therefore, etc. 

a : b : 
a : b 

c : d : : e : f , etc. ; 
a + c + e : b + d+f. 

ad=bc, 
af =&e; 
ab = ba. 

ab+ad+af=ba+bc+be, 
a{b+d+f) = b(a+c+e) ; 

a : b : : a + c + 6 : b + d+f. 

ADDITIONAL THEOREMS. 
3 3 6 . These theorems will afford pupils an opportunity to 

exercise original thought ^ a p p l y i n g the principles of propor-
tion. P a r t of them may be omitted unt i l review. 

1. If a:b::c:d, prove tha t am :bn:: cm: dn. 

2. II a-.b:\c-.d, prove that a? : b2:: ac: bd. 



3. If a:h :: c: d, prove tha t a2 :c2 ::ab: cd. 
4. If a : b : : « : d, prove tha t a: a — b ::c: c-d. 
5 If a : b :: c : d, prove that a + b : c+d :: a-b : c — d. 
6 If a : b : : c : d, prove that a : na+mb : : c : nc+md. 
7. If a:b ::b :c, prove that a1 : b2 : : a : e. 
8. If a : b : : b : c, prove that a : c : : b2 : c2. 
9. I f a : b : : b : c, prove that a2 -b2 : a : :b2 -c2 : c. 

10. I f a : b : : b : c, prove that a2+b2 : a2 — b2 : : a+c : a — e. 
11. I f a : b : : b : c, prove tha t (a2 + b2)(b2 + c2) = (ab + bc)2. 

PROBLEMS IN RATIO AND PROPORTION. 

3 3 7 . These problems in ratio and proportion can be readily 
solved by an application of the previous principles. 

1. The product of two numbers is 15, and the difference of 
their squares is to the square of their difference as 4 to 1 ; re-
quired the numbers. 

S O L U T I O N . 

Let x = the greater number, 
and y = the less number; 
then, xy = 15, (1) 
and x2-y2: ( x - y X 2 : : 4 : 1. (2) 

Dividing 1st couplet by x—y, x-Vy : x—y : : 4 : 1, 
by composition and division, 2x : 2y :: 5 : 3, 

dividing 1st couplet by 2, x : y :: 5 : 3 ; 
hence, Tlieo. I., 3x=5y, 

substituting in eq (1), — = 15; 
3 

whence, * 2/= 3, 
and x=5. 

2. The product of two numbers is 24, and the sum of their 

squares is to the square of their sum as 13 to 25 ; what are the 
numbers ? 

S O L U T I O N . 

Let x and y represent the numbers. 
Then, xy =24, 
and x2+y2:x2+2xy+y2::13:2o. 

( 1 ) 

By division, Theo. VIII., 
substituting for 2xy, 
dividing antecedents by 12, 
extracting the square root, 
from Theo. I., 

2xy : (x+y)2 : : 12 : 25, 
48 : (x+y)2 : : 12 : 25, 
4: (x+y)2:: 1 : 25; 

2 : x + y : : 1 : 5; 
x+y = 10. 

From which the valiles of x and y can readily be found. 

3. W h a t is the ratio of 6a inches to b yards? Ans. —. 
6 b 

4. Two numbers are in the ratio of 2 to 3, and if 3 be added 
to each, the ratio is that of 5 to 7 ; find the numbers. 

Ans. 12 and 18. 
5. Two numbers are in the ratio of 4 to 5, and if 6 be taken 

from each, the ratio is that of 3 to 4 ; find the numbers. 
Ans. 24 and 30.' 

6. Two numbers are in the ratio of 3 to 5, and if 2 be takei, 
from the less and 5 be added to the greater, the ratio is that of 
2 : 5 ; find the numbers. Ans. 12 and 20. 

7. F ind the number which added to each term of the ratio 
5 : 3 makes it f of what it would have been if the same number 
had been taken from each term. , Ans. 1. 

8. F ind two numbers in the ratio of 2 to 3, such tha t their 
difference bears the same relation to the difference of their 
squares as 1 to 25. Ans. 10 and 15. 

9. F ind two numbers in the ratio of 3 to 4, such tha t their 
sum has to the sum of their squares the ratio of 7 to 50. 

s Ans. 6 and 8. 
10. F ind two numbers in the ratio of 5 to 6, such that their 

sum has to the difference of their squares the ratio of 1 to 7. 
Ans. 35 and 42. 

«s«» -i-i , 



11. The sum of two numbers is 10, and the sum of their 
squares is to the difference of their squares as 13 to 5 ; required 
the numbers. Ans. 6 and 4. 

12. The difference of two numbers is 6, and their product is 
to the sum of their squares as 2 to 5 ; what are the numbers? 

Ans. 12 and 6. 
13. Two numbers are to each other as 3 to 2, and if 6 be 

added to the greater and subtracted from the less, the results 
will be as 3 to 1 ; what are the numbers? Ans. 24 and 16. 

14. The product of two numbers is 12, and the difference of 
their cubes is to the sum of their cubes as 13 to 14 ; required 
the numbers. Ans. 6 and 2. 

15. There are three numbers in continued proportion : the 
middle number is 60, and the sum of the others is 125 ; what 
are the numbers ? Ans. 45 ; 60 ; 80. 

16. A quantity of milk is increased by water in the ratio of 
7 : 6, and then 8 gallons are sold ; the remainder, when mixed 
with 8 gallons of water, is increased in the ratio of 7 to 5 ; how 
much milk was there at first? Ans. 24 gallons. 

REVIEW QUESTIONS. 

1. Define Ratio. The Terms. A Simple Ratio. A Compound Ratio. 
A Duplicate Ratio. A Triplicate Ratio. A Ratio of Equality. Of In-
iquality. State the Principles of Ratio. 

2. Define a Proportion. The Terms of a Proportion; Extremes., 
Means; Couplets. A Mean Proportional. A Continued Proportion. 
Proportion by Alternation. By Inversion. By Composition. By 
Division. State the Funlamental Equation of Proportion. Enundate 
the Theorems. 

S E C T I O N I X . 

P R O G R E S S I O N S . 
3 3 8 . A Progress ion is a series of quantities in which the 

terms vary according to some fixed law. 
8 1 5 9 . The T e r m s of a progression are the quantities of 

which it is composed. 
3 4 0 . The E x t r e m e s of a progression are the first and last 

terms ; the Means are the terms between the extremes. 

NOTE—The general term for Progression is series. There are many 
different kinds of series; the only two appropriate for an elementary 
algebra a re arithmetical a n d geometrical progression. 

A R I T H M E T I C A L P R O G R E S S I O N . 

3 4 1 . An Arithmetical Progression is a series of quan-
tities which vary by a common difference. 

3 4 2 . The Common Difference is the quantity which, 
added to any term, will give the following term : thus, in 1, 3, 
5 ,7, the common difference is 2. 

3 4 3 . An Ascending Progression is one in which the 
quantities increase from left to r ight ; as, 1, 3, 5, 7, 9, etc. 

3 4 4 . A Descending Progression is one in which the 
terms decrease from left to right ; as, 12, 10, 8, 6, etc. 

3 4 5 . The Terms considered in Arithmetical Progression 
are five, any three of which being given the other two may be 
found. 

THE FIVE TERMS. 
1. The first term, a ; 3. The number of terms, n ; 
2. The last term, l\ 4. The common difference, d\ 

5. The sum of the terms, S. 



11. The sum of two numbers is 10, and the sum of their 
squares is to the difference of their squares as 13 to 5 ; required 
the numbers. Ans. 6 and 4. 

12. The difference of two numbers is 6, and their product is 
to the sum of their squares as 2 to 5 ; what are the numbers? 

Ans. 12 and 6. 
13. Two numbers are to each other as 3 to 2, and if 6 be 

added to the greater and subtracted from the less, the results 
will be as 3 to 1 ; what are the numbers? Ans. 24 and 16. 

14. The product of two numbers is 12, and the difference of 
their cubes is to the sum of their cubes as 13 to 14 ; required 
the numbers. Ans. 6 and 2. 

15. There are three numbers in continued proportion : the 
middle number is 60, and the sum of the others is 125 ; what 
are the numbers ? Ans. 45 ; 60 ; 80. 

16. A quantity of milk is increased by water in the ratio of 
7 : 6, and then 8 gallons are sold ; the remainder, when mixed 
with 8 gallons of water, is increased in the ratio of 7 to 5 ; how 
much milk was there at first? Ans. 24 gallons. 

REVIEW QUESTIONS. 

1. Define Ratio. The Terms. A Simple Ratio. A Compound Ratio. 
A Duplicate Ratio. A Triplicate Ratio. A Ratio of Equality. Of In-
iquality. State the Principles of Ratio. 

2. Define a Proportion. The Terms of a Proportion; Extremes., 
Means; Couplets. A Mean Proportional. A Continued Proportion. 
Proportion by Alternation. By Inversion. By Composition. By 
Division. State the Funlamental Equation of Proportion. Enundate 
the Theorems. 

S E C T I O N I X . 

P R O G R E S S I O N S . 
3 3 8 . A Progress ion is a series of quantities in which the 

terms vary according to some fixed law. 
8 1 5 9 . The T e r m s of a progression are the quantities of 

which it is composed. 
3 4 0 . The E x t r e m e s of a progression are the first and last 

terms ; the Means are the terms between the extremes. 

NOTE—The general term for Progression is series. There are many 
different kinds of series; the only two appropriate for an elementary 
algebra a re arithmetical a n d geometrical progression. 

A R I T H M E T I C A L P R O G R E S S I O N . 

3 4 1 . An Arithmetical Progression is a series of quan-
tities which vary by a common difference. 

3 4 2 . The Common Difference is the quantity which, 
added to any term, will give the following term : thus, in 1, 3, 
5 ,7, the common difference is 2. 

3 4 3 . An Ascending Progression is one in which the 
quantities increase from left to r ight ; as, 1, 3, 5, 7, 9, etc. 

3 4 4 . A Descending Progression is one in which the 
terms decrease from left to right ; as, 12, 10, 8, 6, etc. 

3 4 5 . The Terms considered in Arithmetical Progression 
are five, any three of which being given the other two may be 
found. 

THE FIVE TERMS. 
1. The first term, a ; 3. The number of terms, n ; 
2. The last term, l\ 4. The common difference, d\ 

5. The sum of the terms, S. 



3 4 6 . PRIN.—The common difference is positive in an ascend-
ing series, and negative in a descending series. 

CASE I. 
347. Given the first term, the common differ-

ence and the number of terms, to find the last 
term. 

1. Given a the first term, d the common difference, n the 
number of terms, to find the expression for I, the last term. 

SOLUTION. The 1st term is a ; the 2d 
term is a + d; the 3d term is a+cl plus d, O P E R A T I O N . 

o r a + 2 d ; the 4th term is a + od, and so 1st term = a 
on. By examining these terms, we see that 2d term = a + d 
any term equals a, plus the product of d taken 3d term = a-r2d 
as many times as the number of terms less one ; 4th term = a+3d 
hence the nth term equals a + (n-l)cZ; wth term = a + (n—l)d 
or, representing the nth term by I, we have . or, l = a+(n—l)d 
¿ = a+(n—l)cZ. 

Rule .—To the first term add the product of the common differ-
ence multiplied by the number of terms less one. 

NOTE.—An ascending series of n terms may be written as follows: 
a, a+d, a + 2 d , a+3d a+(n-l)d. 

A descending series of n terms may be written as follows: 
a, a-d, a-2d, a-3d .... a-(n-l)d. 

E X A M P L E S . 

2. Find the 12th term of the series 2, 5, 8, 11, etc. 

SOLUTION. In this problem a = 2, d = 3 and n = 1 2 . O P E R A T I O N . 

The formula for the last term is l = a+{n-l)d-, substi- Z - a + ( n - l ) r t 
tuting the values of a, d and n, we have 1 = 2 + (12-1)3; 2+ (12-1)3 
and reducing, we have I = 35. ¿ - 2 + 33 = 35 

NOTE.—The prob'em may also be solved by the rule instead of substi-
tuting in the formula, 

3. F ind the 18th term of the series 1,4, 7,10, etc. An*. 52. 
4. F ind the 17th term of the series 3, 7, 11, 15, etc. 

An» 67. 

5. F ind the 20th term of the series 1, 2}, 3 f , 5, etc. 
Ans. 26^. 

6. F ind the 14th term of the series 29, 27, 25, 23, etc. 
Ans. 3. 

7. F ind the 40tli term of the series 1, 2f , 4-\-, 6, etc. 
Ans. 66 

8. F ind the 15th term of the series f , | f , f , etc. 
Ans. 0. 

9. F ind the 30th term of the series a, 3a, 5a, 7a, etc. 
, Ans. 59a. 

10. F ind the nth term of the series 2, 4, 6, 8, etc. Ans. 2n. 
11. F ind the nth term of the series 2b, 4b, 6b, etc. 

Ans. 2bn. 
12. Find the nth term of the series 1, 3, 5, 7, etc. 

Ans. 2n - 1. 
13. Find the n th term of the series, 2, 2^, 2f, etc. 

Ans. |-(n+5) 
14. If a body fall 16-^ feet the 1st second, 3 times as far 

the 2d second, 5 times as far the 3d second, and so on, how 
far will i t fall the 20th second ? Ans. 621 \ ft. 

15. I f a body fall n feet the 1st second, 3n feet the 2d, 
5n feet the 3d, and so on, how far will it fall the f t h second? 

Ans. (2t — l ) n . 

CASE II. 
348. Given the first term, the last term, and the 

number of terms, to find the sum of the terms. 

1. Given a, the first term; I, the last term; and n, the numbei 
of terms, to find the expression for S, the sum of the terms. 

S O L U T I O N . 

We have the series, S= a+ (a + d) + (a + 2d) + ( a + 3 d ) . . . +1. 
inverting the series, S = I + (I- d) + (l- 2cl) + (I-3d)... +a. 
Adding the series, 2Ä=(a+0 + ( « + 0 + (« + ̂ ) + (« + 0 + . . . + (a + 0 

That is, (a+2) taken as many times as there are terms, or n times. 

Hence, 2 S={a+l)n; 

whence, S = or f (a+i) . 



Rule .—Mult ip ly the sum of the extremes by one-half of the 
number of terms. 

E X A M P L E S . 

2. Find the sum of the arithmetical series whose first term 
is 2, last term 35, and number of terms 12. 

O P E R A T I O N . 

S O L U T I O N . In this problem, a = 2,n = 12, and S=%(a,+l) 
I = 35. Substituting the values of these terms in 1^(2+ 35) 
the formula, S=^(a + l), we have S= ^(2+35), £=6*37 = 222 Ans. 
or 6x37, which is 222. 

Find the sum— 

3. When a = 3, I = 40 and n = 16. Ans. 344. 
4. Of 12 terms of the series 2 + 6 + 10 + 14, etc. Ans. 288. 
5. Of 16 terms of the series 3 + 7 + 11 + 15, etc. Ans. 528. 
6. Of 12 of the odd numbers 1 + 3 + 5 + 7, etc. Ans. 144. 
7. Of 12 of the even numbers 2 + 4 + 6 + 8, etc. Ans. 156. 
8. Of 18 terms of the series etc. Ans. 159. 
9. Of 25 terms of the series £ + l + l £ + 2 , et<j. Ans. 162J. 

10. Of 12 terms of the series 20 + 18 + 16, etc. Ans. 108. 
11. Of 17 terms of the series .2 + .25 + .3 + .35, etc. 

Ans. 10.2. 
12. Of n terms of the series 1 + 3 + 5 + 7, etc. Ans. n2. 
13. Of n terms of the series 2 + 4 + 6 + 8, etc. Ans. n'+n. 
14. Of n terms of a + 3 a + 5 a + 7 a + , etc. Ans. an2. 
15. Of 6 terms of (a - 5b) + (a - 36) + (a - b) +, etc. 

Ans. 6a. 
16. If a body fall 16TV feet the 1st second, 3 times as far the 

>*d second, 5 times as far the 3d second, and so on, how far 
will it fall in 20 seconds? Ans. 6433 | ft. 

17. If a body fall n feet the 1st second, 3n feet the 2d, on 
feet the 3d, and so on, how far will it fall in t seconds ? 

Am. t2n f t . 

C A S E I I I . 

349. Given any three of the live quantities to find 
either of the others. 

3 5 0 . The Fundamental Formulas of arithmetical pro-
gression are— 

1. l=°a+(n — l)d] 
2. S-$(a+iy 

These are called Fundamental because by means of them we 
can solve all the problems which may arise. 

3 5 1 . There are three classes of problems, since the four 
quantities may all be in the 1st formula, or all in the 2d for-
mula, or par t in the first and part in the 2d. ^ 

3 5 2 . C L A S S I. When the four quantities are all contained 
in the first fundamental formula. 

1. Find the formula for d, having given a, n and I. 

• S O L U T I O N . The formula l = a+{n-l)d 
contains all the four quantities; we will 
therefore find the value of d from this for-
mula in terms of the other quantities. Trans-
posing, we have equation (2) ; dividing by the 
coefficient of d and transposing, we have 
equation (3), which is the value of d required 

E X A M P L E S . 

2. Find the value of a, having given n, d and I. 
3. Find the value of n, having given «, d and I. 
4. The first term is 90, the last term 34, and the common 

difference 4 ; required the number of terms. Ans. 15. 
5. W h a t term of the series 2, 5, 8, etc , is 35? W h a t term 

of the series 29, 27, 25, etc., is 3? Ans. 12th ; 14th. 
6. The nth term of a series whose common difference is 2, 

is 2n ; what is the first term ? Ans. 2. 
7. The n th term of a series whose first term is 1, is 2n - 1 , 

required the first four terms of the series. Am. 1, 3, 5, 7. 

O P E R A T I O N . 

l = a+(n-l)d (1) 
l-a=(n-l)d (2) 

d J - ^ - (3) 
n -1 



8 5 3 . CLASS I I . When the four quantities are all contained 
in the second fundamenta l formula. 

1. Given a, I and S, to find n. 
S O L U T I O N . The formula. S=%(a + l) contains all O P E R A T I O N 

the four quantities; we can therefore find the value S="(a + l) (1; 
of n from this formula in terms of a, I and S. 2S*=n(a+l) (2) 
Clearing of fractions, we have equation (2); dividing 2S 
by a + I and transposing, we have equation (3), U =

 a v I 
which is the value of n required. 

E X A M P L E S . 

2. F i n d a, having given n, I and 8. 
3. F i n d I, having given a, n and S. 
4. The first 

term is 2, the last term 35, and the sum of the 
terms 222; required the number of terms. Ans. 12. 

5. T h e last term is 27, the number of terms 12, and the sum 
of the terms 180 ; required the first term. Ans. 3. 

6. Required the last term of the series whose first term is 1, 
number oT terms n, and sum of terms n\ Ans. 2» - 1 . 

7. Required the first four terms of the series whose first 
term is 1, number of terms n, and sum n'. Ans. 1, 3, 5, 7. 

8. Required the last te rm of the series whose first term is a, 
number of terms n, and sum of the terms an2. Ans. a (2n - 1 ) . 

3 5 4 . CLASS III . W h e n par t of the quantities are in the 
first and par t in the second fundamenta l formula. 

1. Given d, n, I, to find S. 
S O L U T I O N . The two fundamental for- O P E R A T I O N . 

mulas contain one quantity, namely, a, not ¿ = a + (n — l ) d (1) 
involved in this problem; hence we may S="(a + l) f2i 
combine these formulas by eliminating a , -
and obtain an equation containing the four & = l—(n — l)d (3) 
quantities, d, n, I and S, from which we S=%U-(n—l)d+Zj (4) 
can find the value of 5. £ = ^ 2 i - ( n - l ) d } (5) 

From the first formula we find equa-
tion (3); substituting this value in equation (2), we have equation (4); 
reducing, we have equation (5), which expresses the value of S in terms 
of d, n and I 

NOTE.—The superfluous quantity may be eliminated by comparison or 
substitution. a= i« most convenient. For examples, see the table. 

TABLE OF FORMULAS. 

3 5 5 . Since there are five quantities, any three of which 
being given a four th may be found ; there are twenty cases IE 
all. These cases are presented in t he following t a b l e : 

» 

No. Given. To Find. 

• 

FORMULAS. 

1 a, d, n l, S l = a+(n-l)d-, S=M^ + (n-l)dl 

2 I, d, n a, S 
I 
1 

3 a, n, I d, S d=lz-JL. S=in(a+l). 
n — 1 

4 d, n, S a, I 
ïd . 2S + n(n — l ) d 

2n ; ' 2n 

5 a, n, S d, I 
2 ( S - a n ) . i - ^ A - a . 
n ( n - l ) ' « 

6 l, n, S d, a 
W - S ) . . 
n(n-1) ' n 

7 a, d, I n, S 
1 — n. „ (l+ct)(l-a+d) 

n d " 2d 

8 a, l, S n, d 
m , (l+a)(l-d) 

2 S-{l+a) 

9 a, d, S I 

n 
± , / i 2 a - d ) 2 + 8 d S - 2 a + d 

n 2d 

. 10 l,d,S a 

n 2d 



CASE IV. 

356. Given two terms, to insert any number of 
arithmetical means between them. 

1. Insert 3 arithmetical means between 4 and 16. 

SOLUTION. If we insert m terms 

I — a 
OPERATION. 

between 4 and 16, the entire series will 
consist of m + 2 terms; lienee in the d = -n — 1 formula for d, n will equal m + 2 . l a I 
Substituting m + 2 for n in the formula d =» ———— = — 

I - a m + 2 - 1 m + 1 
for d, and reducing, wc have d = IR A 

. m + 1 = 3 
Substituting in this formula I = 16, 3 + 1 
a = 4 and m = 3, we have d = 3; hence Series = 4, 7, 10, 13, IS 
the series will be 4, 7, 10, 13, 16. 

E X A M P L E S . 

2. Insert 4 arithmetical means between 5 and 20. 
Am. 8, 11, 14, 17. 

3. Required the arithmetical mean between 4 and 18. 
Ans. 11. 

4. Insert 2 arithmetical means between and A. 

Am. fa f . 

5. Required the arithmetical mean between a and b. 
. a + b 

Am. 
2 

6. Insert 2 arithmetical means between a and b. 

. 2a + b a+ 26 
Am. ; 

3 3 
7. Insert 3 arithmetical means between a and b. 

. 3 a + b a + b a + 3 b . 
Am. ; ; 

4 2 4 
8 I f the arithmetical mean between two numbers, one 0/ 

which is 5, is 19, what are the numbers? Am. 5 and 33 

1. F ind the series where the nth term is 2n-1. 

SOLUTION. Since n represents any term, the formula 2 f t - 1 is true for 
any value of n. When n = 1, 2n-1 = 1, hence the first term is 1; when 
n="2, 2n - 1 = 3, hence the second term is 3; when u = 3, 2/1-1 = 5, etc. 
Hence the series is 1, 3, 5, 7, 9, etc. 

P R O B L E M S . 

PROBLEMS 

I N A R I T H M E T I C A L P R O G R E S S I O N . 

x, x+y, x+2y, x+Zy, etc. 

3 6 0 . W h e n there are three terms, it will often be found con-
venient to represent them thus : 

x-y, x, x + y. 

3 6 1 . W h e n there are Jour terms, the following method will 
often facilitate the solution : 

x-Zy, x-y, x+y, x+Zy. 

3 6 2 . W h e n there are five terms, the following method will 
often facilitate the solution: 

x-2y,x-y, x, x+y, x+2y. 

NOTE—The advantage of these methods is, that the sum of the series, 
or the sum or difference of the extremes, or of any two terms equally dis-
tant from the extremes, will contain but one quantity. 

3 5 7 . In Arithmetical Progression problems arise in which 
the t6rms are not directly given, but are implied in the given 
conditions. 

3 5 8 . I n solving these problems Ave may represent the 
unknown terms and form equations by means of the principles 
of arithmetical progression. 

3 5 9 . A n arithmetical series in which x represents the first 
term and y the common difference is generally represented thus: 



2. The sum of three numbers in arithmetical progression is 
12, and the sum of their squares is 66 ; find the numbers. 

S O L U T I O N . 

Let x - y = - first term, 
X = second term, 

x+y=third term. 
By the 1st condition, 3x=12; (1) 

by the 2d condition, 3x2+ 2y2 = 66; (2) 
from equation (1) we have, x = 4; (3) 

substituting in equation (2), 48 + 2y2 = 66; (4) 
from which we have, y = 3; (5) 
hence we have, x—y = l, first term, 
and x\-y=7, third term. 

Therefore the numbers are 1, 4 and 7. 

E X A M P L E S . 

3. The nth term of an arithmetical progression is - |-(n+5); 
required the series. Ans. 2 ; 2|-; 2f , etc. 

4. The n th term of an arithmetical progression is %(3n- 1) ; 
find the first term, the common difference and the sum of n 
terms. Am. %; |; 1). 

5. The n th term of an arithmetical progression is ( 2 n - l ) a ; 
find the series and its sum. Am. a, 3a, 5a, etc.; sum, an2. 

6. Three numbers are in arithmetical progression; their sum 
is 12 and their product 48 ; required the numbers. 

Am. 2, 4, 6. 
7. The sum of three numbers in arithmetical progression is 

18; the product of the first and second is 24 ; what are the 
numbers? Am. 4, 6, 8. 

8. F ind three numbers in arithmetical progression such that 
their sum shall be 15 and the sum of their cubes 645. 

Am. 2, 5, 8. 
9. There are four numbers in arithmetical progression; the 

bum of the two extremes is 8, and the product of the two means 
is 15 ; what are they ? Ans. 1, 3, 5, 7 

10. There are four numbers in arithmetical progression; the 
product of the first and fourth is 22, and of the second and 
third, 40 ; what are the numbers ? -4ns. 2, 5, 8 ,11 . 

11. The sum of four numbers in arithmetical progression is 
30, and the sum of the cubes of the two means is 945; what 
are the numbers? Am. 3, 6, 9, 12. 

12. The sum of four numbers in arithmetical progression 
is 22, and their continued product is 280; what are the 
numbers? ' ¿ n s . 1, 4, 7 ,10 . 

13. F ind four numbers in arithmetical progression such that 
the sum of the squares of the first and fourth shall be 200, and 
of the second and third, 136. Ans. 2, 6, 10, 14. 

14. There are four numbers in arithmetical progression; the 
product of the first and fourth is 45, and of the second and 
third 77 ; what are the numbers? Ans. 3, 7, 11, 15. 

15. F ind four numbers in arithmetical progression such that 
the sum of the first and fourth shall be 17, and the difference 
of the squares of the two means shall be 51. Ans. 4 ,7 ,10 ,13 . 

16. There are four numbers in arithmetical progression such 
that the sum of the squares of the means is 164, and the sum 
of the squares of the extremes is 180; what are they? 

Am. 6, 8, 10, 12. 
17. There are five numbers in arithmetical progression; their 

sum is 40, and the sum of their squares 410; what are the 
numbers? A n s - 2> 5> 8> n > 1 4 

18. There are seven numbers in arithmetical progression such 
that the sum of the first and fifth shall be 16, and the prod act 
of the fourth and seventh 160; required the numbers. 

Tins. 4, 6, 8, 10, 12, 14, 16. 
19. If the sum of n terms of an arithmetical progression is 

ilways equal to n2, find the fiist term and the common dif-
ference. Ans. Firs t term, 1 ; com. dif. = 2. 

20. I f the sum of n terms of an arithmetical progression is 
always equal to + find the series. Ans. 1, 2, 3, 4, etc. 

N0TE.-In the 19th Example take S=\n\2a + (n - l ) d | =n 2 ; ther 
find the first term by supposing n = l and rZ = 0, etc. 
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G E O M E T R I C A L P R O G R E S S I O N . 

8 6 3 . A Geometrical Progression is a series of quanti-
ties which vary by a constant multiplier. 

3 6 - 4 . The Ratio or rate of the progression is the constant 
multiplier by which the terms vary ; thus, in 1, 2, 4, 8 the 
ratio is 2. 

36*>. An Ascending Progression is one that increases 
from left to r igh t ; as 2, 4, 8, 16, etc. 

3 6 6 . A Descending Progression is one that decreases 
from left to r i g h t ; as 32, 16, 8, i, etc. 

3 6 7 . The Terms considered are five, any three of which 
being given, the other two may be found. 

T H E F I V E T E R M S . 

1. The first term, a ; 3. The number of terms, n ; 
2. The last term, I ; 4. The ratio, r ; 

5. The sum of the terms, S. 

3 6 8 . PRINCIPLE.—The ratio is greater than a unit in an 
ascending seines, and less than a unit in a descending series. 

CASE I. 
360. Given the first term, the ratio and the 

number of terms, to find the last term. 

1. Given a, the first t e rm; r, the rat io; and n, the number 
of terms, to find an expression for I, the last term. 

S O L U T I O N . The first term is a; the second term 
equals a x r, or ar; the third term equals ar x r, or 
ar 2 ; the fourth term equals ar2 x r, or ar3, etc. Ex-
amining these terms, we see that each term equals the 
first term into r raised to a power one less than the 
number of the term; hence the nth term will equal 
ar"-I; and since I represents the nth or last term, 
we have I = ar" 

O P E R A T I O N . 

1st term —• a 
2d term = ar 
3d t e rm = a r 2 

4th term = a r 3 

n t h t e rm = ar"~ 
t = ar*--

B,ule —Multiply the first term by the ratio raised to a power 

whose index is one less than the number of terms. 

NOTE.—An ascending series of n terms may be written as follows: 

a, ar, ar1, ar3 ar"-2 , ar"-1. 

E X A M P L E S . 

2. F ind the 8th term of the series 2, 4, 8, etc. Ans. 256. 
3 The first term is 3 and ratio 4 ; what is the 7th t e r m ? ' 

Ans. 12288. 

4. The first term is 729, the rat io ; required the 12th term. 
Ans. 2~h" 

5. F ind the n th term of the series 1, 2, 4, 8, etc. Ans. 2"-'. 

6 F ind the n th term of the series 2a, 4a2, 8a3, etc. 
Ans. (2a)n. 

7. F ind the n th term of the series 2, 4a, 8a2, etc. 
Ans. 2V1-1 . 

8. I f a merchant doubles his capital every 4 years, and be-
gins with $4000, how much has he at the end of 20 years? 
b Ans. SI 28000. 

CASE I I . 

37«. Given the first term, the last term and the 
«umher of terms, to find the sum of the terms. 

1. Given a, the first t e rm; I, the last t e rm; and n, the 

number of terms, to find an expression for S, the sum of the 
terms. 

S O L U T I O N . 

We have S=a+ar+ar2+ar3+.... ar«-1 ; (1) 
multiplying (1) by r, rS=ar+ar* + ar» + ...... a r " - ' + ar". (2) 

Subtracting (1) from (2), rS- S= a r » - « ; (3) 
factoring, S{r-1) = ar»- a; (4) 

« « y - q (5) 
whence " -
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Thi s may be pu t in another form by substituting a value for a r " . 

F r o m Case I . we have I = arn~l; 

mul t ip ly ing by r, rl = arn; 

substi tut ing in (5), S= a • 
r — 1 

R u l e . — M u l t i p l y the lust term by the ratio, subtract the firsi 
term, and divide the remainder by the ratio less one. 

E X A M P L E S . 

• Find the sum of the series— 

2. W h e n a = 2,1 = 256, and r = 2. Ans. 510. 
3. W h e n a = 3, 1= 12288, and r = 4. Ans. 16383. 

4. Of 9 terms of the series 2, 4, 8, 16, etc. Ana. 1022. 
5. Of 12 terms of the series 1, 2, 4, 8, etc. Ans. 4095. 
6. Of 10 terms of the series 1, 3, 9, 27, etc. Arts. 29524. 
7. Of n terms of the series 1 + 2 + 4 + 8 , etc. Ans. 2n- 1. 
8. Of n terms of the series 1, 3, 9, 27, etc. Ans. £ ( 3 n - 1). 
9. Of n terms of the series a + 2 a + 4 a + 8a, etc. 

Ans. a(2" - 1). 
" 2 " — 1 

10. Of n terms of the series 1+4-+4-+-1, etc. Ans. 
i 4 s ' 2 n _ l 

11. Of n terms of the series 1 + \ + £ + etc. 

3 » - i 

12. Of n terms of the series 1 e t c . 

13. A laborer agreed to work one year a t the rate of $1 for 
January , $2 for February , 84 for March, and so on ; how much 
did he receive in the year ? Ans. $4095. 

14. A servant-girl saved §160 one year. Now, if it were 
possible for her to save half as much again every year as the 
previous year for 8 years, how much would she save ? 

Ans. «11981.87*. 

I N F I N I T E S E R I E S . 

3 7 1 . A n I n f i n i t e S e r i e s is a series in which the number 
of terms is infinite ; as, 1, etc. 

3 7 2 . The S u m of a decreasing geometrical series to infinity 
is the limit toward which the series approaches as the number 
of terms increases. 

1. F i n d the sum of a decreasing geometrical series to infinity. 

SOLUTION. I n a decreasing series, r is less than 1 ; 
hence, for a decreasing series we change formula (1) to 
formula (2), t ha t the denominator may be positive. 

Now, as the number of terms increases, the value of 
I decreases; hence, when the number of t e rms is infinite, 
I must become infinitely smal l ; tha t is, 0 ; hence, rl = 0, 
and the formula for S becomes a divided by l - r . 

8 -

O P E R A T I O N . 

rl—a 

s= 
1—I 
a-rl 
l-r 

W h e n rl = 0, 
a 

(1) 

(2) 

S= l - r (3) 

Ru le .—Div ide the first term by 1 minus the ratio. 

E X A M P L E S . 

Find the sum of the infinite— • 

2. Series l + £ + £ + , etc. 
3. Series £ + £ + ! + , etc. 
4. S e r i e s e t c . 
5. Series 1 - etc. 
6 Series etc. 

Ans. 2. 
Ans. 

Ans. 1. 
Ans. §. 
Ans. 4. 

7 Of the circulate .333, etc. ( = A + T e t c - ) - A l i s - b 
6 Of the circulate .22727, etc. 

9. Series - + A + A ' e t c -
a a2 a 

10. Series l + œ _ i + « " * + , etc. 

Ans. 

, b2 b3 b* 
11. Series %-b + r + — 

a a2 a3 
etc. 

Ans. 

Ans. 

Ans. 

a— 1 
x2 

x1 — 1 
à' 

a + b 



2 6 6 * P R O G R E S S I O N S . 

12. Suppose a body move 12 feet tbe first second, 6 feet the 
next second, 3 feet the next second, and so on until it stops; 
what is the entire distance it can reach ? Ans. 24 ft. 

13. I f an ivory ball falls 12 feet to the floor and bounds back 
6 feet, then, falling, bounds back 3 feet, and so on, how far will 
it move before it comes to rest ? Am. 36 ft. 

14. A dog and rabbit, 20 rods apart, run so that when the 
dog runs the distance between them the rabbit will run T

l
0- of that 

distance; how far will the dog run to catch the rabbit? 
Am. 22f rods. 

C A S E I I I . 

373. Given any three of the five quantities, to 
find either of the others. 

3 7 4 . The Fundamental Formulas of geometrical progres-
sion are— 

1. I = a r n _ 1 ; 2. S - — -
r—1 

By means of these we are enabled to solve all the cases which 
arise. As in arithmetical progression, there are three classes 
of problems. 

3 7 5 . CLASS I. When the four quantities are all contained 
in the first fundamental formula. 

E X A M P L E S 

1. F ind a, given I, r and n. Am. a = -f— 

l i - I I 7 

2. Find r , given a, I and n. Am. r = y -• 

3. A person agreed to labor for wages doubling every month 
what did he receive the first month if he received $512 the 
tenth month? Am. SI. 

4. If a man saves $6.40 the first year, and increases his sav-
ings each year in geometrical proportion, what is the rate of in-
crease if he saves S109.35 the eighth year? Ans. l i . 

I N F I N I T E S E R I E S . 267 

3 7 0 . CLASS I I . W h e n the four quantities are all contained 
in the second fundamental formula. 

E X A M P L E S . 

1. F ind a, given r, I and S. Am. a = rl-(r-l)& 
< 7 a+(r—l)S 2. F ind I given a, r and S. Am. I = 

3. F ind r, given a, I and S. Ans. r = —a- • 

4. If a person agrees to labor for wages doubling every 
month, and receives $4095 in a year, how much did he receive 
the first month ? Am. $1. 

5. If I discharge a debt in 10 months by monthly payments 
in geometrical progression, allowing the first payment to be SI 
and the last $512, what will be the ratio ? Ans. 2. 

3 7 7 . CLASS I I I . When some of the quantities are in the 
first and some in the second fundamental formula. 

NOTE.—The four f o r m u l a s for n r e q u i r e a knowledge of logar i thms 
F o u r others, w h e n n exceeds 2, r equ i re a knowledge of h i g h e r equations. 

E X A M P L E S . 

lrn -1 
1. Find S, given I, r and n. Am.S=——^-

( r - l W 1 - 1 

2. F ind I, given r, n and S. Am. I- — 

3. A man bought 10 yards of cloth for $295.24, giving three 
times as much for each yard as for the preceding ya rd ; what 
did he pay for the first yard? Am. 1 cent. 



T A B L E O P F O R M U L A S . 

3 7 8 . Since there are five quantities, any three of which 
being given a fourth may be found, thfere are twenty cases in 
all. These cases are presented in the following table : 

s u Given. Required. F O R M U L A S . 

1 a, r, n 1,8 . „ , „ arn — a 
' r—1 

2 I, r, n a, 8 I „ lrn-l a = ; 5 = yn— 1 

3 r, n, S a , I (r-l)S _ , (r-l)Sr"-1 
Ct 6 — • 

rn_l 

4 a, n, I r,S «-'ft. s 

\ a 

5 a, n, S r,l arn-rS=a-S; l(S- l)n~l = a(S- a)"-1. 

6 I, n, S r, a (8- l)r"-Sr^4 = -1-, a(S- a ) - 1 = 1{S-1)"-

7 a, r, I n, 8 n ^gl-\oga + l_ s Ir—a 
log r r—1 

8 a, I, S n, r log ¿—log a ^ r S—a 
log{S-a)-\og{S-l) ' T S-1 

9 a, r, 8 n, I log [ « + ( ? • — 1 ) S ] —log a , a + {r—l)S 
9 a, r, 8 n, I n , t 

log r r 

1 0 I, r, S n, a l o g Z - l o g r ^ - i r - l ) « ] , . . . 
n = — 2 i I + 1 ; a = lr—(r—1)6. 

log r 

NOTE.—Pupi ls who h a v e t h e t ime wi l l b e in teres ted in d e r i v i n g the 
fo rmulas of t h e above table . T h e f o r m u l a s fo r t h e va lues of n can be 
•lerived a f t e r comple t ing t h e subjec t of l oga r i thms . 

P R O B L E M S . 2 6 9 

PROBLEMS 

I N G E O M E T R I C A L P R O G R E S S I O N . 

3 7 9 . In Geometrical Progression problems arise in 
which the terms are not directly given, but are implied in the 
conditions. 

3 8 0 . In solving these problems we may represent the un-
known terms and form equations by means of the principles of 
Geometrical Progression. 

3 8 4 . A geometrical series, where a; represents the first term 
and y the ratio, is generally represented thus : 

x, xy, xy2, x t f , etc. 

3 8 2 . When three terms are considered in the problem, they 
may be represented thus : 

x, Vvy, y, 
or x2, xy, y\ 

3 8 3 . When four terms are considered in the problem, they 
may be represented thus : 

* 2 y2 

z, y, —• y * 

N O T E — T h e m e t h o d mos t convenien t in any case wi l l depend upon the 

na tu re of t h e p r o b l e m . 

E X A M P L E S . 

1. F ind the series whose n th term is 2n_1. 

SOLUTION. Since n represents a n y t e r m , t h e f o r m u l a 2 " - 1 i s t r u e for 
any v a l u e of n. W h e n n = 1, 2 » - 1 = 2 1 " 1 = 2°, or 1 ; h e n c e t h e first t e r m 
of the series is 1. W h e n n = 2 , 2 » ' 1 = 2 2 " 1 = 2 ; w h e n n = 3, 2""> = 2 3 " 1 - 22 

or 4, e tc . ; hence t h e ser ies is 1, 2, 4, 8, etc. 
2 3 * 



2. The sunt of three numbers in geometrical progression is 
14, ami the sum of their squares is 84 ; what are the numbers ? 

S O L U T I O N . 

Let x, -/xy, and y represent t h e series. Then 

By 1st condition, x + -i/xy+y = U; (1) 
by 2d condition, x2+xy+y* = 84. (2) 

Div id ing (2) by (1), x-y/xy+y = 6; (3) 
adding (1) and (3), 2x+2y = 20 ; (4) 
d iv id ing by 2, x+y = 10 ; (5) 
subtract ing (5) f rom (1), i/xy = 4:. 

3. F ind the series whose ?ith term is 6"_1. Ans. 1, 6, 36, etc. 
4. F ind the series whose n th term is 3". Ans. 3, 9, 27, etc. 

5. F ind the series whose nth term is (2a)". 
Ans. 2a, 4a2, 8a3, etc. 

• 6. F ind the series in which the sum of n terms is ^ - (3 n -1 ) . 
Ans. 1, 3, 9, 27, etc. 

7. F ind the series in which the sum of n terms is a ( 2 " - 1). 
Ans. a, 2a, 4a, etc. 

2 " — 1 8. F ind the series in which the sum of n terms is 
2"-1 

Ans. 1, i , i etc. 
9. F ind three numbers in geometrical progression such that 

their sum shall be 28 and the sum of their squares 336. 
Ans. 4, 8, 16. 

10. The product of three numbers in geometrical progression 
is 216, and the sum of their squares is 364; lequired the num 
bers. Ans. 2, 6, 18. 

11. The sum of the first and third of three numbers in geo 
metrical progression is 10, and the sum of the cubes of the firsl 
and third is 520; required the numbers. Ans. 2, 4, 8. 

12 There are three numbers in geometrical progression ; the 
sum of the first and second is 32, and the sum of the second 
and third is 96 ; what are the numbers? Ans. 8, 24, 72. 

13. The product of three numbers in geometrical progression 
is 216, and the sum of the squares of the extremes is 153 ; re-
quired the numbers. Ans. 3, 6, 12. 

14. The sum of three numbers in geometrical progression is 
39, and the sum of the extremes multiplied by the mean is 270 ; 
what are the numbers? Ans. 3, 9, 27. 

15. There are three numbers in geometrical progression whose 
gum is 52, and the sum of their squares is 1456 ; what are the 
numbers ? Ans. 4 , 12 , 36. 

16. I t is required to find three numbers in geometrical pro-
gression such tha t the sum of the first and last is 30, and the 
square of the mean is 144. Ans. 6, 12, 24. 

17. Of four numbers in geometrical progression the sum of 
the first and third is 20, and the sum of the second and fourth 
is 60 ; what are the numbers ? Ans. 2, 6, 18, 54. 

18. Required to find four numbers in geometrical progression 
such tha t the sum of the first two is 10, and of the last two is 
160. Ans. 2, 8, 32, 128. 

In the 15th E x a m p l e divide the 2d equation by t h e first. In the 18th, 
let x, xy, xy2, xy3 represent the numbers . 

R E V I E W Q U E S T I O N S . 

Define Progression. Ari thmet ica l Progression. T h e Terms . Ex-
trzmes. Means . Ascending Progression. Descending Progression. I Iow 
many t e rms? State the four cases. T h e rule for each case. T h e formula 
for each case. H o w many cases a re possible ? 

Define Geometrical Progression. W h a t is the va lue of the rat io in an 
a-scending progression? I n a descending progression? State the three 
cases. Give the ru le and formula for Case I . and Case I I . Define an 
Infinite Series. State the ru l e for the sum of the terms of an infinite 
series. H e w many cases a re possible? 



MISCELLANEOUS EXAMPLES. 

1. Add (a+2b)xn and ( 2 a - b ) x n . Am. (3a+b)a* 

2. Subtract 3 ( m - an) f rom 3 a ( m - n ) . Ans. 3 r a ( a - l ) , 

3 Multiply a ' - 2 by 3ara+2. Ans. 3am+n 

4. Multiply as - $ by as + b\ Ans. a? - b >. 

5. Divide anbm~n by an~mb~n. Am. anbm. 

6. Divide a* - z* by a* - . Am. a? + a'f f + z?. 
n n n » — 

7. Divide a"+6" by a^+bs- Ans. a3 - a^-<-& 3 . 

8. Multiply a2 + 2aa? - or by a?+2ax+x\ 
Ans. a,i + 4asx+4a'ix'i-x\ 

9. Divide 2a 4 +27a6 3 - 8164 by a+3b. 
Am. 2a? - 6a26 + 18a62 - 27b3. 

10. Divide a6 —2a 3+l by a 2 - 2 a + l . 
Ans. a4+2a3 + 3a2 + 2 a + l . 

11. Value of a - {2b-(3c+2b-a)\. Ans. 3c. 

12. Value of 1 6 - { 5 - 2 x - [ 1 - ( 3 - a ; ) ] ( . .Ans. 9 + 3a;. 

13. Value of 1 5 s - [ 3 - 5 . r - ( 3 a ; - 7 ) ] | . Am. 7x+Q. 

14. Value of 2x- [3y- {4x - ( 5 y - 6 x + 7y)\']. 
Ans. 1 2 a ; - 1 5 y. 

15. Value of a - [56 - {a - (5c - 2 7 = 1 - 46) + 2a - (a 
26+c)n. Am. 3a-2c. 

16. Prove ( a - 6 ) 3 + 6 3 - a 3 = 3 a 6 ( 6 - a ) . 

17. Prove (a2+a& + 6 2 ) 2 - ( a 2 - a 6 + 62)2 = 4a6(a2 + &2). 

18. Prove ( a+6 + c ) 3 - ( a 3 + 63+e3) = 3(a+6)(6 + c)(a+c) . 

19. Expand (an - 2) (a" + 2) (a"+3)(a" - 3). 
Am a4" - 13a2"+ 36. 

20. Factor a*+6*; a 5 - 6 5 ; a5 + 65; aln-bin. 

21. Factor a 6 - 6 " ; a6+6B ; a 8 - f t 8 ; a 8+6 8 ; a 8 " - 6 ^ . 

22. Factor a2 + 9a6 + 2062; a'c" - 6"c" + a"cZ" - 6".ln 

23. F ind tlie greatest common divisoi of a 2 + 8 a + 1 5 and 
a2 + 9a+ 20. Am. a + 5. 

24. Find the greatest common divisor of 5 (a : 2 -3 + 1), 4(:e6 - 1) 
and 2(x3 + 1). Am. x2-x+l. 

25. F ind the least common multiple of x3 + 1, a;3 - 1 and 
x2-x + l. A?is.x6-1. 

26. F ind the least common multiple of a 2 - l , a2 + l , a* - * 
and a8 - 1 . Ans. a 8 - l . 

„„ T r , » a;2 + 3a;+2 a;2 + 10a; + 21 . a; + 2 a: + 7 
27. Value of - ; — — — • Ans. 

x "2 +'6a;+5 ' x1 — 2a; - 1 5 "a; + 5 ' a ; - 5 

no TT 1 z. x +(a+b)x+ab a;4 + a V + a 4 
28. Value of — — ; — — • 

x2+(a+c)x+ac x"-ar x + /) j 
Ans. : —-— a; + c x— a' 

XT , „ a - b 2a a3 + a26 , b 
29. Value of — — + — - — I • Ans. 

30. Value of 

b a-b arb-b3 a -b 
a2 62 c2 

(a - 6 ) ( a - c) (b — a)(b — c) ( c - a ) ( c - b) 
Am. 1. 

62"\ a4" — bin 

31. Value of ( 6" + 7 - \ ( a " — - • Am. 
bn )\ a") a"bn 

32. Value of ^ x ( - Ü - — S - \ Am. 
x + y \x-y x + yj 

33. Value of x / '- —- — 
\a x b y] \a x b y) 

a;2 a2 f b1 

Ans. — + — - 4 r 7 -
a2 a;2 62 f 

„ TT , „ x'2+(a+c)x +ac a ; 2 - a 2 . x-b 
34. Value of — { — 7 *• — n* Am. 

x +(b+c)x+bc x — b x-a 

35. Value of f l + ^ V l ^ U ^ - ^ 
y l y J #2/' y3 

, 1 \ / 1\ , a 4 + a 2 + l 
36 Vahie of ( a 3 - - - W ( a - - j . J n a . — ^ 



« »d 

B 

I ¿3 

î :jj 
J 'S i 
I 1 à 
M 
m 

Value of I — + 1 +— 
ar a ! 

6 

a ^ x\ . ct? + ax+a? 
- - 1 + - | . J.ÎIS. 

x- 1+-
38. Value of 

« - 6 
Ans. 

39. 

x-2 + 

Value of 1 + — 

x— 4 
x — 5 

x— 6 
x 

l+x+ 
2a? 

1-x 

. 1 + ® 
Ans. 

1 + ® 

40. Value of Ans. 
1+g 3 

1 + a 

1 + a+ 
2a2 

1 - a 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50 

Value of — — — - > when x = 3. 
a,-2—7»+12 
a2 - x2 

Value of — > when x = a. 

Value of 

Given 

Given 

| i - x f 
ax2+ac2— 2 acx 
bx2 - 2box + be 

x+1 3 ® - l 

> when x = c. 

Ans. - 3. 

Ans. co. 

Ans. '-• 

3 5 
5a;— 7 2a;+ 7 

2 3 

= a; - 2, to find a;. Ans. x = 2. 

= 3a; —14, to find a;. a; - 7. 

3a;—4 6a;—5 3 a ; - 1 . „ , . 0 , 
Given > to find x. Ans. x = 2-k. 

2 8 16 

Given 5a; - [8a; - 3{16 - 6® - (4 - 5®)f] - 6. 
Ans. a; = 5. 

a; + 3 x— 2 Bx-5 1 
Given 

Given 

2 3 12 4 

3 + ® 2 + a; 1 + a; 

• + to find x. Ans. x - 28. 

3 - ® 2— a; 1 - x 
— 1, to find x. Ans. x = l\. 

®2 —®+l ®2 + ® + l n j. a t i A 
Given h 2®, to nnd x. Ans. x = 0. 

® - l ®+l 

5 1 . Given < a ~ x ) - K b + x ) = ®, to find ®. Ans. x - a-b. 
b a 

52. Given + fcliO = ^ t o find ®. Ans. x = a+b. 
b a 

1 1 a- b „ , 2a6 
53. Given : r » to find x. Ans. x •• 

54. Given 

55. Given 

; — a a. — b x2 — ab 

2 ® + ^ - ? = 21 
5 

4 2 / + —-^R—= 2 9 

' x + y ^y-x 
3 2 

® ® +2/ 
, 2 + " T 

56. Given 

Given ( 3 a ; _ % = 2 8 _ . 2 5 y J -

68- G i v e n { t e+ ïT^aô} ' 

= 5 

59. Given I a 6 

1.6 a 

' 4 ® — 5 ^ + 2 = 6 
61. Given I 7x-lly+2z=9 

x + 2 / + 3 z = 12 

' y+z = a 
62. Given ®+z=& 

x+y=G 

' y+z—x = a~) 
63. Given \ x+z-y= b 

Ans. 

a-vb 

«=10, 
y - 7 . 

60. Given { a ! ^ t f c ! i = ; l -( a{x-y)+b(x+y) = \ ) 

xA-z—y = b y. 
x+y—z=c ) 

S = 

. s - S . 

r ® = £ ( ô + e - a ) 
Jins. y-^Ha-b+c), 

f®=è(6+e) , 
-j y = i ( a + c ) , 



a b c 
' X « 6 c 64. Givey l ï + 2 + f - l ) . Ans. 3 y (• = 

a c b ( I __ [ ab+bc+ac 

f + K + i - l a c 

' « + ¿ + £ = 3 
x y z 
a + 6 _ c 
x y z 

x y z 

65. Given I ^ J 
^ x y z ' 

— o 

66. Va lue 5th root of Ans. a " ; 

67. Va lue (a®+%)3 + (a® - %)3. AÎW. 2aV+6as&y. 

68. Va lue ( a + 6 + c+d) 2 - ( a - b + c - d ) 2 . 
Ans. 4 (a+e) (6 + <f). 

69. Square root of a 6 - 1 2 a 5 + 6 0 a 4 - 160a 3 +240a 2 - 192a+64. 
Ans. a3 - 6 a 2 + 1 2 a - 8 . 

70. Four th root of 16a4 - 96a3?/ + 216a2?/2 - 216a?/+81y4. 
Ans. 2a —By. 

71. Cube root of a;6 + 3a;6+6a;4+7a;3+6a;2 + 3a;+l. 
Ans. « 2 + « + l . 

72. Sixth root of l + 12a+60a2 + 160a3 + 240a4 + 192a5 + 64a6. 
Ans. l + 2a. 

73. Simplify { - ( s 3 ) ^ x { - ( - a;)-3}4. An*. - a r \ 
/ G _L_ ^ / O -Ĵ  

74. I f a; = ï — » and y = î—- » find the value of tbt 
t / 3 - 1 * .1/3 + 1 

expression x2+xy+y2. Ans. 15. 
75. Given ] / ( x — a) = a—- » to find x. Ans. x = ± a i / 2 . 

l / ( « + a) 
v _ 4 2a- — 1 

76. Given - , to find x. Ans. « - ± i / ' ( - 5) . 
2a; + 1 a;+4 

77. Given J & l l = t o find a. 1 m . a; - 9. 
i + 10 i /a ; + 23 

12 — a; 
78. Given 4a; =* 22, to find x. Ans. x = 6, or 2\. 

x—B 

79. Given + ^ = 5 - -̂> to find a;. Ans. a; = 11, or 3. 
x 3 

x— 2 a; — 4 14 
80 Given to find x. Ans. x = 6, or 2 f . 

x-B x-1 15 

81. Given - — - - - — - = — - » t o find a;. Ans. x = 7, or 2-^. 
x-2 x-4 5 

82. Given — - — = — > to find as. Ans. x - 8, or 2 I \ . 
x-4 x-2 12 

X+L x—L 2x—L . . r, 
83. Given + = Ans. x = 4, or 0. 

a; + 2 x-2 x-1 

x-2 x+2 2(x+B) . ii a 
84. Given + % = — — - 1 • Ans. x = 1 | , or 0. 

a; + 2 x— 2 x — 6 

85. Given y = b. Ans. x = ± • 
a+i/a2-x' 1 + 6 

88. Given \ a ? - y 3 = 56 j ( H 

x + a x — a b + x b—x . . ,, 
89. Given - 7 ° Ans. x - ± j/C«®)» 

a ; - a a; + a 0 - a; 6 + a; 

90 Given { r ^ i , „ } • \ l Z l Z ~ i [x2-xy+y2 = 21) ( y = 4,or-d. 



a + b . x = , or 0, 

- + ^ = 2 / , ~ ' " a 2 + ö2 

93. Given \a b >• Ans. 

2aö' x = a, or 

a;2+^/2 = a® + &2/ J I 2/ = ö> o r 
a2 + ö2' 

e , c i v . ¡ ; r : t : ; i ; ; i 

i; < : t 

x2+y''+2®-i-2y = 23 ^ J * = 3 , or 2, 
2/ = 2, or 3. 

a; = 4, 
V - 2 . 

9 6 . G i v e n { ^ ! + 2 a : + 2 2 / = 2 3 l -( ,a^=6 ) 

97. Given U . ^ 

9 , Given 

99. Given 2 1 0 : U 4 V J » J ' " * xys = 24 j (2/ = 2. 

m Given ^ I f e : 

MISCELLANEOUS PROBLEMS. 

1. A child was bom in November, and on the tenth day of 
December he is as many days old as the month was on the day 
of his b i r t h ; when was he born? Ans. Nov. 20th. 

2. After A has received $10 from B he has as much money 
as B and $6 more; and between them they have $40; how much 
money had each at first? Ans. A, $13; B, $27. 

3. A father has 6 sons, each of whom is 4 years older than 
his next younger brother, and the eldest is 3 times as old as the 
youngest; find their respective ages. 

Ans. 10 yrs., 14 yrs., 18 yrs., 22 yrs., 26 yrs., 30 yrs. 

MISCELLANEOUS PROBLEMS. 2 7 9 

4. Four men club to buy a set of ten-pins, but by clubbing 
• with 2 more the expense of each is diminished $1.75; what did 

the set cost? A n s - 8 2 L 

5. A pudding consists of 2 parts of flour, 3 parts of raisins 
and 4 parts of suet ; flour costs 3d. a pound, raisins 6d., and 
suet 8d.; find the cost of the several ingredients of the pudding 
when the whole cost is 2s. 4d. Ans. 3d., 9d., Is. 4d. 

6. A market-woman being asked what she paid for eggs, 
replied, " S i x dozen eggs cost as many pence as you can 
buy eggs for eightpence." W h a t was the price a dozen ? 

Ans. 4d. 

7. The tens' digit of a number is less by 2 than the units 
digit, and if the digits are inverted the new number is to the 
former as 7 is to 4 ; find the number. Ans. 24. 

8. In paying two bills, one of which exceeded the other by 
I of the less, the change out of a five-dollar note was the dif-
ference of the bills; find the amount of each bill. 

Ans. $2; $2f. 

• 9. Two persons, A and B, own together 175 shares in a 
railway company: they agree to divide, and A takes 8o shares, 
while B takes 90 shares and pays $250 to A ; find the value 
of a share. ^ * 1 0 0 -

10. F ind the fraction such tha t if you quadruple the nume-
rator and add 3 to the denominator, the fraction is doubled; but 
if you add 2 to the numerator and quadruple the denominator, 
the fraction is halved. A n s -

11. How many sheep must a person buy at $35 each that, 
afte. paying $1-50 a score for folding them at night, he may 
gain $394 by selling them at $40 each ? Ans. 80. 

12 A colonel, on attempting to draw up his regiment in tne 
form of a solid square, finds that he has 31 men over, and that 
he would require 24 men more in his regiment in order to 
increase the side o<" the square by 1 man'; how many men were 
there in the regiment? A n s ' 7 6 °" 

13 In a certain weight of gunpowder the saltpetre com-



posed 6 pounds more than | of the weight, the sulphur 5 pounds 
less than and the charcoal 3 pounds less than \ ; how many 
pounds were there of each of the three ingredients ? 

Ans. 18; 3 ; 3. 
14. A cistern could be filled in 12 minutes by 2 pipes which 

run into i t ; and it could be filled in 20 minutes by 1 alone; 
in what time could it be filled by the other alone? 

Ans. 30 min. 
15. Divide the number 88 into 4 parts, such tha t the first 

increased by 2, the second diminished by 3, the third multiplied 
by 4, and the fourth divided by 5, may all be equal. 

Ans. 10, 15, 3, 60. 
16. A and B began to play together with equal sums of 

money: A first won $100, but afterward lost | of all he then 
had, and then his money was l as much as that of B ; what 
money had each at first ? Ans. 8300. 

17. A and B shoot by turns at a ta rge t : A puts 7 bullets 
out of 12 into the bull's-eye, and B puts 9 out of 12; between 
them they put in 32 bullets; how many shots did each fire ? 

Ans. 24. * 
18. A person buys a piece of land at $150 an acre, and 

by selling it in lots finds the value increased threefold, so that 
he clears 8750, and retains 25 acres for himself; how many 
acres were there ? • Ans. 40. 

19. A and B play at a game, agreeing that the loser shall 
always pay to the winner $1 less than \ the money the loser 
has: they commence with equal sums of money, and after B 
has lost the first game and won the second he has 82 more 
than A ; how much had each at the commencement ? 

.4ns. 86. 
20. I t is between 11 and 12 o'clock, and it is observed that 

the number of minute-spaces between the hands is f of what it 
was ten minutes previously; find the time. 

Ans. 20 min. of 12 o'clock. 
21. A clock has two hands turning on the same centre: the 

swifter makes a revolution every 12 hours, and the slower every 

16 hours ; in what time will the swifter gain one complete revo-
lution on the slower ? 4 8 h r s -

22. An officer can form his men into a hollow square 4 
deep, and" also into a hollow square 8 deep: the front in the 
latter formation contains 16 men fewer than in the former for-
mation'; find the number of men. Ans. 640. 

23. A certain number of 2 digits is equal to 4 times the sum 
of its digits; .and if 18 be added to the number the digits are 
reversed; find the number. Ans. 24. 

24. Prove tha t if 2 numbers differ by a, the difference of 
their squares equals 2a times their arithmetical mean. 

25. I f two integers differ by 2, show tha t the difference of 
their squares equals 4 times the integer between them. 

26. The two digits which form a number change places on 
the addition of 9, and the sum of the original and the result-
ing number is 33 ; find the digits. Ans. 1 and 2. 

27. Which is the greater, and how much—the square of a 
number, or the product of the number a unit less than it by 

* the number a unit greater than it ? 
Ans. The square is 1 greater. 

28. I f a certain rectangular floor had been 2 feet broader 
and 3 feet longer, it would have been 64 square feet larger ; but 
if it had been 3 feet broader and 2 feet longer, i t would have 
been 68 square feet larger; find the length and breadth. 

Ans. Length, 14 f t . ; breadth, 10 ft. 

29. W h e n a certain number of 2 digits is doubled and in-
creased by 36, the result is the same as if the number had been 
reversed and doubled, and then diminished by 36; also the 
number itself exceeds 4 times the sum of its digits by 3 ; find 
the number. A n s • 5 9 -

30. A sets out from M to N, going 3* miles an hour ; forty 
minutes afterward B sets out from N to M, going 4* miles an 
nour, and he goes half a mile beyond the middle point before 
ce meets A ; find the distance between M and N. Ans. 29 mi. 

31. A person walked a certain distance at the rate of 3 \ 

M I S C E L L A N E O U S PROBLEMS. 



miles an hour, and then ran par t of the way back at the rate 
of 7 miles an hour, walking the remaining distance in 5 min-
utes : he was gone 25 minutes; how far did he run ? 

Ans. -j^ mi. 
32. Two trains, 92 feet long and 84 feet long respectively, 

are moving with uniform velocities on parallel rai ls: when they 
move in opposite directions they are observed to pass each other 
in seconds, but when they move in the same direction the 
faster train is observed to pass the other in 6 seconds; find the 
rate at which each train moves. 

. Ans. 30 mi. and 50 mi. per hour. 

33. I f the sum of 2 fractions is unity, show that the first, 
together with the square of the second, is equal to the second, 
together with the square of the first. 

34. A man has a rectangular field containing 4 acres whose 
length is to its breadth' as 8 : 5; required the length and breadth 
of the field. Am. 32 rods; 20 rods. 

35. The sum of two numbers is 17, and the less divided by the 
greater is to the greater divided by the less as 64 : 81; what are 
the numbers ? Ans. 8 and 9. 

36. There are two quantities whose product is a and quotient 

6 ; required the quantities. Ans. ab and 

37. A father gave to each of his children on New Year's 
day as many books as he had children: for each book he gave 
12 times as many cents as there were children, and the cost, of 
the whole was §15; how many children had he? Ans. 5. 

38. A man bought a field whose length was to its breadth 
as 3 to 2 ; the price per acre was equal to the number of rods 
m the length of the field, and 4J times the distance around the 
field equaled the number of dollars that it cost; what was the 
length and breadth of the field ? Ans. 60 rods; 40 rods. 

39. A and B carried 100 eggs to market, and each received 
the same sum: if A had carried as many as B, he would have 
received 36 cents for them, and if B had carried only as many 

MISCELLANEOUS P R O B L E M S . 

as A, lie would have received only 16 cents for them, how 
many eggs had each ? Am. A, 40 ; B, 60. 

40. Several gentlemen made an excursion, each taking $484: 
each had as many servants as there were gentlemen, and the 
number of dollars which each had 4 times the number 
of all the servants; how many gentlemen were there? 

Ans. 11. 

41. There is a rectangular field whose breadth is f of the 
length. After laying out A of the whole ground for a garden, 
it was found tha t there were left 400 square rods for mowing; 
required the length and breadth of the field. 

Ans. 25 rods; 20 rods. 

42. There are two square grass-plats, a side of one of which 
•g 10 yards longer than a side of the other, and their areas are 
as 25 to 9 ; what are the lengths of the sides? 

Ans. 25 yd?.; 15 yds. 

43. A farmer bought a number of sheep for $80: if he had 
bought 4 more for the same money, he would have paid $1 less 
for each ; how many did he buy ? A m. 16 sheep. 

44. A man divided 110 bushels of coal among a number of 
poor persons: if each had received 1 bushel more, he would 
have received as many bushels as there were persons; find the 
number of persons. Ans. 11, 

45. A person bought a certain number of yards of cloth for 
$36, which he sold again at $4 per yard, and gained as much 
on the whole as 4 yards cost; find the number of yards. 

Am. 12. 

46. A cistern can be supplied with water by two pipes, one 
af which would fill it 6 hours sooner than the other, and they 
both would fill it in 4 hours ; how long will it take each pipe 
alone to fill i t? Am. 6 hrs. : \ 2 hrs. 

47. The side of a square is 110 inches long; find the dimen-
sions of a rectangle which shall have its perimeter 4 inches 
longer than that of the square, and its area 4 square inches 
less than tha t of the square. 

Ans. Length, 126 in.; breadth, 96 in. 



48. The third term of an arithmetical progression is 4 times 
the first term, and the sixth term is 17; required the first six 
terms of the series. Am. 2, 5, 8, etc. 

49. A square tract of land contains as many acres as there 
are rods in the fence enclosing i t ; required the length of the 
fence- Am. 320 rods. 

50. A n English woman sells eggs at such a price that 10 
more in half a crown's worth lowers the price threepence pe. 
score; required the price per score. Am. 15d. 

51. An English woman sells eggs at such a price that 10 
fewer in half a crown's worth raises the price threepence per 
score ; required the price per score. Am. 12d 

52. Find the side of a cube which shall contain 4 times as 
many solid units as there are linear units in the distance be-
tween its two opposite corners. Am. 2y/o. 

53. A grass-plat, 18 yards long and 12 wide, is surrounded 
by a border of- flowers of uniform width; the areas of the grass-
plat and border are equal ; what is the width of the border? 

Am. 3 yds. 
54. A and B set out to meet each other from two places 320 

miles a p a r t : A traveled 8 miles a day more than B, and the 
number of days in which they met was equal to half the number 
of miles B went in a day ; how far did each travel before they 
raet ? Am. A, 192 mi.; B, 128 mi. 

55. Two clerks, A and B, sent ventures in a ship bound to 
India : A gained $120, and at this rate he would have gained 
as many dollars on a hundred as B sent out. B gained $36, 
which was but one-fourth as much per cent, as A gained; 
how much money was sent out by each ? 

Am. A, $100 ; B, $120. 
56. In a collection containing 27 coins, each silver coin is 

worth as many cents as there are copper coins; and each copper 
coin is worth as many cents as there are silver coins; and the 
whole is worth $1; how many coins are there of each sort? 

Am. 2 of silver; 25 of copper. 

57. The third term of an arithmetical progression is 18, 
and the seventh term is 30 ; find the sum of 17 terms. 

Am. 612. 

58. A man by selling a horse for 264 dollars gains as much 
per cent, as the horse cost h i m ; required the cost of the horse. 

Am. $120. 

59 Two numbers are in the ratio of 4 to 5, but if one is 
ii .creased and the other diminished by 10, the ratio of the result-
ing numbers is inverted; required the numbers. 

Am. 40 and 50. 

60. Show tha t the difference between the square of a number 
consisting of 2 digits, and the square of the number formed by 
changing the places of the digits, is divisible by 99. 

61. A laborer, having built 105 rods of fence, found that, 
had he built 2 rods less a day, he would have been 6 days longer 
in completing the j ob ; how many rods did he build per day? 

Am. 7. 

62. The common difference in an arithmetical progression is 
equal to 2, and the number of terms is equal to the'second term ; 
what is the first term if the sum is 35 ? Am. 3. 

63. I f the sum of two fractions is unity, show tha t the first, 
together with the square of the second, is equal to the second 
together with the square of the first. 

64. A man having a garden 12 rods long and 10 rods wide, 
wishes to make a gravel-walk half-way around i t ; what will be 
the width of the walk if it takes up TV of the garden ? 

Am. 9.234 ft. 

65. I f 8 gold coins and 9 silver ones are worth as much as 6 
gold coins and 19 silver ones, find the ratio of the value of a 
silver coin to that of a gold coin. Am. 1 : 5. 

66. A rectangular picture is surrounded by a narrow frame 
which measures altogether 10 linear feet, and costs, at 12 cents 
per foot, 20 times as many cents as there are square feet in the 
picture; required the length and breadth of the picture. 

Am. Length, 3 f t . ; breadth, 2 ft. 



M I S C E L L A N E O U S P R O B L E M S . 

6 7 - person walked to the top of a mountain at the rate oi 
2} miles an hour, and down the same way at the rate of 31 
miles an hour, and was gone 5 hours; how far did he walk alto" 
S e t l i e r ? Am. 14 mi. 

68. A and B hired a pasture, into which A put 4 horses, and 
B as many as cost him 18 shillings a week. Afterward, B put 
in 2 additional horses, and found that he must pay 20 shillings 
a week ; a t what rate was the pasture hired ? 

Ans. 30s. a week. 
69. Two partners, A and B, gained §700 by t rade : A's 

money was in trade 3 months, and his gain was §300 less than 
his stock; and B's money, which was §250 more than A's, was 
in trade 5 months; required A's stock. Am. §500. 

70. A sets out for a certain place, and travels 1 mile the first 
. day, 2 the second, 3 the third, and so on ; five days afterward 

B sets out from the same place, and travels 12 miles a d a y ; 
how long will A travel before he is overtaken by B ? 

Ans. 8 or 15 days. 
71. A certain number of students go on an excursion: if 

there were five more, and each should pay §1 more, the expense 
would be S 6 U more; but if there were 3 less, and each should 
pay 811 less, the expense would be §42 less; required the 
number of students and the fare of each. 

Ans. Number, 14; fare, $8£. 
72. A traveler set out from a certain place, and went 1 mile 

the first day, 3 the second, 5 the third, and so on ; af ter he had 
been gone three days a second traveler set out, and went 12 
miles the first day, 13 the second, and so on ; in how many 
days will the second overtake the first? Am. In 2 or 9 days. 

73. A set out from C toward D, and traveled 7 miles a 
day : after he had gone 32 miles, B set out from D toward C, 
and went every day XV of the whole journey; and after he had 
traveled as many days as he went miles in 1 day, he met A ; 
required the distance between C and D. 

Ans. 76 mi., or 152 mi. 
74. Two trains start at the same time from two towns, and 

M I S C E L L A N E O U S P R O B L E M S . 2 8 7 

each proceeds at a uniform rate toward the other town: when 
they meet it is found that one train has run 108 miles more 
than the other, and that if they continue to run at the 
same rate they will finish the journey in 9 and 16 hours 
respectively; required the distance between the towns and the 
rates of the trains. 

Am. Distance, 756 mi.; rate, 1st, 36 mi.; 2d, 27 mi. 
an hour. 

75. A criminal having escaped from prison, traveled 10 
hours before his escape was known; he was then pursued so as 
to be gained upon 3 miles an hour ; after his pursuers had trav-
eled 8 hours, they met an express going at the same rate as 
themselves, who had met the criminal 2 hours and 24 minutes 
before; in what time from the commencement oi the pursuit 
will they overtake him ? Ans. 20 hra. 



S U P P L E M E N T . 
» 

S E C T I O N X . 

INEQUALITIES, INDETERMINATE AND 
HIGHER EQUATIONS. 

I N E Q U A L I T I E S . 

3 8 4 . AN Inequal i ty is an expression signifying tha t one 
quantity is greater or less than another; as ax-b>c. 

3 8 5 . The First Member of an inequality is the part on the 
left of the sign ; the second member is the part-on the right. 

3 8 0 . In treating inequalities the terms greater and less must 
be understood in their algebraic sense; thus, 

1. A negative quantity is regarded as less than zero. 
2. Of two negative quantities, the greater is the one which has 

the less number of units. • 
3 8 7 . Two inequalities are said to exist in the same sense 

when the first member is greater in both or less in both; thus, . 
4 > 3 and 6 > 5 . 

3 8 8 . Two inequalities are said to exist in a contrary se.usr 
when the first member is greater in one and less in the o ther ; 
thus, 4 > 1 and 3 < 5 . 

3 8 9 . The following examples will be readily solved by the 
student. 

E X A M P L E S . 

1. Given to find a limit of x. 
z o 4 o 

SOLUTION.—Clearing of fractions, we h a v e 6 ® + 8 ® > 9 ® + 20 ; t ranspos-
ing, etc., we h a v e ox > 20 ; hence, x > 1. 

25 ' ' 289 



3® 
2. Given 5x > + 1 4 ; find the limit of x. Ans. x>4. 

2 x 2x x 31 
3. Given _ " 3 < 4 ~ 1 2 ' find a l i m i t o f x ' X > 5 ' 

4. Given - >~X -2; find a limit of x. Ans. x < 3. 
0 3 5 

cc cc 
5. Given 4 + „ < 7 + : ; find a limit of x. Ans. x < 36. 

3 4 

6. Given 2z + by> 16 and 2 x + y = 12; find the limits of x 
and y. Ans. x<5^; y> 1. 

7. Given Bx - 5 < 2x + 1 and 4x +1 > 13 + x; find the \-al41e of 
x if integral. Ans. x = 5. 

8. Given x+2y>lS and 2x + 3y = 34 ; find limits of x and y. 
Ans. x< 14; y> 2. 

9. Twice an integer, plus 5, is less than 3 times the integer, 
plus 3, and 4 times the integer, less 4, is greater than 6 times 
the integer, minus 12; required the integer. Ans. 3. 

10. Twice a number, plus 7, is not greater than 19 ; and three 
times the number, minus 5, is not less than 13; what is the 
number? • Ans. 6. 

T H E O R E M S I N I N E Q U A L I T I E S . 

1. Prove that the sum of the squares of two unequal quantities, 
a and 6, is greater than twice their product. 

F o r , (a—b)2 is pos i t ive w h a t e v e r t h e values of a and b; 
hence, ( « - 6 ) 2 > 0 ; 
or, a 2 - 2 a 6 + 6 2 > 0 . 
H e n c e , a 2 + 6 2 > 2 a & . 

2. Prove tha t a2 + b'2 + c2 > ab + ac+bc. 

By Tlieo. 1, a 2 + b2>2ab, 
a2+ c2>2 ac, 
b2+ c 2 > 2 be. 

Hence , adding, 2 a 2 + 2 6 2 + 2 c 2 > 2ab + 2 a c + 2 6 c . 
W h e n c e , a 2 + 6 2 + c 2 > « 6 + ae+ be. 

3. Prove tha t a + b>2V^ab, unless a = 6. 
4. Prove tha t a'b f air > 2a'/r, unless a = b. 
5. Prgve that 3a2 + 6 2 >2«(a + 6), unless a -b, 

6. Prove that a? +1 > a2 + a, unless a = 1. 
7. Prove tha t the sum of any fraction and its reciprocal is 

greater than 2. 
r. ™ , « 6 1 1 . . 
0. r r o v e tha t , ,+- „> + . , unless a = o. 

62 a2 a 6 
9. Prove that a - 6 > ( Va- Vb)2, when a>b. 
10. Prove tha t the ratio of a2 + 62 to a3 + 63 is less than the 

ratio of a + b- to «2 + 62. 
11. I f x2 = a2 -r b2, and y2 = c2-rd2, which is' greater, xy or ac + 

bd, and xy or ad + bc ? xy. 

^ ' I N D E T E R M I N A T E E Q U A T I O N S . 

3 9 0 . An Indeterminate Equation is an equation in 
which the values of the unknown quantities are unlimited. 

3 0 1 . Thus, in the equation 2x + By = 35, x and y may have 
different values; and if any value be assigned to one of the 
quantities, a corresponding value may be found of the other, 

3 0 £ . The solidion of indeterminate equations, though the 
number of corresponding values is unlimited, is usually limited 
to finding positive integral values. 

3 0 3 . Of the several interesting cases that may arise we shall 
consider only two. 

NOTE.—The t r ea tmen t of i nde t e rmina t e equat ions is usual ly cal led 
Indetei-minate Analysis. 

C A S E I . 

39-1. To find positive integral values of the un-
known quantities in the equation. 

1. Given 2x + By = 35, to find positive integral values for 
x and y. 

S O L U T I O N . 

Given , 2x + 3y = 35. (1) 
Transpos ing , 2x = 35 — '¿y. (2) 

W h e n c e , x = = 1 7 + ^ ' . (3) 
2 2 

Since y is an in teger , 17 —y is an integer; and since also x is an integer, 
1—y . , 

is also an in teger . 



L e t m represen t t h i s in teger . 

T h e n , ' (5) 

a n d 1 —y = 2m. (6) 
W h e n c e , y = 1 - 2m. ( 7 ) 
S u b . i n (1), 2 » + 3 - 6 m = 3o. (8) 
W h e n c e , x = 16 + 3 m . (9) 

I n equa t ion (7), for y t o be integral a n d positive, m m a y be 0, or negative, 
but canno t be positive. I n equa t ion (9), for x to b e integral a n d positive, m 
can be 0, or positive, or negative w h i l e less t h a n 5. H e n c e m m a y be 0, 
- 1 , - 2 , - 3 , or - 4 . 
s Subs t i tu t ing t he se va lues of m in (7) a n d (9), we h a v e 

x = 1 6 , 13, 10, 7, 4, 1. • • 

y= 1, 3, 5, 7, 9, 11. 

NOTE.—We s h a l l use Int. to m e a n an integer. 

2 . G i v e n 7x + 9 y = 2 3 , t o find p o s i t i v e i n t e g r a l v a l u e s f o r 

x f i n d y. 
S O L U T I O N . 

H e r e , ' (1) 

2 — 2 v 
Now, — m u s t b e an in teger . 

I f w e p u t t h e n y = a fractional express ion ; b u t we 
7 2 

• w i s h e d to obta in an integral express ion for t h e v a l u e oiy. T o avoid t h i s 
2 — 2?/ 

difficulty, i t is necessary to ope ra t e on ? ' , so a s to m a k e t h e coefficient 

of y a unit. 
o o 11 2- 2y 

Since is in tegra l , any m u l t i p l e of - is in tegra l . M u l t i p l y , 

t hen , by some n u m b e r t h a t wi l l m a k e t h e coefficient of y conta in t h e 
d e n o m i n a t o r w i t h a remainder of 1. 

M u l t i p l y i n g by 4, w e h a v e 
2 - 2 y . 8 - 8 y , , 1 -y T , x4 = —^ = 1 -y+—j* = Int. 

Hence , = Int. = m, a n d y= 1 - 7 m . 

Sub . in (1), £ = 2 + 9 m . 
H e r e , for x a n d y to b e posi t ive in tegers , m c a n b e o n l y 0. 
Subs t i tu t ing m = 0, w e h a v e x = 2 a n d y = 1 . 
NOTE.—Other m e t h o d s of r e d u c i n g besides m u l t i p l y i n g m a y be used, 

a s m a y be seen i n . t h e fo l lowing solut ion, t h e object b e i n g to obta in a n in-
t e g r a l f o r m for t h e va lue of y. 

3. Given 19a; - 14y = 11, to find integral values of x and y. 

S O L U T I O N . T 

t t 1 4 ^ + 11 r J , 1 9 y T , 
H e r e , x = " = I"L / a lso — ̂  = Int. 

Subt rac t ing , f - - ^ = g * 

Also, 

H e n c e , = m , and y = 1 9 m + 6 ; 

and , x = 1 4 m - 5. • 
f a k i n g m = 0, 1, 2, 3, etc., w e h a v e 

x=5, 19, 33, 47, etc., 
y = 6, 25, 44, 58, etc. 

NOTES.—1. I f t h e equa t ion is in t h e fo rm ax-rby = c, the n u m b e r of 
answers will be a lways l imi ted , and in some cases a solut ion is imposs ib le . 
T h e f o r m ax-by = ± c wi l l a d m i t of an in f in i te n u m b e r of answers . 

2. If in ax ± by = c, a a n d b h a v e a c o m m o n factor n o t common to c, 
t h e r e can be n o in t eg ra l solut ion. 

4. How can 78 cents be paid with o-cent and 3-cent pieccs, 
and in how many ways'? 

SOLUTION. L e t x = t h e n u m b e r of 5-cent pieces, a n d y = t h e n u m b e r 
of 3-cent p ieces ; t hen ox + 3 ^ = 78, f rom w h i c h , by t h e m e t h o d e x p l a i n e d 
above, we find a: = 1 5 , 12, 9, 6, 3 , 0 ; a n d y = \, 6, 11, 16, 21, 26. H e n c e i t 
can be p a i d in 5 ways w h e n both k i n d s of pieces a r e used. 

5. Given 2® + 3?/ = 25, to find positive integral values for x 
and y. Ans. » = 2 , 5 , 8 , 1 1 ; y = 7, 5, 3, 1. 

6. Given 3x — 8y= —16, to find positive integral values for a; 
and y. Ans. x = 8, 16, etc.; y = 5, 8, etc. 

7. Given 8x + l l y = 49, to find positive integral values for x 
and y. Ans. x = 2; y = 3. 

8. Given lAx = 5y+17, to find the least positive integral values 
for a; and y. Ans. x = 3; y = 5. 

9. Given 19a;-13y = 17, to find the least positive integral 
values for x and y. Ans. x = 5 ; y = 6. 

10. Divide 100 into two such parts tha t one may be divided 
by 7, and the other by 11. Ans. 56 and 44. 

2 5 * 



11. In how many different ways may I pay a debt of £ 2 0 in 
half-guineas and half-crowns ? -4ns. 7 ways. 
« 12. I n how many ways can £100 be paid in guineas and 
crowns ? Ans. 19. 

13. W h a t is the simplest way for a person who has only 
guineas to pay 10s. 6d. to another who has only half-crowns ? 

Ans. I n 3 guineas, receiving 21 half-crowns. 
NOTE.—Tlie crown equals 5 shi l l ings , and t h e guinea equa l s 21 sh i l l ings . 

CASE I I . 

• 395. To find the least integer which, div ided by 
given numbers, shal l lea.'e given remainders. 

1. F i n d the least integer which, being divided by 17, leaves 
a remainder of 7, and being divided by 26 leaves a remainder 
of 13. 

S O L U T I O N . 

L e t x = t h e r equ i r ed in teger . 
x—1 , £ - 1 3 . , 

T h e n , —— and „ - - = integers. 
17 ¿-b 

^ y 

L e t = to; t hen , x = 17m + 7 ; subst i tu te t h i s i n t h e second 

fraction, 1 7 m + 7 —13 1 7 t o - 6 r 
2 6 ~ = = 

26 m 17m- 6 9 m + 6 r Hence , - — :, or - — = 

. . 9m+6 _ 27TO + 18 TO+IS R . 
A n d - g g - x 3 = — + — r = Int. 

W h e n c e , = Int., w h i c h w e represent by n. 
¿ b 

T h e n , " " ¿ r ^ = n 5 hence m = 2 6 n —18. Ao 
Now, if n = l, we sha l l h a v e m = 8. 
Hence , x = 17m + 7 = 17 x 8 + 7 = 143, t h e n u m b e r . 

ANOTHER SOLUTION. L e t I V = t h e n u m b e r , 
rpi N-7 M, , N—13 . . . 
T h e n ~ v T = x ( 1 ) ' a n d " 2 6 " = 2 / 

W h e n c e , J V = 1 7 ® + 7 (3), and iV=26?/ + 13 ( 4 ) ; 
and 17® + 7 = 26?/+13, 
or , 17 x— 26,;/= 6. 
T h e n find x and y, as i n Case I . , and subst i tu te in (3) and (4). 

2. F i n d the least number which, being divided by 3, 4, and 5, 
shall leave respectively the remainders 2, 3, and 4. 

2 2 • 
SOLUTION. L e t ® = t h e integer , t h e n ' —— = Int. = m • whence x = 3 m + 2. o 

x — 3 _ , , . 3 m — 1 , » + 1 
A l s o , - j - = Int.; by subst i tut ion, = —— — = n ; whence, TO = « .+ - — • . 

n+1 
P l a c i n g — =p, we h a v e n = 3 p - 1 ; m = 4 p - 1 , and x = 12p -1. O t 

But , ^ = = = Now, & = hence, 
O O D O O 

= ^ ) = lnt.=p+P. p u t ) - ^ = g . then , p = 5q, and x = 60q-l. N o w 
O 0 0 

if g = l , ® = 5 9 ; if 2 = 2, ® = 119, etc. 

3. F i n d the least integer which, being divided by 6, shall 
leave t he remainder 2, and divided by 13 shall leave the re-
mainder 3. Ans. 68. 

4. F i n d the least number which, being divided by 17 and 26, 
shall leave for remainders 7 and 13 respectively. Ans. 143. 

5. W h a t is the least integral number which, being divided by 
3, 5, and 6, shall leave the respective remainders 1, 3, and 4 ? 

Ans. 28. 
6. A man buys cows and colts for $1000, giving 819 for each 

cow and $29 for -each col t ; how many did he buy of each ? 
Ans. 45 cows and 5 colts, or 16 cows and 24 colts. 

7. A farmer bought 100 animals for $100: geese at 50 cents, 
pigs a t $3, and calves a t $ 1 0 ; how many were there 'of each 
k i n d ? Ans. 94, 1, 5. 

8. A fa rmer buys oxen, sheep, and ducks, 100 in all, for £ 1 0 0 : 
required the number of each if the oxen cost £ 5 , the sheep £1 , 
and the ducks 1 shilling each. Ans. 19, 1, 80. 

9. A lady bought 10 books of three different kinds for $30 ; 
t he first kind oost $4^ each, t he second $ 2 i each, the third $2 
each ; required the number of each kind. Ans. 4, 2, 4. 

10. A market-woman finds by counting her eggs by tlu-ees 
she has 2 over, and counting by fives has 4 over ; how many had 
she if the number is between 40 and 60? Ans. 44 or 59. 



11. A boy has between 100 and 200 marbles; when he counts 
them by 12s, 10 remain, but when he counts them by 15s, 4 
remain; how many marbles had he ? Ans. 154. 

12. A person'wishes to purchase 20 animals for £20 : sheep at 
31 shillings, pigs at l is . , and rabbits a t Is. each; how many of 
each kind can he buy? r Sheep, 10, 11, 12. 

Ans. \ Pigs, 8, 5, 2. 
(Rabbi t s , 2, 4, 6. 

NOTE.—The solut ion of i n d e t e r m i n a t e equat ions of a h i g h e r degree is 
cal led Diophantine Analysis. 

H I G H E R E Q U A T I O N S . 

3 0 6 . A Cubic Equation is an equation in which the 
highest power of the unknown quantity is the third power; 
as a;3+4a;2 + 5a; = 10. 

3 9 7 . A Biquadratic Equation is an equation in which 
the highest power of the unknown quantity is the fourth power; 
as «4 + # + 4 x 2 + 5 c c = 13. 

3 9 8 . The general form of a higher equation is x" + ax"~l + bxa~2 

+ . . . tx+u = 0. 
3 9 9 . No general method of solving equations above the 

second degree, that is practicable, has yet been discovered. 

NOTE.—Cardan's method for cubics and F e r r a r i ' s . m e t h o d for b iquad-
rat ics fai l in so m a n y cases as no t to be p rac t i ca l ly genera l . Abe l has 
shown tha t a gene ra l solut ion above t h e four th degree is impossible . 

4 0 0 . The following PRINCIPLES, which are demonstrated in 
higher algebra, may often be used in finding the roots of an 
sanation. 

PRIN. 1. If a is a root of an equation (the unknown quantity 
being X), the equation is divisible by JO —A. 

T h u s , if 2 is a root, t h e equa t ion is d ivis ib le by x— 2 ; if —2 is a root, 
t h e equat ion is d ivis ib le by x — ( — 2), or*3;+2. , 

PRIN. 2. The coefficient of the second term, is the sum of 
the roots, with their signs changed. 

PRIN. 3. The term independent of x, when in the first member, 
is the 'product of the roots, with their signs changed. 

T h u s , a cubic equat ion, in which a , b, and c a r e t h e roots, is equ iva l en t 
to (x— a) ( x - b ) (x— e ) = 0 ; and w h e n deve loped is x3—(a+b-rc)x2+ 
(ab+ac+bc)x—(abc) = 0. 

NOTE.—Principles 2 and 3 will of ten enab le us to conjec ture t h e roots 
of a n equat ion ; and P r i n . 1 wil l enab le us to test a n y supposed root. 

S O L U T I O N O F C U B I C E Q U A T I O N S . 

4 0 1 . Cubic Equat ions can often be solved by special arti-
fices, a few of which will be given. 

« 

C A S E I . 

402. Solution by inspection and the application 
of the above principles. 

1. Given a.-3 —6a;2 + 11a; = 6, to find x. 
SOLUTION. T h e factors of 6 a r e 1, 2, and 3 ; and t h e i r sum equa l s t h e 

coefficient of t h e 2d t e rm ; hence we m a y suppose one of these factors, as 3, 
to be a root of t h e equat ion . T ranspos ing 6 to the first member , and divid-
i ng by x - 3, we h a v e a;2 - 3x + 2 = 0 ; therefore , 3 is one root, and so lv ing 
x2 - 3x = - 2, we find 1 and 2 to be t h e o the r roots. 

2. Solve x3—9x2 + 26x = 24. Ans. x = 2, 3, and 4. 
3. Solve a;3 - 1 la;2+S8x = 40. Ans. x = 2, 4, 5. 
4. Solve a,-3 - 3a;2 - lOx - - 24. Ans. x = 2, - 3, 4. 
5. Solve x3-j-4x2+x = 6. ' Ans. x = l, -2, - 3. 
6. Solve a? - 4x2 -7x= -10. Ans^x = 1, - 2^5. 
7. Solve x%-2x2+4a; = 8. Ans. x = 2, 2V-1, -2V-1. 
8. Solve a,-3 - 7a;2 + 16a; = 10. 

Ans. x = l , 3 + V ~ l , 3 - V ~ l . 

C A S E I I . 

403. Solution by making both members a perfect 
cube. 

' 1. Given a;3 + 3a;2 + 3a; = 7. 

S O L U T I O N . 

G i v e n a;3 + 3a:2+3a; = 7. ' (1) 
A d d i n g 1, ar<+3a;2+3a; + l = 8. • (2) 
W h e n c e x + 1 =? 2, o r a: = 1. 
D i v i d i n g E q . 1 by x — 1, we h a v e x2 + 4a: + 7 = 0. 
W h e n c e , x= - 2 + 1/-3 and - 2 - V - 3 ' . 



2. Solve x3 - Za? + 3® = 9. Ans. x = 3, + V=Z, - V=Z. 
3. Solve ®3 + 6a;2 +12® = —16. 

Ans. ® = - 4 , -1+V-Z, 

4. Solve ®3 + 9a;2 + 27« = - 35. 
Ans. » - - 5 , - 2 - V-Z. 

5. Solve x3 - 9®2+27® = 91. 
Ans.x = 7, 1 + 2 1 / - 3 , 1 - 2 T / - 3 . 

CASE I I I . 

404. Solution wlien the equation is readily fac-
tored. 

1. Given ®3-6® = - 4 . 

S O L U T I O N . 

Given a ; 3 - 6 ® = - 4 . 
Whence ®3—4® = 2 ® - 4 . 
And ®(® 2 -4 ) = 2 ( ® - 2 ) . 

Since this is divisible by x-2, x-2 = 0, or ® = 2. 
Dividing by x-2, we have x(x + 2) = 2 or ®2+2® = 2, 
whence, ® = - l ± l / 3 . 

2. Solve x 3 - 3® = - 2. Ans. ® = 1, 1, -2. 

3. Solve a;3 - 3® = 2. Ans. x=* — 1, - 1 , 2. 

4. Solve x3 - 7®= - 6 . Ans. x = 1, 2, — 3. 

5. Solve a;3 - a2® — x = - a. Ans. ® = a, K _ a ± W+4). 

6. Solve a b - x2 - 2® = - 2 . Tins. ® = 1, +1 /2 , - 1/2. 

7. solve ar3 - 2® = 1/3. ¿ras. ® = 1/3, V=T). 

8. Solve 3a? - 7®2 - 7® = -3. Ans. ® = 3, - 1 . 

CASE IY. 

405. Solution by reducing to a biquadratic, and 
tlien changing to make both sides squares. 

1. Given a 3 - 7 ® = - 6, to find x. 

S O L U T I O N . 

Given ® 3 - 7 ® = - 6 . (1) 
Whence x* - 7x'2 = - 6®. (2) 
A d d 4x2 x4 - 3x2 = 4®2 - 6x. 

Complete square, x*-3®2 + ( | y = 4x2- 6®+ ^ | 

Hence • = or — 2x + ^. 
¿ 2 2 Whence x = 2, or ®2 + 2® = 3. 

. • . ®=1 , o r - 3 . 

2. Solve ®3 + 3® = 14, Ans. x = 2, - 1 ± V=6. 
3. Solve af1-12® = 16. Ans. x = = 4, - 2 , - 2 . 
4. Solve ®3 + 5® = 6. Ans. x— 1, 1 ± 1 / - 2 3 ) . 
5. Solve o? — 4® = = 48. Ans. ® = 4, 2( - 1 ± 1 / ^ 2 ) . 
6. Solve ®3 - 13® = - 1 2 . .4 ns. ® = 1, 3, - 4 . 
7. Solve ®3 + 6® = 20. .4ns. ® = 2, - 1 ± 3 

S O L U T I O N O F B I Q U A D R A T I C E Q U A T I O N S . 

4 0 6 . Biquadratic Equations may often be solved by 
special artifices, a few of which we present. 

CASE I . 

407. Solution by inspection and applying the 
principles of equations. 

1. Given x*- 10a?+ 35®2- 50a; - - 24, to find x. 

SOLUTION. W e notice tha t 24 = 1 x 2 x 3 x 4 , and 10 = 1 + 2 + 3 + 4 ; 
hence, we presume tha t some of these factors are roots of the equation. 
Divid ing by ®—1, we see tha t the equation is divisible by ® — 1 ; hence 1 
is a root ; and in a similar way we find tha t 2, 3, and 4 are roots. 

2. Solve x* - 5X3 + 5a;2+ox = 6. Ans. ® = 1, - 1, 2, 3. 
8. Solve ®4+®" - 7®2 - ® = - 6. ,4ns.® = l , - 1 , 2 , - 3 . 
4. Solve x4 - 6®® - x*+54a; = 72. Ans. ® = 2, 3, - 3, +4. 
5. Solve x* - 4a;3 - 9a;2+16® = - 20. 

Ans. ® = - 1 , 2, - 2 , 5. 
6. Solve x* - 4a,-3 - 8a;2 + 4x = - 7. Ans. 1, - 1, 2 ± Vll. 
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CASE I I . 

408. Solution by factoring when tlie factors can 
be readily obtained. 

1. Given x*+4a;2 — 8x = 32, to find x. 
S O L U T I O N . 

G i v e n a;4 + 4 a ; 3 - 8 a ; = 32. 
T ranspos ing , a;4 + 4a;3 = 8a ;+32 . 
F a c t o r i n g . a; s(a;+4) = 8 ( a ; + 4 ) , 
or , ( a ? - 8 ) ( » + 4) = 0: # 

W h e n c e , x a;3 - 8 = 0 a n d a ; + 4 = 0, 
a n d X = - 4 o r 2. 
D i v i d i n g , a;3 — 8 by a; — 2, w e ob ta in a quadra t i c , 
f r o m w h i c h x = — 1 ± V — 3. 

2. Solve a;4 - 2a,-3 - x - - 2. ¿ n s . a; = 1, 2, - 1 ± l /^~3) . 
3. Solve x* - 3a;3 -8x-~ 24. Ans. x = 2, 3, - 1 ± 1 / ^ 3 . 
4. Solve x4 - ax3 - n3x = — cm3. 

^ 

Ans. x = a, n, - ( - 1 ± i / - 3). 

5. Solve a;4+3a? - 3a; = 9. 

Ans. a; = - 3 ; ^ 3 , - ^ ( - l ± l / - 3 ) . 

CASE I I I . 

400. Solution by reducing to a quadratic form. 

1. Given a? + 2a;3 - 3a;2 - 4a; = 5, to find 
S O L U T I O N . 

G i ven rc4 + 2ar* - 3a;2 - 4a; = 5. 
W h e n c e , ( a ; 2 + a ; ) 2 - 4 ( a ; 2 + a ; ) + 4 = 9, 
o r a ; 2 + x - 2 = ± 3 . 

F r o m w h i c h a; can b e found . • 

2. Solve a;4 - 4a,-3+8a;2 - 8a; = 12. Ans. 1 ± l / 3 , 1 ± l / ~ 5 . 
3. Solve a;4 + 2a,-3 - 7a;2 - 8a; = - 1 2 . Ans. 1, 2, - 2, - 3. 
4. Solve a;4 + 2a;3 - 3a;2 - 4a; = - 4. .4ns. 1, 1, - 2, - 2. 
5. Solve xi — 6a? + 11a;2 - 6a; = 8. 

-KS ± 1/17), | ( 3 ± V - 7 ) . 

CASE IY. 

410. Solution by reducing both members to a 
binomial square. 

1. Solve a;4 - 6a? + 12a;2 - iOx = - 3. 
S O L U T I O N . 

G i v e n a;4 —6a,-3 + 12a;2—10a; = —3. 
W h e n c e , ( a ; 2 - 3 a ; ) 2 + 3 a ; 2 - 1 0 a ; = - 3 , 

+ 4a;2 — 12a; = x2 + 2a; — 3, 
+4(a ; 2 - 3a;) + 4 = x l + 2 a ; + 1 ; 

or (a;2 - 3a;)2 + 4 (a;2 - 3a;) + 4 = a;2 + 2a; + 1 . 
W h e n c e , ( a ; 2 - 3 x ) + 2 = a ; + l . 
W h e n c e , x = 1 ; 1 ; 1 ; 3. 

2. Solve a;4 - 4a,-3 - 19a;2 + 46« = - 1 2 0 . 
Ans. x= - 2 , - 3 , 4, 5. 

3. Solve a;4 + 4a;3 - a;2 - 16a; = 12. 
Ans. - 2 , 2, - 3 . 

4. Solve a;4 - 9a,-3 + 30a;2 - 46a; = - 24. 
Ans. x — 1, 4, 2 ± V - 2 . 

5. Solve x4 + 4a;3 - 6a;2 + 4a; = 7. /Ins. a; = ± F - 1 , - 2 ± 1/11. 
6. Solve a;4 -12a,-3 + 48a;2 - 68a; = - 1 5 . Ans. x = 3, 5, 2 ± 1/3. 
NOTE.—Cubics and b iquadra t i cs , w h e n a n y of t h e i r roots a r e in tegra l , 

can usua l ly be solved b y art i f ices s i m i l a r to those we h a v e exp la ined . 
T h e m o r e genera l m e t h o d s of finding a p p r o x i m a t e roots of numer i ca l 

equa t i ons a r e those of Double Position, Netvlon'.s :•Method of Approximation, 
a n d Horner's Method, for an e x p l a n a t i o n of w h i c h t h e s tuden t is r e f e r r e d 
to works on H i g h e r A l g e b r a . 

R E C I P R O C A L E Q U A T I O N S . 

411. A Reciprocal Equation is one in which the recipro-
cal of x may be substituted for x without altering the equation. 

4 1 3 . Thus, in x4 - 3a;3 + 4a;2 - 3a; + 1 = 0, if we substitute - for x 
x, we shall obtain the same equation. 

NOTES.—1. S u c h equa t ions a r e also cal led recurring equations, because 
t h e coefficients r e c u r in t h e same order . 

2. I t can b e shown t h a t a rec iprocal equa t ion of an odd d eg ree is d iv is -
i b l e b y x—1 or x+1, accord ing as t h e last t e r m is positive or negative. 

3. Also, a rec iprocal equa t ion of an even d eg ree i s d iv i s ib l e by a ; 2 —! 
w h e n i t s last t e r m i s positive. 
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E X A M P I . E S . 

1. Solve re4 - 3a;3 +4a ; 2 -3a ;+ l = 0 . 

Given 

Divide by x'\ 

Whence 

O r 

S O L U T I O N . 

x* - 3x3 + 4a;2 - 3a;+1 = 0. 

a ; 2 - 3 a ; + 4 - 3 + 1 ; = 0. 
X X2 

x2+ -4 = 0. 

H T ^ H H 2 ; 
Complete the sq., — + + | = 

/ , 1 \ 3 . 1 
\ a ) — 2 = 2" 

x—1, 1, Ml ±1/^3. 

Extract the root 

Whence 

NOTE.—It is sometimes simpler to substitute some other quantity, as 

z, for x-r , and find the value of x from that of z. ' x' 

2. Solve a;4+a;3 + a ;+l =0 . Ans. « 1, - 1 , ± V^3. 
3. Solve a;4 - 5a,-3 + 6 a r 5 a ; + 1 = 0. 

Ans. x = 2 ± ± V^3). 
4. Sol ve a;4-10a;3 + 26a;2-10a;+ 1 = 0 . 

Ans. x = 3 ± 2 1 / 2 , 2 ± VS. 
5. Solve a;4 - 3a;3 + 3a; + 1 = 0. 4vis. ® = 1 ± l / 2 , | ( 1 ± V5). 
6. Solve a;4- fa;3 + 2a;2 - $ c +1 = 0. Ans. x = 2,\, ± V=l. 
7. Solve a;4 - 3a,-3 + 3 ® - 1 - 0. Ans. x = ± 1, ¿ ( 3 ± i /o ) . 
8. Solve a;2 + x _ 2 +a ;+a ; _ 1 -4 = 0. 

4?is. » = 1, 1, | ( - 3 ± l / 5 ) . 

N O T E S . — 1 . In equation 7 divide by a;2 —1, and then reduce and find 
the values of x. 

2. It may be readily shown that any two corresponding pair of roots 
are reciprocals of one another. 

S E C T I O N " X I . 

EXPONENTS AND LOGARITHMS. 
T H E O R Y O F E X P O N E N T S . 

4 1 3 . AN E x p o n e n t denotes tlie power of a quantity or the 
number of times it is used as a factor. 

Thus a3 means ax ax a, or a used as a factor three times; and 
a" means ax ax ax . . . . to n factors, or a used as a factor n 
times. 

4 1 4 . By the original conception of a power the exponent n 
could be conceived only as a positive integer, and the rules for 
multiplication, division, etc. were all based on this conception. 

11.». Subsequently it was seen that division gave rise to 
negative exponents and evolution to fractional exponents, and 
tha t these could be used the same as positive integral ex-
ponents. 

NOTE.—We shall now give a complete logical discussion of the subject, 
assuming only the definition of an exponent and the rules of addition ana 
subtraction. 

P O S I T I V E E X P O N E N T S 

PRIN. 1. When m and n are positive integers, am x a" = a"14". 

For a* = a x ax ax . . . . to m factors. (Def.) 
And an =axaxax . . . . to n factors. * (Def.) 

Hence amxan = axax . . . . xaxaxa . . . . t o m + n factors, which 
by the definition equals an+n. 

PRIN. 2. When m and n are positive integers, and m is greater 
than n, am a" = am~". 



E X A M P L E S . 

1. Solve re4 - 3a;3 + 4ar - 3®-¡-1 = 0. 

G i v e n 

D i v i d e by a;2, 

W h e n c e 

O r 

SOLUTION. 

x* - 3a;3 + 4a:2 - 3a;+1 = 0. 

a ; 2 - 3 a ; + 4 - 3 + 1 ; = 0. x x2 

x2+ -4 = 0. 

H T ^ H H 2 ; 
Complete the sq., — 3^a; + * j + | 

/ , 1 \ 3 . 1 
\ a ) — 2 = 2" 

x—1, 1, Ml ±1/^3. 

E x t r a c t t h e root 

W h e n c e 

NOTE.—It is somet imes s imple r to subst i tu te some o the r quan t i ty , as 

z, for x-r , and find t h e v a l u e of x f rom t h a t of z. ' x' 

2. Solve a;4+a;3 + a;+1 = 0. Ans. « 1, - 1 , ± V=B. 
3. Solve a;4 - 5a,-3 + 6a;2 5a; + 1 = 0. 

Ans. x = 2 ± V% | ( 1 ± V=3). 
4. Sol ve a;4-10a;3 + 26a;2-10a;+ 1 = 0 . 

Ans. x = 3 ± 2 l / 2 , 2 ± 1/3. 
5. Solve a;4 - 3a;3 + 3a; + 1 = 0. Ans. % = 1 ± V% | ( 1 ± l / 5 ) . 
6. Solve x*~ §x3 + 2a;2 - $c +1 = 0. Ans. x = 2,\, ± 
7. Solve a;4- 3a,-3+3a;-l = 0. Ans. x = ± 1, K3± I 7 5 ) -
8. Solve a;2 + x _ 2 +a ;+a ; _ 1 -4 = 0. 

Ans. 3 = 1, 1, | ( - 3 ± l / 5 ) . 

NOTES.—1. I n equat ion 7 d iv ide by a;2 —1, and t h e n reduce and find 
t h e va lues of x. 

2. I t may be r ead i ly shown t h a t a n y two cor responding pa i r of roots 
a r e rec iprocals of one ano the r . 

S E C T I O N " X I . 

EXPONENTS AND LOGARITHMS. 
T H E O R Y O F E X P O N E N T S . 

4 1 3 . AN E x p o n e n t denotes tlie power of a quantity or the 
number of times it is used as a factor. 

Thus a3 means ax ax a, or a used as a factor three times; and 
a" means ax ax ax . . . . to n factors, or a used as a factor n 
times. 

4 1 4 . By the original conception of a •power the exponent n 
could be conceived only as a positive integer, and the rules for 
multiplication, division, etc. were all based on this conception. 

4 1 . » . Subsequently it was seen that division gave rise to 
negative exponents and evolution to fractional exponents, and 
tha t these could be used the same as positive integral ex-
ponents. 

NOTE.—We shal l now g ive a comple te logical discussion of t h e subject, 
assuming on ly t h e defini t ion of an exponen t and t h e ru les of add i t ion ana 
subtract ion. 

P O S I T I V E E X P O N E N T S 

PRIN. 1. When m and n are positive integers, am x a" = a"14". 

F o r a * = a x ax ax . . . . to m factors. (Def.) 

A n d an — axax ax . . . . to n factors. * (Def.) 

H e n c e amxan = axax . . . . xaxaxa . . . . t o m + n factors, which 
by t h e def ini t ion equa l s an+n. 

PRIN. 2. When m and n are positive integers, and m is greater 
than n, am a" = am~". 



F o r a m - B x a n = a r a - " + " . ( P r i n . 1.) 

Reduc ing , am~n x a " = am. 

Dividing by a", = a"'~". 

PRIN. 3. W h e n m and n are positive integers, (a™)" equals amn. 

F o r ( a * ) " = a " x a " x a " x . . . . t o n factors ; 

But am = axaxax . . . . to in factors. 
H e n c e ( a m ) n = axaxax . . . . t o mxn factors, 

wh ich is ind ica ted thus, a '"". 
M 

P R I N . 4 . When m and n are positive integers, YET™ = a". 
For , since i n ra is ing a quant i ty to t h e n t h power we m u l t i p l y t h e ex-

ponent by n, in ex t rac t ing t h e n t h root we m u s t d iv ide t h e exponen t by 

n ; whence t h e n t h roo t of am i s a"1*", or an. 

N E G A T I V E E X P O N E N T S . 

4 1 6 . The N e g a t i v e E x p o n e n t arises from division when 
the exponent of the divisor is greater than the exponent of the 
dividend. 

PRIN. 5. P rove tha t ar" = 
a n 

cim 
F o r a m ~ " = — . P r i n . 2. an 

Dividing by am, a~n==hi-ct 
T h i s m a y also be shown as fo l lows: 

am 

Now, a » x r " = a M = - P r i n . 2. 

Hence , a~n--=~„. Div . b y am. 

PRIN. 6. P rove tha t am + an = am~n when m is less than n. am 1 
N o w , am an = — = -—-' an av—m 

But , -,,1 - = & - < » - » > = am~n. 

PRIN. 7. Prove tha t am = um+n when one or both expo-
nents are negative. 

Fi r s t , suppose e i t he r exponent , as n , is negat ive. L e t n— —s. 

Then a"' x a"=amx a~* = am x \ = "- = am~s. 
a* a s 

Subst i tu t ing n for - s , a m - s = a m + n ; hence a " x a " = flV 

Second, suppose both exponen t s a r e negat ive. L e t nv= —r and 
n = —s. 

T h e n , am x an = a~r x a~s = 1 x 1 = «- (*+« ;=«-»• -» . ar a" cC+s 

Subst i tu t ing , a ~ r - s = a m + " ; hence a ' " x a " = a m + " . 

PRIN. 8. Prove tha t am a" = am~n when either or both expo-
nents are negative. 

Fi r s t , suppose e i the r exponen t , as n , i s negat ive. L e t n = —s. 

Tliti). am an = cim -¡- a~s = «'" = 1 = a!" x = a'"as = am+s. ' a' 1 
Substituting, am+s = am~n. 

Second, suppose bo th exponen t s a r e negat ive . L e t m = — r and n = — s. 

m , 1 1 1 , as 

Then , a m + - a n = a ~ r - i - a - ' = + •„= x a s = — = a s _ r . ar as ar ar 

Substituting, as~r = a-"-<-m> = am~'\ 

PRIN. 9. Prove tha t (a™)" = amn when one or both exponents 
are negative. 

Fi r s t , suppose m is negat ive, and le t m = — r. 

T h e n , ( a t = ( a - r ) M = ( ¿ ) " = = a " ™ = a ™ . 

Second, suppose n is negat ive, and let n = — p . 

Then, (am)n=(am)~" = = -f—=a~m" = amn. ' K ' v ' (amY av,p 

T h i r d , suppose m and n a r e bo th negat ive, and let m= — r and 
n = — p. 

T h e n , (<*»)» - ( a - ' ) - p = ¿ g = a _ m X = 
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PRIST. 10. Prove that y V ' = an> when either m or n, or both, 
are negative. 

Firs t , suppose m is negative, and let m = — r. 

m / t m - i s 
Then 1/0™= Va~r=\ = z = a = a . 

« « a r a " 

T " / Second, suppose n is negative, and n=—r. L e t & = y a m . 

1 ' 1 1 -T £ 
T h e n = a m , and x~r = am, or - = am; af = ,,; »= a = a • iC ar ar 

Thi rd , suppose both m and n a r e nega t ive ; le t m= —p, n = — f , and 

x= -\/cC°\ 
1 1 P m 

Then xn=am, x~r=a~r, -- = —, xT = ap, x=ar = an. ' ' af a? 

NOTE.—No pract ical significance is at tached to a negative index of a 
r oo t ; bu t t he form is a possible one, and the above demonstra t ion proves 
t h e pr inciple to be general . 

4 1 7 . Thus we see tha t whether m and n are positive or 
negative integers, we.have the following: 

I . am x a" = am+n. I I I . (a™)" = amn. 

n m 
I I . am -s- a" = am~n. I V . Vam = a". 

F R A C T I O N A L E X P O N E N T S . 

4 1 8 . A Fract ional E x p o n e n t arises from evolution by 
dividing the exponent of the power by the index of the root, 
when the former is not a multiple of the latter. 

4 1 9 . W e shall show the meaning of the fractional exponent 
and prove a few principles to be used in showing the univer-
sality of the fundamental rules. 

m .V'S ui 

PRIN. 11. Prove that (a")p = a " when — aud_p are positive 

or negative. 

Firs t , s u p p o s e p is positive, — being e i the r posit ive or negat ive. 77> 
m m »» H? 

Rais ing an to the pt\i power, we have a " x a " x a n x . . . to p fac-
m.m.m, mY_ mP 

tors, or a • • • = 

Second, suppose p is negative, and let p = — S. 

!» I™ 1 1 -WS Jv_. s 
T h e n ( a " ) " = ( a ' " ) - s = T 4 ; r s = - l s = a " = a " P = 

\a>') a " 

PRIN. 12. Prove that a" = Va"', m and n being either positive 
or negative. 

Firs t , suppose m is posit ive o r negat ive, n be ing posit ive. 

m m n 
B y P r i n . 11, (a")" = am; ex t rac t n t h root, a " = yam. 

Second, suppose n is negative, and let n = — S. 

T h e n , ( a " ) » - ( « " V * - ~ r = — = « m . 

m m n 
Hence, (a'l)n=am, and a11 = yam. 

I II TI I I, & 

• COR. Hence, an = 17a, or Va = a"; also (a") " = a", or a. 

NOTE.—This pr inc ip le was de r ived u n d e r the prev ious article, b u t is 
h e r e p roved by ano ther process of reasoning. 

PRIN. 13. P r o v e t h a t V O S = ( A M ) " . 

" / « — N 

L e t am = x; t hen V a m = yx=x . (P r in . 12, Cor.) 

But since x = am, x = (a" 1 )" ' ; hence \/am = (am)'\ 

COR. Hence cr' = (a™)". 
PRIN. 14. Prove tha t a" x b" » (ab)'1. 

X X 
Let x = x"xb'1. 

Then , xn=(a* x b")n = ( a " ) n x ( & " ) » = a b . 

A 
Hence , xn = (ab); therefore, x= (ab)n. (P r in . 12, Cor.) 



COR. 1. In the same way it may he shown tha t 

> A i X 
COR. 2. Hence also a" x b" x e" = (abc)n. 

mm m 
PRIN. 15. Prove that an x b" = (ab)n. 

m m 
L e t x = a " x bn. 

M M M M 

T h e n , xn= (a™ xbn)n= ( a " ) " x (&")" = a™ x bm = ( a 5 ) m . 

m Vk 

H e n c e , a;" = (a£>)m; and a ; = ( a f t ) " ; therefore , a " x b n = ( a f t )* . 

PRIN. 16. Prove that (( t ' )n = (a")™. 
X n ?» 

B y P r i n . 11, (a ' " ) " = a m ; let x = am. 

T h e n , a;™ = a" , and x = (a" ) M . P r i n . 12. 

A A A A 

COR. In a similar way it may be shown that (a") = (a") . • 

PRIN. 17. Prove that (amf x (o?f = (amx o f f . A i 

L e t X = (aOT)" x ( a ? ) " ; t h e n xn = amxa?] 

H e n c e , x = ( a m x ap) '" . PRIN. 18. Prove that a = a". 
L e t x - a " ; t h e n a.-" = am, and X"? = anp. 

mp m mp 
H e n c e , x = anp; therefore , an — a"p. 

4 2 0 . W e shall now proceed to show that the rules for mul-
tiplication, division, involution, and evolution apply to fractional 
exponents as well as integral. 

£ r. 
PRIN. 19. Prove that a9xa = aq s. 

a* xa* = P r i n . 18. 

== (aP" f x {a«- f . P r i n . 13, Cor. 

=-- (a?s x a ' " ' f . P r i n . 17. 

= [ars+*rf. 
ps.qr p,r 

= cFqs = a q s . 

COR. I n the same way it may be shown that 

£ r. f-z 
a" + a' = aq 

V r 
PRIN. 20. Prove tha t (a5)8" = of . 

P r P_ pr 
Let a; = (a9)' ; then x5 = (aqjr = a*. 

Hence x?"=aPr ; and x = aq'. 

COR. In the same way it may be shown that 
r, P P*.r Zv* P> s q q ' s q*? qi" 

^a =a = a =a . 

SCHOLIUM. W h e n t h e exponen t s in P r i n . 19 and 20 are negat ive, we 
can let m and n represent t h e fractions, a n d since t h e pr inc ip les a r e t r u e 
fo r m and 11, t hey a r e t rue for negat ive fract ions. O r we can p r o v e t h e m 
by t h e me thods used for nega t ive in t eg ra l exponents . 

4 2 1 . I t is thus shown that the following relations are uni-
versal, m and n being positive or negative, integral or fractional. 

I . am x a" =.am+*. I I I . (am)" = am\ 

I I . a m ^ a " = am-n . IV . 1^0™= a". 

NOTE.—The s tuden t wil l be interested i n not ic ing t ha t t h i s genera l dis-
cussion has in t roduced two fo rms of express ion t ha t a r e not usual ly em-
ployed in a lgebra—viz . negative indices and fractional indices of roots. 

T h u s , since n is genera l , ^Ja gives t h e fo rms ^Ja ; ^Jci ; ^ j a . 



E X A M P L E S . 

1. Prove am"" = 

2. Prove (a) " • 

3. Prove a™ = 

4. Show the meaning of the negative exponent, a - " . 

5. Show the meaning of the fractional exponent, a-' or a™. 

6. Show the meaning of a fractional index, ^ j a or ^ j a . 

7. Show the meaning of a negative index, V a or ~\/a. 

8. Show the meaning of a negative fractional index, ~yja 

or + a. 

1. 9 4 . Ans. 

2. 4~ f . 
• 

J.MS. •§•. 

3. 64~*. .4.71S. 

4. 
81~ ? 

Ans. 27. 

5. ( O * 

6- —r 
(a2yr 

-4ns. —• 
a t . 

2 
.4ns. a 3 . 

7. ( r 2 ) - 3 . -4nS. 

8. Var\ -4nS. 
a2 

9. ( m - t ) - f . ,4.ns. mi. 

10. ( i f*)* . J.ns. - . 
a; 

E X A M P L E S I N R E D U C T I O N . 

11. ( 4 a - f ) - f . 

12. (64?i-3)-f. 

13. (32a - 1 5 ) ! 

14. ( 5 t a - 6 ) - ! 

15. y ' a ^ . 

Ans. % 

16. -Va' 
1 6 ' 

17. 

18. i t 3 . 

Ans. I -
4 

Ans. 
a6 

, a* 
1/5 

Ans. -. 
a 

Ans. 4a. 

Ans. 8a3. 

Ans.i«' C i T 

19. 
A 64 

20. d a ~ * . 
\ 27 

21. 

22. ~yja~sb*. 

1. a ' l jxa I 

2. a"2 x -j/a. 

F R A C T I O N A L E X P O N E N T S . 

' 2 ' 
a 

¿71«. 3a3. 

a 2 \ 3 

J.71S. i T I • 

23. -\jab\ 

311 

Ans. abm. 

L ^ a " 24. y-lns. a2"2/)-4"2. 

25. \ l a 

, —»/ m n 
26. \ a V " 

/ « f -

J.?is. aV". 

E X A M P L E S I N M U L T I P L I C A T I O N . 

i 
vliis. a 8 . 

1 \ | 
J L J I S . 

3. 1 ¿(»-»> a x a Ans. Va"1. 

4. a2c° x a~2c2". Ans. e2". 

5. 
i i 

a;'1 x ATIS. x3. 

6. m 3 x - j /nr . Ans. ( —] 

7. 
i I 
N M a xa . 

VL±£ 
Ans. a w . 

8. 

9. (4m
a)m-n + p x (4 

Ans. 1. 

10. am-"x3a3 '"-2x4a"+6c. 

¿ n s . 12a4"!+3e. 

11. (armbp x a"6 - 2 x am+nb*. 

Ans. a2nbp+2. 

12. (a+b)m+n<f x (a+b)'"~"c-". 

Ans. (a + b)2m. 

MU 
Ans. 

Multiply the following: 

13. a x af»'+»-x (ah^ym~2 n . 

14. (8"2a2.t)"*+3" x (83a"V)"'+2re. Ans. 8m
a

2nx ,m+rn. 

15. (a+6)-3c4x (a + 6),1+3c-"x (a+6)1+Hc-2. 
Ans. (a -6) 2 " + 1 c 2 _ n . 

16. (a f + by J - b\ Ans. J - b\ 

17. am+"Jrbm~'1 by a'"+n - 6"1-". J.n-s. a2(m+,1> - &2<m-2>. 

18. xn-y""L~" by x'""-"y'1. Ans. xn"yn - x
mn~nynn. 
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19. a" + b" by a" - b". 

20. x+a^ + 2 by x+x*-2. 
2 112. 1 1 

21. xs+x*yJ+y* by Xs - i f . 

22. a4 + a2 + 1 by a " 4 - a " 2 + l . 

23. a ' h a K l by a ~ * - l . 

24. J - 2 + a * by a f - a \ 

zm tv} 
4ns . a " — 6 " . 

Am. x2 + 2x2 -rx-4. 

Ans. x-y. 

Ans. a 4 + l + a~4. 

4ns . a - 1 — 1. 

2 —2 
4ns . a2 - 3a3 + 3a 3 - a ' 2 . 

25. - 3a"5 + 2a-46- ! by - 2a"3 - 3a~4ò. 
4 n s . — 4a~,6~1 + 9a"96. 

7 5 3 1 I 
26. a 2 —a3+a* —a2 + a - a + a - 1 by a +1. 4 n s . a 4 - 1 . 

1. a* + ( f * . 
4 

4ns . a". 
2 3 

2. a - 3 - a*. Am. a 12' 

3. a"' - a"1-". Ans. an. 

4. + 4ns . b '. 

5. a - " - a - 2 B + ! . Ans. a" -1. 

6. am~" -s- a"+m. 4ns . a~2n. 

7. 4 n s . bn. 

8. a^ + -j/a3. Am. a6. 

9. T/a"2 '1- Ca--2)n. Ans. an. 

10. a f - i /ar4". Ans. x"1. 

11. a 2 - a \ Ans. { M " . 
\ a / 

12. (a + 6)2 H- (a 

\ / 

+by. 

E X A M P L E S I N D I V I S I O N . 

13. ( a - « ) " * + ( a - « ) * . 

4ns . (a - a;)-1. 

14. 6 a h K s a ~ h \ 4 n s . 2ab~K 

15. 4a"'*'6* + 2asb~\ 

Am. (a-rby. 

.it 4ns . 2^ -

wi+re 2 n—— 
16. (a-by +(a-6) 

4ns . (a — 6)m_". 
in »a 

17. a"6 "c—2 = rtV"4. 
Am. a2nb~mc2~n. 

18. ( a ' V ) * - ^¡a 'x. 

Am. I -a 

F R A C T I O N A L E X P O N E N T S . 

Divide the following : 

2 2 1 1 
as-bs by cf -bK 

19. a 5 - ò ¥ by a ? - & ¥ . 

20. 

21 . 

22. 

4ns . 

i 1 i A -1- 1 
Ans. a2 + fiV + aDV + ò2. 

4 n s . a3 + asa;3 + XS. a—x by a -x3. 

a" — bm by a' — b*. 
a am 3n n flm 

23. a 2 " - 6 - 3 m b y a'-b \ Ans. a'+anb 4 + a°b 2 +b \ 

24. ant~W~"c"'~'L by am-"&B+V-". 

25. a2b~2 + 2 + ar2b2 by ab~l + a~lb. 

311 2 W. TTL ./I 2M 3M 
4 n s . a"* + a 4 + a4ò " + ò " . 

4ns . a"~2b~2ncm~2. 

4 n s . ab~l+a~lb 

26. 8arx + 27y ' 2 by 2x~Kzy~\ Ans. 4aT*-6aTVl + 9y~*. 

27. 

28. 

sa a - J 
a* - a by a - a . 

29. 

30. 

4ns . a n +l - f a~" . 

4ns . x + y. 

as + a ? ò ? + ò s by a 3 + a s 6 f + b\ Ans. J - <#+6*.. 

a;-4 + ar2?/ - 2+i/ - 4 by x~2 - x~'y~l + y~2. 

Ans. x~2 + x~ly~l + y~2. 

af - xy~ + x*y - y~ by x —y*. 

- 4 M 1 - 1 1 

J + 2 a h * by a*+6* + c t 31. 

32. Find the value of {(a*")8 x(a—)8}"" -". 

4ns . a s + b ^ - c K 

Ans. a2. 

Find the value of [ { ( a - b ) n } " 4ns . ( a - b)"-1. 

34. F ind the value of {(6—)-«x (b~m+2ny 

35. 
2 a P 4 _ 

Find the value of [ K « T H " X n C a ' T i ' T -

4ns . ba. 

? p 

Ans. a2. 

36. F ind the value of [ K O L 
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L O G A R I T H M S . 

4 2 2 . The L o g a r i t h m of a number is the exponent denot-
ing the power to which a fixed number must be raised to pro-
duce the first number. 

Thus, if Bx = N, then % is called the logarithm of N. 

4 2 3 . The Base of the system is the fixed number which is 
raised to the different powers to produce the numbers. 

Thus, in B' = N, x is the logarithm of N to the base B; so in 
43 = 64, 3 is the logarithm of 64 to the base 4. 

4 2 4 . The term logarithm, for convenience, is usually written 
log. The expressions above may be written log N = x and log 
64 = 3. 

4 2 5 . In the Common System of logarithms the base is 10, 
and the nature of logarithms is readily seen with this base; thus, 

102 = 1 0 0 ; hence log 100 = 2. 
103 = 1 0 0 0 ; hence log 1000 = 3 . 

' 10* = 10,000; hence log 10,000 = 4. 
102-369 = 234; hence log 234 = 2.369. 

4 2 6 . W e shall first derive the general principles of log-
arithms, the base being any number, and then explain the com-
mon numerical system. 

P R I N C I P L E S . 

PRIN. 1. The logarithm of 1 is 0, whatever the base. 

For , let B represent a n y base, t h e n i5° = 1 ; hence by t h e def ini t ion of a 
loga r i thm, 0 is t h e log. of 1, or log 1 = 0. 

PRIN. 2. The logarithm of tli£ base of a system of logarithms is 
unity. 

F o r , let B represent a n y base, t h e n Bl = B~, h e n c e 1 is t h e log. of B, or 
l o g . B = l . 

PRIN. 3. The logarithm of the ¡product of two or more numbers 
is equal to the sum of the logarithms of those numbers. 

* 

For , let TO = log M, and n = log N. 

T h e n , Bm = M, Bn=N. 

Mul t ip ly ing , = M x N. 

H e n c e TO+n = log (M x N). 

Or, log ( M x N) - log M + log N. 

PRIN. 4. The logarithm of the quotient of two numbers is equal 
to the logarithm of the dividend minus the logarithm of the divisor. 

F o r , let TO = log M, and n = log N. 
T h e n , Bm = M, B" = N. 

Divid ing , B"1-'1 = M h- JV. 

Hence, log (M-t-N)=m — n. 
O r log (31 -¡-N) = log M— log N. 

PRIN. 5. The logarithm of any power of a number is equal to 
the logarithm of the number multiplied by the exponent of the 
power. 

F o r , l e t TO = log M . 

T h e n , Bm = M. 

E a i s i n g to n t h power , Bnym = Mn. 

W h e n c e , log Mn =nxm. 

O r log Mn = nxlog M. 

PRIN. 6. The logarithm of the root of a number is equal to the 
logarithm of the number divided by the index of the root. 

F o r , let TO = log J\I. 

T h e n , Bm = M. 
m 1 

T a k i n g n t h root, BN = M 
A 'YYb 

W h e n c e , log M = —. ° n 

O r lo 
n 

4 2 7 . These principles are illustrated by the following ex-
amples, which the pupil will work. 

MBMiK 



E X A M P L E S . 

1. Log (a.b.c) = log a-i*log 6 + log c. 

2. Log ^ j = log a + l o g b - log c. 

3. Log a" = n log a. 
4. Log (axby) =x log a+y log b. 

5. Log = x log a+y log b — z log e. 
G 

6. Log Vab=\ log a + - | log b. 
7. Log (a2 - x2) = log (a + x) +log (a - x). 
8. Log Va2 - x2) = log (a + x) + % log (a - x). 
9. Log a2 ]x/aT r= -f log a. 

10. = i S log (a - - 3 log (a + z)}. 

C O M M O N L O G A R I T H M S . 

4 2 8 . The Base of the common system of logarithms is 10. 
This base is most convenient for numerical calculations, because 
our numerical system is decimal. 

4 2 9 . In this system every number is conceived to be some 
power of 10, and by the use of fractional exponents may be thus, 
approximately, expressed. 

4 3 0 . Raising 10 to different powers, we have 
10° = 1 ; hence 0 = log 1. 
10' = 10 ; hence 1 = log 10. 
102 = 100; hence 2 = log 100. 

103 = 1000 ; hence 3 = log 1000. 

etc. etc. 

Also, 10 - 1 = .1; hence - 1 = log .1. 
10 - 2 = .01; hence - 2 = log.01. 
10 - 3 = .001; hence - 3 = log.001. 

4 3 1 . Hence the logarithms of all numbers 

between 1 and 10 will be 0 + a f rac t ion ; 

between 10 and 100 wil l be 1 + a f r a c t i o n ; 

between 100 a n d 1000 wil l be 2 + a f rac t ion ; 

between 1 a n d .1 will be —1 + a f ract ion ; 

between .1 and .01 wil l be — 2 + a f rac t ion ; 

between .01 and .001 wil l be — 3 + a f ract ion. 

4 3 2 . Thus it has been found tha t the log. of 7 6 is 1 . 8 8 0 8 , 

and the log. of 4 5 8 is 2 . 6 6 0 8 . This means tha t 

10l.S808 = 7 6 ) a u ( 1 1Q2.6608 =45g_ 

4 3 3 . When the logarithm consists of an integer and a deci-
mal, the integer is called the characteristic, and the decimal part 
the mantissa. Thus, in 2 . 6 6 0 8 6 5 , 2 is the characteristic, and 
. 6 6 0 8 6 5 is the mantissa. 

P R I N C I P L E S O F C O M M O N L O G A R I T H M S . 

PRIX. 1. The characteristic of a logarithm of a number is one 
less than the number of integral places in the number. 

For , f r o m Ar t . 430, log 1 = 0 and log 10 = 1 ; hence t h e l o g a r i t h m of 
n u m b e r s f r o m 1 to 10 (which consist of one in tegra l p lace) wil l h a v e 0 for 
t h e character is t ic . Since log 1 0 = 1 and log 100 = 2, t h e l o g a r i t h m of 
n u m b e r s f rom 10 to 100 (which consist of two in tegra l places) wil l have 
one fo r t h e chahieter is t ie , and so o n ; hence the characteristic is always one 
less than the number of integral places. 

PRIN. 2. The characteristic of the logarithm of a decimal is neg-
ative, and is equal to the number of the place occupied by the first 
significant figure of the decimal. 

For , f rom Ar t , 430, log .1 = —1, log .01 = - 2 , log .001 = - 3 ; hence 
t h e loga r i thms of n u m b e r s f r o m .1 to 1 wil l h a v e —1 for a cha rac te r i s t i c ; 

9 t h e loga r i thms of n u m b e r s between .01 and .1 wi l l h a v e — 2 for a charac-
teristic, and so o n ; hence the characteristic of a decimal is ahcays negative, 
and equal to the number of the place of the first significant figure of the decimal. 

PRIN. 3. The logarithm of the product of any number midti-
plied by 10 is equal to the logarithm of the number increased by 1. 

27 * 



F o r , suppose log M = m ; t h e n , by P r i n . 3, A r t . 426,. 

log (Mx 10) = log 1 1 + l o g 1 0 ; b u t log 1 0 = 1 ; 

H e n c e log (Mx 10) = m+\. 

T h u s , log . ( 7 6 x 1 0 ) - 1 . 8 8 0 8 1 4 + 1 ; or log 760 = 2.880814. 

PRIN. 4. The logarithm of the quotient of any number divided 
by 10 is equal to the logarithm of the number diminished by 1. 

For , suppose log M=m; then , by P r i n . 4, A r t . 426, 

log (MH- 10) = log M- log 1 0 ; 

H e n c e , log ( J / - 1 0 ) = m — 1 . 

T h u s , log (458 - 1 0 ) = 2.660865 - 1 ; or log 45.8 = 1.660865. 

PRIN. 5. In changing the decimal point of a number we change 
the characteristic, but do not change the mantissa of its logarithm. 

This follows from Principles 3 and 4. To illustrate: 

log 234 = 2.369216. log . 234=1 .369216 . 

log 2 3 . 4 = 1.369216. log . 0 2 3 4 = 2.369216. 

log 2.34 = 0.369216. 

T h u s we see t h a t t h e characteristic becomes negative, but not the mantissa. 
T h e m i n u s sign is wr i t t en over t h e cha rac te r i s t i c to show t h a t i t o n l y is 
nega t ive . 

E X E E C I S E S O N L O G A R I T H M S . 

4 3 4 . Common Logarithms are used to facilitate the ope-
rations of multiplying, dividing, etc. Tables of logarithms are 
constructed and used for this purpose. 

4 3 5 . W e shall give the logarithms of a few prime numbers 
to four decimal places, and show how they" are used. 

log 2 = 0.3010 log 7 = 0.8451 log 17 = 1.2304 

log 3 = 0.4771 log 11 = 1.0414 log 19 = 1.2787 

log 5 = 0.6990 log 13 = 1.1139 log 23 = 1.3617 

M U L T I P L I C A T I O N W I T H L O G A R I T H M S . 

4 3 6 . Numbers are multiplied by means of logarithms by 
taking the sum of their logarithms. (See Art . 426.) 

1. F ind the logarithm of 2 x 5 . 
O P E R A T I O N . 

SOLUTION. F r o m P r i n . 3, A r t . 426, t h e log. of log 2 = 0.3010 
2 x 5 equa l s t h e log. of 2 p l u s t h e log. of 5 ; log log 5 = 0.6990 
2 = 0.3010, log 5 = 0 .6990; t h e i r s u m i s 1.0000. log 1 0 - 1 . 0 0 0 0 

Find by the use of the logarithms given in Art . 435 the fol-
lowing : 

2. log ( 3 x 7 ) . 5. log 5x10 . 8. log 2 x 7 x 1 3 . 
3. log ( 5 x 7 ) . 6. log 7 x 1 0 . 9. log ( 5 x 1 7 x 2 3 ) . 
4. log (7 x 11). . 7. log 13 x 10. • 10. log (7 x 19 x 23). 

NOT?:.—In ac tua l p rac t i ce wi th a t ab l e we find t h e n u m b e r correspond-
i n g to t h e l o g a r i t h m of t h e product , a n d t h u s obta in t h e p r o d u c t of t h e 
number s . 

4 3 7 . The logarithms above given will enable us to find 
the logarithms of many numbers of which the prime numbers 
are factors. Find the following: 

1. log 4. 5. log 20: 9. log 56. 13. log 1.15. 

2. log 6. 6. log 26. 10. log 85. 14. log .230. 
3. log 10. 7. log 30. 11. log 8.0. 15. log .380. 
4. log 15. 8. log 42. 12. log 115. 16. log .0035. 

D I V I S I O N W I T H L O G A R I T H M S . 

4 3 8 . Numbers are divided by means of logarithms by sub-
tracting the logarithm of the divisor from the logarithm of the 
dividend. 

1. Find the log. of 5 - 2. 
O P E R A T I O N . 

SOLUTION. F r o m P r i n . 4, Ar t , 426, t h e log. log 5 = 0.6990 
of t h e quo t i en t of 5 d iv ided by 2 equa ls log 5 log 2 = 0.3010 
m i n u s log 2 ; log 5 = 0.6990, etc. log (oh -2 ) = 0^3980 

Find by the logs, given in Art . 435 the logs, of the following: 



2. s T- 6. 3 1 0 . - f f 1 4 . 1 0 TT-
3 . 5 7- 7 . J - 7 

ST- i l . •4s-. 1 5 . 

4 . h 8. 1 2 . f t - 1 6 . 3X.5 2X.T-
5 . 9. 1 3 . .0 5 •TJuT" 1 7 . 2 x. 3 x. 0 5 

•7X.11 + 22 
NOTE.—For an exp lana t ion of t h e na tu re and use of t h e arithmetical 

complement see T r igonomet ry . 

P O W E R S A N D R O O T S W I T H L O G A R I T H M S . 

4 3 9 . The powers or .roots of numbers are readily obtained 
by logarithms, according to Pr in . 5, Ar t . 422. 

1. F ind fhe log. of 7s. 

S O L U T I O N . B y P r i n . 5 , A r t , 4 2 6 , l o g 7 S e q u a l s O PE RA T I O N . 

log 7 mul t ip l i ed by 3 ; log 7 = 0.8451; m u l t i p l y i n g log 7 = 0.8451 
by 3, w e h a v e ' 2 . 5 3 5 3 ; hence log 7S, or log 343 3 

- 2 . 5 3 5 3 . l o g 7 3 o r 3 4 3 = 2 . 5 3 5 3 

Find the logarithms of the following: 

2. 32. 6. 13®. 10. 3 . 14. 23 x 32. 

3. 5s. 7. 154. 11. 
2 

7\ 15. 32 .05®. 

4. 74. 8. 173. 12. .07*. 16. .073x.0142. 

5. I I 5 . . 9. 192. 13. .01*. 17. .09*+ .021*. 

NOTE.—Teachers who wish to g ive t h e i r pup i l s a knowledge of t h e use 
of t h e tables and numer i ca l computa t ion w i t h l o g a r i t h m s will find t h e 
subject presented in m y G e o m e t r y and Tr igonomet ry . 

E X P O N E N T I A L E Q U A T I O N S . 

4 4 0 . An Exponential Equation is an equation in which 
the unknown quant i ty is an exponent ; as, 

a* = b, bax = c, etc. 

4 4 1 . Such equations are most readily solved by means of 
logarithms. 

1. Given ax = b, to find x. 

S O L U T I O N . 

Given , 

T a k i n g log. of members , 

W h e n c e , 

a*=b. 

x log a = log b. 

log a 

2. Given 5*'= 10, to find x. 

S O L U T I O N . 

Given , 5 X = 10. 

T a k i n g log., x log 5 = log 10. 

log 10 1.000 W h e n c e , x = 
log 5 0.6990 = 1.4306. 

3. Given 5* = -J, to find x. 

S O L U T I O N . 

Given , 5 3 - f 
' l x 

Raising to x power, 52 = —. 

T a k i n g log., 2 log 5 - x log 7 - x log 3. 

2 log 5 
W h e n c e , 

Or , 

X = Z 

x = 

7 - log 3 ' 

2 x .6990 

. 8 4 5 1 - . 4 7 7 1 
= 3.7989. 

E X A M P L E S . 

4. Given 5X = 8, to find x. 

5. Given 42z = 8^, to find x. 

6. Given ax = be, to find x. 

7. Given a* = b2&, to find x. 

8. Given 5* = 30, to find xs 

Ans. «=1 .2918 . 

Ans. x = 0.5. 

Ans. 9-&*+loe<, 
log a 

, 2 log ¿» + 3 log c 
4 n s . x = ^ s—, 

log a 

Ans. x = 0.9464. 



. abx-c 7 x „ , . log (nrf+c) - log a 
9. Given • = d, to find x. Ans. x = — — , • 

n log b 
i log b 

10. Given ah2 = c, to find x. Ans. x = ° , . ' log c - log a 

^ , n n 4 log b -11 log a 11. Given amz+n = b, to find x. Ans. x = m Io a • 

log T) 
12. Given m°*n*=p, to find * 

13. Given a21 - 2a1 = 63, to find x. Ans. x = 

14. Given 32*+3* = 6, to find x. Ans. x = 0.6308. 
^ 1 „ , l o g i ( m ± Vm1 - 4) 

15. Given nx + - = m, to find x. Ans. x = . y . nx • log n 

16. Given a'+ b'J = 2m and ax-b" = 2n, to find x and y. 

A j n c r i H _(»» + » ) v _ l o g O ^ i L ) 
log a ' 7 log b • 

17. Given a? •= i f , and a;2 = ?/3, to find .r and y. 
A'ns. a: = 3§ ,y = 2\. 

18. In a geometrical progression, given a, r and s, to find n, 
Ans. See page 268. 

19. In a geometrical progression, given I, r and s, to find n. 
Ans. See page 268. 

20. In compound interest, if P represents the principal, 
R = l+r, the rate, A the amount, and t the time, show that 
A = P*R' = P(l+ry. 

21. From the above formula derive the following formulas: 

1. log A = log P+t log (1 +?•); 3. l o g ( l + r ) = ] ° g y i T 1 0 ^ 7 ' ; t 

2. log P = log A -1 log (1 + r ) ; 4. i = 

NOTE.—Exponen t i a l ^equat ions of t h e fo rm xx = a, cannot b e solved by 
e l emen ta ry a lgebra . N u m e r i c a l fo rms l i ke a;1 = 10 m a y be solved by 
p .ouble Posi t ion. 

S E C T I O N " X I I . 

PERMUTATIONS, COMBINATIONS, BINO-
MIAL THEOREM. 

P E R M U T A T I O N S . 

4 4 2 . Permutat ions are the different orders in which a 
number of things can be arranged. 

Thus, the permutations of a and b are ab and ba; the permu-
tations of a, b, and c, taken two at a time, are ab, ba, ac, ca, 
be, cb. 

4 4 ! l . Things may be arranged in sets of one, of two, of 
three, etc. Thus, the three letters a, b, and c may be arranged 
in sets as follows: 

Of one, a, b, c. 

Of two, ab, ac; ba, be: ca, cb. 

Of three, abc, acb ; bac, bca; cab, cba. 

NOTES.—1. I t is conven ien t to l e t P 2 r ep resen t t h e n u m b e r of p e r m u -
ta t ions w h e n t aken two t o g e t h e r ; Ps, t h e n u m b e r w h e n t aken t h r e e to-
ge the r , e tc . ; Pr, t h e n u m b e r w h e n t aken r toge ther . 

2. T h e t e r m permutations is somet imes res t r ic ted to t h e case w h e r e t h e 
quan t i t i e s a re t aken all toge ther , w h i l e t h e t e r m arrangements or variations 
i s g iven to t h e g r o u p i n g by twos, threes , etc., t h e n u m b e r i n t h e g r o u p 
be ing less t h a n t h e w h o l e n u m b e r of th ings . 

PROBLEMS. 

4 4 4 . To find the number of permutations or arrangements 
that can be formed of n things taken two at a time, three at a 
time, etc. 



. abx-c 7 x „ , . log (nrf+c) - log a 
9. Given • = d, to find x. Ans. x =——- , • 

n log b 
i los b 

10. Given ah2 = c, to find x. Ans. x = ° , . ' log c - log a 

„ , n n 4 log b -11 log a 11. Given a = b, to find x. Ans. x = m Io a • 

log T) 
12. Given m°xn*=p, to find A n s ^ - ^ - - ^ - j — . 

13. Given a21 - 2a1 = 63, to find a;. Ans. x = 

14. Given 32I+3* = 6, to find Ans. x = 0.6308. 
^ 1 „ , logA-(m± Vm1 - 4) 

15. Given nx + - = m, to find x. Ans. x = . y . nx • log n 

16. Given b'J = 2in and ax-b" = In, to find x and y. 

A n s - X ~ b g a ' V log b • 

17. Given a? •= i f , and re2 = ?/3, to find x and y. 
Ans. x = 3 f , 7/ = 

18. In a geometrical progression, given a, r and s, to find n, 
Ans. See page 268. 

19. In a geometrical progression, given I, r and s, to find n. 
Ans. See page 268. 

20. In compound interest, if P represents the principal, 
R = l+r, the rate, A the amount, and t the time, show that 
A = PxR' = P(l+ry. 

21. From the above formula derive the following formulas: 

1. log A = log P+t log (1 ; 3. l o g ( l + r ) = ] ° g y i T 1 0 ^ 7 ' ; 
t 

2. log P = log A -1 log (1 + r ) ; 4. i = 

NOTE.—Exponen t i a l ^equat ions of t h e fo rm xx = a, cannot b e solved by 
e l emen ta ry a lgebra . N u m e r i c a l fo rms l i ke a* = 10 m a y be solved by 
p.onl ' le Posi t ion. 

S E C T I O N " X I I . 

PERMUTATIONS, COMBINATIONS, BINO-
MIAL THEOREM. 

P E R M U T A T I O N S . 

4 4 2 . Permutat ions are the different orders in which a 
number of things can be arranged. 

Thus, the permutations of a and b are ab and ba; the permu-
tations of a, b, and c, taken two at a time, are ab, ba, ac, ca, 
be, cb. 

4 4 ! l . Things may be arranged iii sets of one, of two, of 
three, etc. Thus, the three letters a, b, and c may be arranged 
in sets as follows: 

Of one, a, b, c. 

Of two, ab, ac; ba, be: ca, cb. 

Of three, abc, acb ; bac, bca; cab, cba. 

NOTES.—1. I t is conven ien t to l e t P 2 r ep resen t t h e n u m b e r of p e r m u -
ta t ions w h e n t aken two t o g e t h e r ; PS, t h e n u m b e r w h e n t aken t h r e e to-
ge the r , e tc . ; PR, t h e n u m b e r w h e n t aken R toge ther . 

2. T h e te rm permutations is somet imes res t r ic ted to t h e case w h e r e t h e 
quan t i t i e s a re t aken all toge ther , w h i l e t h e t e r m arrangements or variations 
i s g iven to t h e g r o u p i n g by twos, threes , etc., t h e n u m b e r i n t h e g r o u p 
be ing less t han t h e w h o l e n u m b e r of t i l ings. 

PROBLEMS. 

4 4 4 . To find the number of permutations or arrangements 
that can be formed of n things taken two at a time, three at a 
time, etc. 



L e t a, b, C, d, . . •. . k r ep r e sen t n t h ings . 
F i r s t , if we reserve one of t h e n letters, as a, to p lace before each of 

t h e o thers , t h e r e wi l l r e m a i n n — 1 l e t t e r s ; and p lac ing a be fore each of 
t h e n — 1 let ters, t h e r e will be n— 1, in w h i c h a s t ands first; as ab, ac, 
ad, . . . . ale. S i m i l a r l y , if we p u t b before each of t h e o the r le t ters , 
t h e r e wi l l be n — 1 a r r a n g e m e n t s i n w h i c h b s tands first. S i m i l a r l y , t h e r e 
w i l l be ft — 1 a r r a n g e m e n t s in w h i c h c s tands first. Hence , s ince each of 
t h e ft le t ters m a y be first, in a l l t h e r e wi l l be n ( n — 1) a r r a n g e m e n t s of ft 
t h i n g s t aken two a t a t ime . 

Second, let us now find t h e n u m b e r of a r r a n g e m e n t s of t h e ft l e t t e r s 
t a k e n three a t a t ime. I f we re se rve one letter, as a, t h e r e r e m a i n ft—1 
l e t t e r s ; t h e n u m b e r of p e r m u t a t i o n s of »1 — 1 le t ters t a k e n two toge ther , 
f r o m w h a t has been s h o w n , i s ( f t — l ) ( n — 2 ) . P u t t i n g a be fore each of 
these, t h e r e will b e (ft— l ) ( f t —2) p e r m u t a t i o n s of n let ters t aken three to-
ge the r , in w h i c h a s t ands first. S i m i l a r l y , t h e r e a r e ( f t — l ) ( f t — 2 ) per-
muta t ions , in w h i c h b s tands first, and so for each of t h e n l e t t e r s ; h e n c e 
t h e w h o l e n u m b e r of p e r m u t a t i o n s of n le t ters t a k e n three t oge the r is 
n ( n - l ) ( n - 2 ) . 

S imi l a r l y , we find t h a t t h e n u m b e r of p e r m u t a t i o n s of n let ters t a k e n 
four a t a t i m e is ft(ft-l)(ft-2)(ft —3). F r o m these cases i t m a y be in -
ferred, by ana logy , t h a t t h e n u m b e r of p e r m u t a t i o n s of n t h i n g s t a k e n r 
a t a t i m e is 

ft(ft—l)(n-2)(n-3) . . . . ( ' . n - r - \ ) . 

4 4 5 . W e shall now prove that the formula for the permuta-
tion of n things taken r a t a time, derived above by analogy, 
is true. 

S u p p o s e i t to be t r u e t h a t t h e n u m b e r of p e r m u t a t i o n s of n l e t t e r s 
t a k e n r — 1 a t a t i m e is 

n(n-1) . . . . {«-(r^l-l)}, 
o r n(n— 1) . . . . (n- r - l + 1), 

t hen we can show t h a t a s i m i l a r f o r m u l a will g i v e t h e n u m b e r of p e r m u -
ta t ions of t h e le t t e r s t aken r a t a t ime . F o r , o u t of t h e n - 1 le t te r s 
b, c, d, . . . . w e can f o r m (Ar t . 444), 

( n - l ) ( f t - 2 ) . . . . ( f t - l - r - 1 - 1 ) , 

or, ( f t - l ) ( f t - 2 ) . . . . ( n - f ^ l ) , 

p e r m u t a t i o n s e a c h of r - 1 let ters, in w h i c h a s tands first. S imi l a r l y , we 

h a v e t h e s ame n u m b e r w h e n b s tands first, a n d as m a n y w h e n e s t ands 
first, a n d so on. Hence , on t h e whole , t h e r e a r e 

n ( f t - l ) ( n - 2 ) . . . . ( n - r ^ 1 ) 

p e r m u t a t i o n s of n le t ters t a k e n r a t a t ime . 

T h i s p roves t h a t if t h e f o r m u l a ho lds when t h e le t t e r s a r e t aken r—1 
a t a t ime, i t w i l l ho ld w h e n t h e y a r e t a k e n r a t a t ime . B u t i t has been 
shown to ho ld w h e n t hey a r e t a k e n three a t a t i m e ; hence i t ho lds w h e n 
they a r e t a k e n four a t a t i m e ; h e n c e also i t m u s t ho ld w h e n t h e y a r e t a k e n 
five a t a t ime, a n d so o n ; t h e r e f o r e t h e f o r m u l a ho lds un ive r sa l ly . 

NOTE.—The me thod of r eason ing e m p l o y e d i n A r t . 445 is ca l led Mathe-
matical Induction. I t is based on t h e p r i n c i p l e t h a t a truth is universal if 
when it is true in n cases it is true in n + 1 cases. I t is r ega rded as a va l id 
m e t h o d of demons t ra t ion , w h i l e t h e m e t h o d by ana logy or p u r e induc t ion 
is not . 

4 4 6 . To find the number of permutations of n things taken 
all together. 

I n t h e fo rn .u l a j u s t p roved p u t r=n, a n d we h a v e 

P „ = ft(ft-l)(n-2) . . . . 1. 

4 4 7 . For the sake of brevity n ( n - l ) ( n - 2 ) . . . . 1 is 
often written n, which is read " factorial n." 

Thus, [n denotes 1 x 2 x 3 * . . . . x n ; that is, the product of 
the natural numbers from 1 to n inclusive. 

4 4 8 . Any number of r things, or combination of r things, 
will produce |r permutations. 

F o r by A r t i c l e 446, t h e r t h i n g s w h i c h m a k e t h e g iven combina t ion 
can b e a r r a n g e d in j r d i f fe ren t ways. 

4 4 9 . To find the number of permutations of n things taken 
all together when some occur more than once. 

L e t t he re b e n let ters, and suppose a occurs p t imes, b occurs q t imes , 
a n d c occurs r t imes , t h e rest, d, e, f , etc., occur r ing but once. L e t N 
r ep resen t t h e r e q u i r e d n u m b e r of pe rmu ta t i ons . 

Now, if in any of t h e p e r m u t a t i o n s we suppose the p l e t t e r s a to be 
c h a n g e d into new letters, d i f fe ren t f r o m t h e rest , t h e n w i thou t c h a n g i n g 
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t h e s i tuat ion of a n y of t h e r e m a i n i n g let ters we could, f rom the i r inter-
c h a n g e wi th one another , p roduce \p p e r m u t a t i o n s ; hence if t h e p le t ters 
a were changed into p d i f fe rent letters, t h e whole n u m b e r of pe rmuta t ions 
would be Nx | p . S imi l a r ly , if t h e q le t ters b were also changed into q 
new letters, d i f fe ren t f r o m a n y of t h e rest, t h e who le n u m b e r of pe rmuta -
tions would be Nx px q. So also if t h e r le t ters c were also changed , 
t h e whole n u m b e r of pe rmuta t i ons would be Nx px\qx ?\ Bu t th i s 
n u m b e r would be equa l to t h e n u m b e r of pe rmuta t i ons of n d i f fe rent 
t h ings t aken al l t o g e t h e r ; t h a t is, to | n . 

Thus , Nx x x | r = jn . 
I n 

H e n c e N = — — . \px [gx\r_ ^ 

4 5 0 . To find the number of permutations of ll things when 
each may occur once, twice, thrice, . . . . up to r times. 

L e t t h e r e be n letters, a, b, c, . . . . T a k i n g them one a t a t ime, w e 
sha l l h a v e n a r rangements . T a k i n g t h e m two at a t ime , a m a y s tand 
before a, o r before a n y one of t h e r e m a i n i n g l e t t e r s ; s imi la r ly , b m a y 
s tand before b, o r before a n y one of t h e r e m a i n i n g letters, and so o n ; t hus 
t h e r e a r e nxn, or n2, d i f fe rent a r rangements . T a k i n g t h e m t h r e e at a 
t ime, each one of t h e n le t ters m a y be combined wi th t h e n2 a r rangements , 
m a k i n g nxn2, or n 3 in al l . S imi la r ly , when t h e le t ters a r e t aken r a t 
a t ime, t h e whole n u m b e r of pe rmuta t i ons will be nr. 

4 5 1 . I f the}' are taken n a t a time, or all together, r becomes 
n, and the number of permutat ions becomes n ' \ 

E X A M P L E S . 

1. How many permutat ions can be formed of the letters in 
t he word chair, taken three together? 

SOLUTION. H e r e n = 5, and r= 3 ; hence subs t i tu t ing in the f o r m u l a 

Ps = n{n-1) . . . . («. — r —1>), we h a v e 5 x 4 x 3 = 60. 

2. I n how many ways may the letters of the word home be 
wri t ten? # Ans. 24. 

3. I n how many ways can 5 persons ar range themselves at 
table so as not to sit twice in the same order? Ans. 120. 

4. I n how many different ways, taken all together, can the 7 
prismatic colors be arranged ? Ans. 5040. 

C O M B I N A T I O N S . 3 2 7 

5. T h e number of permutat ions of a set of things taken four 
together is twice as great as the number taken three together ; 
how many things in the set? Arts. 5. 

6. In how many ways can 8 persons form a circle by joining 
hands ? ' Ans. 5040. 

7. How many permutat ions can be made of t he letters of the 
word Caraccas, taken all together? Ans. 1120. 

8. How many permutations can be made of the letters of the 
word Mississippi, t aken all together ? Ans. 34650. 

9. T h e number of permutat ions of n things taken four together 
is six times the number taken three together ; find the value 
0 f n_ Ans. n = 9. 

10. T h e number of arrangements of 15 things, t aken r to-
gether, is ten times the number taken ( r - 1 ) together ; find 
the value of r. Am. r = 6. 

11. In how many ways can 2 sixes, 3 fives, and 5 twos be 
thrown with 10 dice? . L P 

" [2 18 ¡5-

12. In how many different ways can six letters be a r ranged 
when taken singly, two a t a time, three a t a time, and so on, 
unt i l they are taken all a t a t ime ? Am. 1956. 

NOTE.—Find t h e sum of t h e di f ferent permuta t ions . 

C O M B I N A T I O N S . 

4 5 3 . The Combinat ions of a set of things a r e the different 
collections tha t can be formed out of them without regarding 
the order i n which they are placed. 

Thus, the combinations of the letters a, h, c, t aken two together, 
are ab, ac, be; ab and ba, though different permutations, form 
the same combination. 

4 5 3 . Each combination of things when taken two together, 
as ab, gives two permutations; and when taken three together, as 
abe, gives 3 x 2 x 1 permutations. 



4 5 4 . In general, each combination or collection of r things 
gives r permutations. 

T h u s t l ie combinat ion abc g ives t h e pe rmuta t i ons abc, acb, e tc . ; t h a t 
is, t h e pe rmuta t i ons of t h r e e t h ings t aken al l together , w h i c h by Ar t . 446 
i s 3, or 3 x 2 x 1 . S imi la r ly , i t is seen t h a t t h e combina t ion of r t h ings 
g ives | r permuta t ions . 

4 5 5 . To find, the number of combinations that can be formed 
out of n things taken r at a time. 

T h e n u m b e r of permutations of n t h ings t aken '/• at a t ime is n(n— 1) 
. . . . n - ? ' ™ l ) ( A r t . 444), a n d each collection or combinat ion of r th ings 
produces | r pe rmuta t i ons ( A r t . 454 ) ; hence t h e n u m b e r of combinat ions 
of n th ings t a k e n r a t a t i m e equals t h e n u m b e r of pe rmuta t i ons d iv ided 
Ijy : )•; or , l e t t ing Cr represent t h e n u m b e r of combinat ions , we h a v e 

n(n-l)(n-2) . . . . (n-r^l) 

4 5 6 . If we multiply both numerator and denominator of 
the previous expression by \ n - r , we have 

In 
a - r n — r 

4 5 7 . The number of combinations of n things taken, r at a 
time is the same as the number of them taken n - r at a time. 

F o r t h e n u m b e r of combinat ions of ft t h i n g s t aken ft — r a t a t ime is 

ft(ft— l)(ft —2) . . . . (ft —ft—r— 1) _ 
' n—r ' 

that is, n(n-l)in-2) . . . . 
\n-r 

Mul t ip ly bo th n u m e r a t o r and denomina to r b y \r\ and we obta in 

C „ _ r = _ _ _ , which , by A r t . 456, i s t h e n u m b e r of combinat ions of ft 
\r n—r 

th ings taken r a t a t ime. 

4 5 8 . Hence in finding the number of combinations taken r 
together, when r > \n, the shortest way is to find the number 
taken (n — r) together. 

4 5 9 . To find the value of r from which the number of com-
binations of n things taken r at a time is greatest. 

T h e f o r m u l a • • • • ( » - m a y be wr i t t en iXZXoX . . . . T 

~ ft ft-l ft— 2 n—r-1-
i x ~ ~ 2 ~ x " " • " — F T -

Now, i t is seen t h a t t h e numera to r s of th i s f o r m u l a decrease f rom r i g h t 
to left by uni ty , and t h e denomina to r s increase by u n i t y ; hence at some 
poin t in t h i s series t h e factors become less t h a n 1 ; t he re fo re t h e va lue of 
CT is greates t w h e n t h e p r o d u c t inc ludes all t h e factors greater t h a n 1. 

Now, w h e n n is an odd number , t h e n u m e r a t o r and denomina to r of 
each fac tor wil l be a l te rna te ly both odd and both e v e n ; so t ha t t h e fac tor 
g rea te r t h a n 1, but neares t to 1, will be t h a t factor whose n u m e r a t o r ex-
ceeds t h e denomina to r by 2. Hence , in t h i s case t h e v a l u e of r mus t be 
such t h a t 

« —1 n — r—\=r+2, or r = —~. A 

W h e n ft is even, t h e n u m e r a t o r of t h e first factor will be even and t h e 
denomina to r odd ; t h e n u m e r a t o r of t h e second factor wil l be odd and t h e 
denomina to r even, and so on a l te rna te ly ; hence t h e factor g rea te r t h a n 
1, b u t neares t to 1, wil l be t h e factor whose n u m e r a t o r exceeds t h e denom-
ina tor by 1. Hence , in t h i s case t h e v a l u e of r mus t be such t h a t 

? , I N 
ft — r— l = r + l , o r r=~. Zj 

NOTE.—For o the r p r inc ip les of P e r m u t a t i o n s and Combina t ions see 
works on H i g h e r Algebra . 

E X A I H P L E S . 

1. How many combinations can be formed from the letters 
of the word Prague, taken three together ? 

SOLUTION. H e r e ft = 6 and ?•= 3 ; h e n c e subs t i tu t ing in t h e formula , 

^ ft(ft-l) . . . . ft(ft-r-l) 6 x 5 x 4 0 „ 
we h a v e C3 = j 7 i 7 2 ^ 3 = 2 ° -
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2. How many combinations may be made of the letters a, b, 
c, d, e,f, taken three together? four together? Am 20 ; 15. 

3. How many spans of horses can be selected from 20 horses ? 
How many double spans ? Ans. 190 ; 4845. 

4. How many combinations of 3 or of 5 letters can be made 
out of 8 letters ? Ans. 56. 

5. How many combinations can be made of the letters of the 
word longitude, taken four at a t ime? Ans. 126. 

6. How many combinations may be formed of 16 things taken 
• nj 5 at a time ? Ans. 4368. 

7. How many different parties of 6 men can be formed out 
1 <i! of a company of 20 men ? Ans. 38760. 

8. A guard of 5 soldiers is to be formed by lot out of 
20 soldiers; in how many ways can this be done? how often 

, : 2a will any one soldier be on guard? Ans. 15504; 3876. 
9. In how many different ways can a class of 6 boys be 

placed in a line, one being denied the privilege of the head of 
. the class? Aits. 600. 

10. The number of the eombinations of n things taken four 
together is to the number taken two together as 1 5 : 2 ; find the 
value of n. Ans. n = 12. 

11. The number of permutations of n things taken 5 at a 
time is equal to 120 times the number of combinations taken 3 
at a t ime; find n. Ans. n = 8. 

12. A and B have, each the same number of horses, and find 
that A can make twice as many different teams by taking 3 
horses together as B can by taking 2 horses together; how 
many horses has each ? J J I S . 8. 

T H E B I N O M I A L T H E O R E M . 

4 6 0 . The Binomial Theorem is derived on page 162 by 
induction ; we shall now demonstrate it by a more rigid method 
of reasoning called mathematical induction. 

- 1 0 1 . By actual multiplication we obtain 

(1) (x+a)(x + b) =x2 + (a-rb)x + ab. 
(2) (x + a)(x + b)(x + c) '= a:3 -r(a + b - c>r + (ab + ac+bc)x-f abc. 
(3) O + a)(:e + b)(x + e)(x + d) = x* + (a + b + e + d)x\ 

+ (ab + ac+ad + bc + bd + cd)x2. 
+ (abc + bed + cda + d,ab)x + abed. 

4 6 2 . Examining these results, we observe certain laws in 
the development: 

1. The number of terms is one more than the number of bino-
mial factors involved. 

2. The exponent of x in the first term is the same as the number 
of binomial factors, and decreases by unity in each succeeding 
term. 

3. The coefficient of ,v in the first term is unity. 
The coefficient of in the second term is the sum of the second 

letters, a, b, o, of the binomial factors. 
The coefficient of x in the third term is the sum of the products 

of the second letters taken two at a time. 
The coefficient of the fourth term is the sum of the products of the 

second letters taken three at a time, and so on. 
4. The last term is the product of all the second letters of the 

binomial factors. 

4 6 3 . W e shall now show tha t these laws always hold, what-
ever be the number of the binomial factors. 

Suppose t h e laws to ho ld for n - 1 factors, so t h a t 

(x + a){x + b) . . . . (x+7c) = xn-1+pxn-*+qxn-3 + rxn-i+ . . . . u, 
w h e r e p = t h e sum of the let ters a, b, c, . . . . k. 

2 = t h e sum of t h e products of these let ters t aken two at a t ime . 

r = t h e sum of t h e products of these le t ters t aken t h r e e a t a t ime. 

u = t h e p roduc t of al l these letters. 

T h e n mul t i p ly by ano the r factor, x + l, and a r r ange t h e p roduc t accord-
ing to t h e powers of x ; thus, 

(a;+a)(a: + 6)(a;+e) . . . . (x+k)(x+l) = xn+(p+ l)xn~l 

+ (q+2il)xn~- + (r + ql)Xn-s+ . . . . +ul. 
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3 3 2 P E R M U T A T I O N S , COMBINATIONS, B I N O M I A L T H E O R E M . 

Tl ie laws (1) and (2) evidently hold in th is expression. 

Now, p + l = a + 6 + e + . . . . k+l 

= t h e sum of the let ters a, b, c, . . . . k, I. 

Also, q+pl=q+l{a+b + c+. . . . + k) 
= t h e sum of t h e products of a l l t h e let ters 

a, b, c, . . . . k, I, t aken two a t a t ime. 

Also, r+ql=r+l(ab+ac+bc+ - . . . . ) 
= tlie sum of t h e products of a l l t h e let ters 

a, b, c, . . . . k, I, t aken t h r ee a t a t ime. 

Also, ul = the product of a l l t h e letters. 

Hence , if the laws hold for ft - 1 factors, they hold for ft factors. . Bu t 
i t has been shown that they hold fo r . f our factors; therefore they hold for 
five factors, and therefore for six factors, and so on. There fore they hold 
universal ly. 

4 6 4 . We shall now proceed to find the general formula for 
the expansion of (x+a) n . 

Let P , Q, It etc. represent t h e coefficients in t h e above formula , and 

we h a v e 

(a;+a)(a;+6) . . . . (x+k){x+l)=xn + Pxn-1 + Qxn~2 

+ Rxn~*+ . . . . + 7. 

H e r e P = t l i e sum of the let ters a,b, c, . . . . k, I, wh ich a re ft in 

number . 

Q = the sum of t h e products of these let ters taken two at a t ime, 

so tha t t he r e a re of these products, ah, ac, etc. 1 . U 

2 $ = t h e sum of the products of these let ters taken t h r ee at a t ime, 

so t ha t t h e r e are n ( ~ n ~ ^ ' " g — of these products, abc, 

abd, etc., and so on. 

V=abc . . . . kl. 

Now, suppose 5, c . . . . k, I a re each equal to a; then, 

Firs t , (x+a){x+b) . . . . (x+k){x->rl) equals ( cc+a ) " ; 

Second, P will equal a t aken n t imes, or na; 

Thi rd , cib, ac, etc. will each become a 2 , and Q will equal a- taken 
n(n— 1) . n(n-l) , 

\ 2
 t u n e s ' o r i . 9 a -

Four th , abc, abd, etc. will each become a?, and I I will equal a3 t aken 

i i i i ^ — £ 0 — ¿ t imes, or — ' a s ; and so on. 1 . 2 . O 1 . • O 
Fina l ly , abc . . . . kl will equal a t aken as a factor n times, or a" , 

and V will equal a " . Therefore , 

n ( n - l l ( n - 2 ) ( n - 3 ) a % „ _ < + + a „ 
1 . 2 . 3 . 4 

46*>. If in the formula a and x be interchanged, the develop-
ment will proceed by ascending powers of x; thus, 

( a + x ) n = a " + n d " ~ l x + ^ f t f t ^ + 

n ( n - l ) ( n - 2 ) ( n - 3 ) 

1 . 2 . 3 . 4 

4 6 6 . F rom the examination of this formula several laws 
will be observed, as follows: 

1. The sum of the exponents of a and x in each term, equals n. 
2. If x is negative, every odd power of x will be negative and 

the even powers positive ; thus, 

(a — x)n = a - + - etc. 

4 6 7 . The coefficient of the r t h term of the development of 
( a + x ) " is 

n(n - l ) ( n - 2) . . . . (n- r + 2) 
1 . 2 . 3 . . . . r-1 

For , the coefficient of t h e second term is ft, wh ich is t h e combination 
. , . ft(ft —1) , . , 

of ft things taken singly ; t h e coefficient of t h e th i rd t e rm is - 2 , wh ich 

is t h e combination of ft t h ings t aken t # at a t ime ; and general ly , t h e 



coefficient of the r t h term is t h e number of combinations of ft things taken 
r - 1 at a t ime, which , by Art . 455, is equal to 

n(n-1 ) ( f t - 2) . . . . ( r e - r + 2) 
I . 2 . 3 . . . . r — 1 

4 6 8 . This is called the general coefficient; and by making 
r = 2, 3, 4, etc., all the others can be derived from it. 

Thus , suppose we wish to find the 5th term of (a - x)~. H e r e r = 5 and 

n = 7 ; and the coefficient of the term required is j ' 2 ' 3 ' ' 4 ^ 3 5 ' a n c * t h e 

5th term is 35a zx*. 

4 6 9 . I n the expansion of (a + x)n the coefficients of terms 
equallij distant from the beginning and end are the same. 

F o r the coefficient of the r t h t e rm f rom t h e beginning is 

n(n-Jl)(n -2) . . . . (n-r+2) 
\r-l ' 

which, by mul t ip ly ing both numera tor and denominator by ¡ft— r + 1 

I ft 
becomes r — 1 ¡ft — r + 1 

T h e r t h term from the end is t h e (ft — r + 2 ) t h term f rom t h e begin-
ning, and its coefficient is 

ft(ft-l)( . . . . ) { f t - ( f t - r + 2 ) + 2} ft(ft-l) . . . . r 
Ift—r+1 ' Ift—r+1 

Mult ip ly ing both terms by I?— 1, th is becomes also 

| r — 1 ft—r+1 

4 7 0 . The expansion of a binomial can always be reduced to 
the case in which one of the two quantities is unity. 

T h u s (a+x)n = a" ( 1 + - = ct"(l +y)n, if ,'/ = W e m a y then ex-

pand (1+2/)", and mul t ip ly each term by a" , and thus obtain the expan-

sion of ( « + £)". 

4 7 1 . The sum of the coefficients of the terms in the expansion 
of (1 +«)" is 2". 

For ( l + £ ) " = l + ft£ + - y ~ 9
1 W + nx"~l + xn. Now, since 

th is is t rue for all values of x, i t is t r u e when x=l ; whence 

• ( 1 + 1 ) « = 2 » = l + f t + - ( p 2
1 } + » + 1 ; 

t ha t is, t h e sum of t h e coefficients is 2". 

4 7 ' 2 . The sum of the coefficients of the odd terms in the ex-
pansion (1+z)" is equal to the sum of the coefficients of the even 
terms. 

If we let x = - 1 . t h e expansion of (1 + a;)" becomes 

in which we have t h e sum of t h e odd coefficients, minus t h e sum of the even 
coefficients equal to zero; hence the two sums are equal. 

4 7 8 . Since the two sums are equal, each is one-half of 2" 
(Ar t . 471), or 2" -5- 2 = 2"_I . 

NOTES—1. I t mav also be shown tha t in t h e expansion oi'(a + x)n t h e 
middle term will h a v e t h e greatest coefficient when ft is even; and t h e two 
middle terms will h a v e equal coefficients when ft is odd, and be t h e greatest 
terms. 

2. Th i s demonstration of t h e binomial theorem is restricted to ft being 
a positive integer. T h e theorem is also t rue when ft is negative or fractional; 
but the demonstrat ion is too difficult for a work on e lementary algebra. 
W e shall assume tha t n is general, and give examples showing its appli-
cation. 

E X A M P L E S . 

1. E x p a n d (b+y)~2 . 

SOLUTION. I n t h e general formula (Art . 465) substi tute b for a, y for 
x, and — 2 for n, and we have 

+ - 2 ( - 2 - l j l z 2 ^ 2 ) 6 _ ^ 3 + e t t ! -
1 . 2 . 0 

Reducing, we h a v e (&+2/)-2 = ^ ~ § f + f i + e t c -



I ** 
» U 

I I 
u « » 

2. Expand (1+i/)5 . 

SOLUTION. I n t h e gene ra l f o r m u l a p u t 1 for a, y for x, and £ for n ; 
subst i tu te and reduce, a n d we h a v e 

(1 - f j ) * - 1 + iy - }y2 + T\y* - r | -tf + etc. 

3. Expand (1 + 2» - a?)*-
SOLUTION. P u t y for 2x- x2 ; t h e n ( l + 2 . r - a ; 2 ) I = ( l + 2 / ) I 

(1 +2/)i= 1 + iy — W+j\y3 ~ rhy1 + etc. 
= 1 + J ( 2 a s - x 2 ) - J ( 2 » - a ; 2 ) 2 + x V ( 2 a ; - a ; 2 ) 3 - T f ?(2a; - a;2)4 + etc. 

Reduc ing , ( 1 + 2a; - x2) % = 1 + x — x2+a;3 — fa;4 + etc. 

4. Expand (1 - a;)-1. Ans. 1 +x + x2+x?+x*+x?+ etc. 
5. Expand (1 + a)~2. Ans. 1 - \a + f a 2 - f^a3+-fëgci* - etc. 
6. Expand (1 - x)K 

. , x 2x2 2.5x> 2 . 5 . 8 a ; 4 

Ans. 1 - ö - 7T~f ~ » /» ^ - ^ 7, 77» - etc. 

7. Expand 
( 1 - x ) 2 . 

3 3 . 6 3 . 6 . 9 3 . 6 . 9 . 1 2 

Ans. a + 2aa; + 3ax? + 4aa;3 + 5aa;4+etc. 

x x 
8. Expand j/a2 — x2. Ans. a - — - • 

a* 5x3 

, - etc. 
2a 8as 16a5 128a' 

9. Wri te the coefficient of xr in (1 - x)~2, and coefficient of 

xr in (1 - a;)"4. 4 n s . r + 1 ; f ^ T g 

10. Wri te 4th term oî(x+2y)n, and 6th term of ( 3 x - y ) ~ § . 
. 4 n ( n - l ) ( n - 2V. . . 3 . 7 . 11 . 15 . 19 3 . 5 Ans. — —Jxn~y-, ^ — (Px) T-3 ~ * ' 45|_5 

11. Wr i t e the ( r + l ) t h term of (1 - x')~\ and the 5th term of 

12. Wri te the middle term of (a+a;)10, and two middle terms 

of (a + a;)9. 
LIP 

Ans. ,———a5.?5; 
L9 (a5a;44 a V ) . 

15 \ f ~ ' 14 I 5 

13. (1 + x - x2)* = 1 + 4x + 2a;2 - 8x3 - 5a;4 + 8,-c5 + 2x6 - 4a;'+x8. 
. x Sx2 3X3

 t 14. (l+a;+a; )^ = l + 2+—g- —-jg-, etc. 

15. I f the 6th, 7th, and 8th terms of (x+y) n a re respectively 
112, 7, and J, find x, y, and n. Ans. x = 4,y = -i-, n = 8. 
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