154 SUPPLEMENL TO SIMPLE EQUATIONS.

OPERATION 2D,
3x+5 3x -6
z+2 x—2

SoLUTION 2p. Clearing the equation of
fractions and reducing partly, we have (2);
transposing and uniting, we have (3); whence
we have (4). This apparent value of & can- 3¢*-&—10=3%*—12
not be verified, as the pupil may see hy sub- — &= —2
stitution. =2

2. Required a number such that its 1, increased by its L, is
equal to its 3§, diminished by its %.

Ans. ( %) Indeterminate.

3 Required a number whose £, diminished by 4, is equal to
the sum of its § and 1, diminished by 3.

Ans. (z=00). Impossible.

4. A and B dug a ditch for $20, A receiving $2, and B $3, a
day ; how many days did each labor, if they did not labor the
game number of days? Ans. Indeterminate,

9. Twenty years ago, A was 40 years old, and his son was
only } as old; now the son is 1 as old as the father; gaining
thus, when will the son be as old as the father? Ans. (z=o0).

6. Find a fraction such that if 2 be subtracted from the
numerator, or if 3 be added to the denominator, the resulting
fractions will equal 2. Amns. Indeterminate.

» 7. Required a number such that 4 times the number, dimin-
ished by 12, divided by the number minus 3, may equal 4
times the number, plus 9, divided by the number plus 3.

Ans. Impossible.

Nore.—The 6th reduces to the indeterminate form, although 4, §, 1
#te., will answer the conditions of the problem.

2
5

REVIEW QUESTIONS.

State the principles of Zero and Infinity. Define Generalization. A
General Problem. A Formula. A Negative Solution. State the prin-
ciples of negative solutions. Define the Discussion of a Problem. An
Indeteruinate Problem. An Impossible Problem, When is a problem
Imdeterminate? When in possible?

SR ET IO N NES

INVOLUTLON, EVOLUTION AND RADICALE

INVOLUTION.
206. Involution is the process of raising a quantity to any
given power. -
20'7. A Power of a quantity is the prod.uct obtained by
using the quantity as a factor any number of times. e,
208, An Exponent of a quantity is a numl'acr which indi-
cates the power to which the quantity is to be raised.
Thus, let @ represent any quantity ;
then, @ =a’, is the first power of a.
an = a?, is the second power of a.
aaa=d', is the third power of a.
aaan =, is the fourth power of a.
When the exponent is n, as o”, it indicates the mth power
of a. :
209. The Exponent (called also the Index) indicates how
many times the quantity is used as a factor. ‘
The Frest PoweR of a quantity is the quantity itself.
The SEconp POWER of a quantity is called its square.
The TaIRD POWER of a quantity is called its cube.

PRINCIPLES.
: iy
1. The square of a quantity ts the product obtain ed by using the
quantify as « factor twice. , e
2. The cube of a quantity is the product obtained by using the
quantity as o factor three times. i
3. All the powers of a positive quantity are posilive.
For, the square of a positive quantity is positive, since it is the prodt;:}t
: ; i i oaiti 51 b, i is Eal b
of two positive quantities; and its cube Is positive, since 1t 18 also the

produet of two positive quantities, etc. 155




156 INVOLUTION.

4. The EVEN powers of a NEGATIVE quantily are POSILIVE,
and the ODD powers are NEGATIVE

The square is positive, since it is the product of two negatn’e quantities;
the cube is negative, since it is the square, wnich is pestivve, multiplied by
the quantity, which is negative ; the fourth power is posttive, since it 1s the
cube, a negative, multiplied by the quantity, a negative; etc.

CASE L

210. To raise a monomial to a given power.

1. Raise 44’ to the third power.

OPERATION
4a*h
4a*h
16ctD®
4a’h
64a56°

Sorurion. ‘Multiplying 4a% by itself, we have 16a4?,
and multiplying the square by 42, we have 64a°52. Lx-
amining the result, we see we have the cube of the coeflicient,
and the letters of the given quantity with three times the
exponents which they have in the root.

Rule.—I. Raise the cogfficient to the required power, and mul-
tiply the exponent of each letter by the index of the power.

II. When the ﬂvoﬁnhlj 18 positive, the power will be positive ;
when the quantity is negative, the even powers will be positive and
the odd powers negative.

EXAMPLES.
. Square of 3ab™ Ans. 9a7b*,
Square of da'c’ Amns. 25a%",
. Square of — Ga’e® Ans. 86a'a®,

5. Cube of 3a’z.

Cube of —4a%,

Ans. 2Ta’2,
Ans. —644°%.
Ans. 81a*p™
Ans. 16a*me,
. Fifth power of — a?%*. Ans. — a'b%e®,
. Fifth power of 2a-%%". Ans, 320%™,

Sixth power of 2a’c. Ans. 644",
. Seventh power of — 2% Ans. —128a%c"

Ans. a'rdp¥e¥d-

Fourth power of 3¢
3. Fourth power of — 2a7c",

. Eighth power of — a™b%c—*d "

FRACTIONS.

14. nth power of a’b’".

—3.4

15. mth power of —2z% 2",
16. Value of (—2a°0%).
17. Value of (—a'"c)’
18. Value of (—2b6~*m™)"
19. Value of (—a™b™)"

QU‘ \ illue (Jf ‘\_:(.lub—fucm)n.

CASE

211. To raise a fraction

2

1. Find the third power of —--

C

SorurioN. Using the quantity three times as a

: aioar ol a
actoriwe laye—>c-—> - m—u
factor, we m s

157

//1 ns. (L?ﬁb:’\nc&nv

:,1_ 1S, 45 c)u J—')nz-hl_
Ans. —32a15".
Ans. a®b*c,

Ans. —12862m~™,

2.0
Ans, ot b6™ .

202 r}m

Ans. =™ b

1L
fo a given power.

OPERATION.

Rule.— Raise both numerator and denominator lo the required

power.

EXAMPLES,

: ) 2
2. Square of —:

o0

S
3 Square of Ir

S (
Cda .

2ac’

. Cube of _{—i
3x

:_)\G,Q(‘?l

. Square of —-

4. Cube of

1 C

(n

am’

z“

. Fourth power of
. Fifth power of

Sixth power of ———

14

Ans.

a&u- 11’63 ;
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10. Second power of -

a'ble "

e

ui’ri)k

11. Third power of

. Find value of

’H?.I,
O.',”b T

: ( = @h="
2 W\ n nf —3n
4. Find value of ( i ) Ans: RO

Find value of

Oed 2rerdn
.
@\ ™ am‘(r\—?]
e when m is even.  Ans. — .
g

(= 2)

C

. Find value of

a™hiet\™
—— |» When m is odd.
u/) ? =) 2

Ans. —-

bmn 3J .!m

- . ; . " (2 — \
17. Find the square of the fraction _,F 2)
@ (w— ‘3)

. Find value of

My — 2)2

Ans. & =
(x—3)*
@—b)

@ —ba'+6a

18. Find the cube of the fraction

a+2)

(2—3)°

Ans.
CASE TIL
212. To raise a polynomial to any given power.
1. T: find the square of a+b.

SoLuTiON. (@+b0)*=
be equal to a®+2ab+ b2

(@+b6)(a+b6), which by multiplying we find to

Rule.—Find the product of the quantity taken as a factor as
any times as there are wnits in the exponent of the power.

POLYNOMIALS.

EXAMPLES.,
Square of z—1. Ans. 2t - 2241

. Cube (f a—ec. Ans. @ -8a’c+8ac*— &
4, Square of 2a*— 3e. Ans. 4ot —12a%+ 96
. Cube of 1—=a. Ans. 1 —3x+3z"—ab.
5. Cube of 2a—b% Ans. 8a®—12a°b°+, ete.
. Fourth power of a—b. Ans. o —4a’b +6a°0* —, ete.
3. Fourth power of 2a—¢ Ans. 16a* —3Za’c*+, ete.
. Square of a—b+e. Ans. a®— 2ab+b*+ 2ae — 2be + ¢
0. Squareof o’ —2b+¢’. Ans. o — 4a’b +4b*+ 2a%c* — 4bc* + ¢,
. Cube of a+b+e.
Ans. a®+3ah +3ab®+ b+ 3a’e+ babe + 3b%e + 3ac® + &+ ¢,
. Cube of 2a—3b%+¢.
Ans. 8a®— 36ab® + bdab* — 27H° + 12°% — 36abe® + 270
+ Bac® — 9b%° + &,

CASE IV.
213. Special methods of sguaring a polynomial.
1. Find the square of a+b+e+d.

SorLuTioN. Sguaring the polynomial by

A ; OPERATION.
actual multiplication, and arranging the

(a+b+e+d)=
@+ 0P+ d?+ 2ab+ 2ac+
2ad+2bc+2bd + 2ed.

terms, we shall have the square as written
in the margin. Examining this, we see a
certain law which may be stated as fol-
fows:

Rule.—The square of a polynomial equals the square of each
term and twice the product of the terms taken two and two.

Norrs.—1. The rule may be briefly stated thus: The square of every one,
fwice the vroduct of every two.
The pupils will readily solve the given problems mentally »y means
of this rule.




INVOLUTION.

EXAMPLES.

. Bquare of a+b+e. Ans. 0’ + 0"+ c*+ 20b + 2ae+ e
Square of a+b—c+d.
Ans. o+ 6"+ +d>+ 2ab — 2ac+ 2ad, ete
. Square of w—a+y—=.
Ans. w'+2* 4y + 2 — Quz + 2uy — Quz, ete.

. Square of a+b+e+d+e.
Ans. @' +b*+c*+d*+ >+ 2ub + 2ac, ete.

. Square of a+b+c+d+e+f+
Ans. &+ +e +d*+et+f2+g7, ete.
Square of 2a+3b+4c+d.
Ans. 4a°+9b* + 16¢*+ d*+12ab + 16ac, ete.
. Square of [—m+n—o+p—q+r.
Ans. P+’ +n'+ 0+ p*+ ¢* + > — 2m, etc.
. Square of a+b—e—d+e+f—g—h+i+j.
Ans. a®+ 0+ +d + '+ + g, ete.
10. Square a polynomial consisting of the letters of the alpha
pet to m. Ans, @+ 0+ +dP+ e + 1+ g7, ete.

2284, Seconp MErHOD.—Arranging the terms in another
order and factoring, we have the following :
(a+b+et+d)’ =a+2ab+b"+2(a+b)e++2(a+b+e)d +d
Stating this in ordinary language, we have the following
rule:

Rule.—The square of a polynomial equals the squars of the
Jirst term, plus twice the product of the first term into the second,
plus the square of the second, plus twice the sum of the first twe
terms into the third, plus the square of the third, ete.

213. Troirp Merron.—Still another form is the following,
which pupils may translate into common language:

(a tb+c+d)’ = a’+(2a0+0)b+[2(a+b) +¢lo+ [2(a+b+¢) +d]d

POLYNOMIALS.

CASE V.
216. Bpecial method of cubing a polynomial.
1. Find the cube of a+5
SorvrroN. Cubing the poly- OPERATION.
nomial by actual multiplicatior (@a+b+e)’=
a?+3a*h+3ab®+ b+ 3a’c+Babe
+3b%+3act+3bct+¢;

we have the expression (1).
toring a part of this expre
we have the cube in the fc a®+3azb+3abi+ b® + 3(a + b

3

expression (2). Examining + 3(a+b)c+ct.

last expression, we perceive a
law in its formation which may be expressed as follows:

Rule.—T'he cube of a polynomial equals the cUBE of the FIRST
term, plus THREE times the SQUARE of the FIRST inio the SECOND,
plus THREE times the FIRsT into the sQUARE of the SECOND, phus
the CUBE of the SECOND; plus THREE times the SQUARE of the
SUM of the FIRST and SECOND info the THIRD, plus THREE times
the sUM of the FIRST and SECOND info the SQUARE of the THIRD,
plus the CUBE of the THIRD, ete.

L
EXAMPLES.

2. Cube b+e+d.  Ans. b°+3b%+8bc+6+8(b+¢)’d+,ete.
Cube z+tyt+z.  Ans. 2°+,etc., +3(w+y)%+3(z+y)2*+
Cube a+b+c+d.

13, o’ +,ete, +3(a+b+e)'d+3(a+b+e)d +d
. Cube a+b+c+d+e.
Ans. @+ ete., +3(a+b+e+d)’e+3(a+b+e+d)e*+ ¢
Cube @+b0—c+d—e. Ans. @+, ete., +3(a+b—c+d)e— .
Cube 2*— 2y +7.
2

Ans. o — 62ty +122%" - 8P+ 8(2® - 2y)%+, ele.

Nore.—In solving the 7th, expand ¢+b+¢, and then substitute = for

a, —2y for b, and : - ¢, or involve it directly.

217. AxoraEr Form.—The formula for cubing a poly=o-
mial may be put in another form, which is sometimes more con-
venient, as follows:

(a+b+e)=d’+(3a®+3ab+b)b+[3(a+b) +3(a+ble+cle
14 ®




INVOLUTION.

THE BINOMIAT: THEOREM.

218. The Binomial Theorem expresses a genera: method
of raising a binomial to any power.

219, This theorem affords a much shorter method of raising
pinomials to required powers than the tedious process of multi-
plication,

Nore.—The Theorem was discovered by Sir laae Newton. Tt was con-
sidered of so much importance that the formula expressing it was engraved
upon his monument in Westminster Abbey.

¢ 2220. To derive the binomial theorem, we will raise twe
hinomials to different powers by actual multiplication, and
then examine these powers to discover the law of their
formation.

T.et us raise a+b to the 2d, 3d, 4th and 5th powers,

a +b
a+b
a'+ab
ab+b*
@'+ 2ab+b*
a +b
&’ + 20’ + ab®
a’b+2ab*+ b
3d power, &’ +3a’b+ 3ab+b°
o +b
0t +8a%D + 3ab* + ab®
a’b +3a’6* + Bab® + b
4th power, o' +4a" + 64’0 +4ab’+b*
a4+ b
& +4a*b + 60°6*+ 4B + ab*
. afb 40’ + 60’0’ + dab' +8°
Bth power, o +5a'b+10a"%+ 10670 + bab* +b?

THE BINOMIAL THEOREM, 163

Raising a - b to the 2d, 3d, 4th and 5th powers, we have—
(a—b)'=a’—2ub+b*;
(a—b)*=0a>—3a’b+3ab®—b°;

(a—0)* =a*— 40’0+ 600" — 4ab® + b*;
(@—b)° = a® — 5a’b+10a°0? — 10a°6* + Hab* — b5

In deriving a law from these examples there‘are five things
to be considered :

1st. The number of terms; 2d. The signs of the terms;
3d. The letiers in the terms; 4th. The exponents of the letters;
oth. The coefficients of. the terms.

I. NumBER oF Terys.—Examining the results in the given
examples, we see that the second power has three terms, the third
power four terms, the fourth power five terms, the fifth power
siz terms; hence we infer tha

The number of terms in any power of a binemial i3 one greater
than the exponent of the power.

II. Siens oF THE TERMS.—By examining the signs of
the terms in the different powers, we infer the following
principles :

1. When both terms of the binomial are positive, all the terms
will be positive.

9. When the first term 1s positive and the second negative, all
the opD terms, counting from the left, will be POSITIVE, and all
the EVEN terms will be NEGATIVE.

ITI. Tae LEerrers.—By examining the letters in the differ-
ent powers we infer the following principle:

The first letter of the binomial appears in all the terms excepl
the last; the second letter appears in all except the first; and their
product appears in oll except the first and the last.

IV. Tee ExroXeNts.—By examining the exponents of
the terms in the different powers, we infer the following
principles :

=




164 INVOLUTION.,

1. The exponent of the leading letter or quantity in the first
berm is the same as the exponent of the power, and decreases by
unity in each successive term toward the right.

2. The exponent of the second Ietter or quantity in the secona
term 1s one, and increases by unity in each successive term toward
the right, until in the last term it is the same as the exponent of the
power,

3. The sum of the exponents in any term is equal o the expo-
nent of the power.

V.. TaE Corrricients—By examining the coefficients of
the terms in the different powers, we infer the following prin-
ciples:

1. The coefficient of the first and the last term 4s 1.

2. The coefficient of the second term is the exponent gf the
_pG'EL‘G?‘.

Thus, in the second power it is 2; in the third power, 3 ; in the fourth
power, 4; and in the fifth power, 5.

8. The cocfficient of any term, multiplied by the exponent of the
leading letter in that term, and divided by the number of the term,
equals the coefficient of the next term.

Thus, in examining the powers of @+ or g—b, we see that in the 4th
power the coeflicient of the second term, 4, multiplied by 3, the exponent
of @ in that term, and divided by 2, the number of the term, equals 6,
the coeflicient of the following term; in the 5th power we have 5, the
coefficient of the 2d term, multiplied by 4, the exponent of @ in that
term, and divided by 2, the number of the term, equals 10, the coefficient
of the 3d term; also 10, multiplied by 3 and divided by 3, equals 10,
the coefficient of the 4th term, ete.

Nores—1. We see that the coefficients of the last half of the terms
when even, or the terms after the middle when odd, are the same as the
coeflicients of the preceding terms, inversely; hence we may write
the coefficients of the terms after the middle term without actual eal-
culation.

2. The above method of deriving the Binomial Theorem is by observa-
tion and induction from particular cases, For a moré rigid demonstration
see Supplement, page 330. ‘

THE BINOMIAL THEOREM.

EXAMPLES,

1. Raise z— g to the fourth power.

SoLUTION.
Letters and exponents, 2t 2%y a%® «p® gt
Coeflicients and signs, 1 . —4 +6 —4 +1
Combining, xt— 4ty + 6%y — 4yt -+t

Nore.—In practice, we first write the literal part of the development,
and then, commencing at the first term, insert the coeflicients with their

BlgnSs.

2. Develop (a+2)% Ans. o*+3a’z+3aa® +2°.

3. Develop (a+o)" Ans. a*+4d’e+06a’c*+4acd +c's
4. Develop (a¢—b)’.
Ans. @ —5a'd + 100 — 10070 + Hab* — b°.
5. Develop (z—1)°.
© Ans. a®—62%y + 152ty — 202%° + 1527yt — 6arf +45.
. Develop (a+b)". .
Ans. @'+ Ta®h+ 2166+ 354°0° + 35a°0* + 21a%0° + Tad®
+b%
. Develop (a— )%
Ans. o — 8a’w + 28a®c® — 56a°D® +
+28a’z® — 8as” +2°.

T0a'z* — 56’2

. Develop (1—=)°
Ans. 1—6x + 152 — 202 + 152* — 62° + a8,
). Develop (a—-c)’
Ans. @ — 9a% + 36d’¢ — 844’ + 1264°¢* — 126a'e
+ 844’ — 36a’c’ + Jac® — .
10. Develop (a+ec)".
Ans. @+ 10a% + 45a°%¢ + 12047¢ + 2104°c* + 252a°°
+210a*c®+ 120a%e" + 45a’c® + 10ac’ + ¢,
11. Develop {a¢+z)".
n(n—1)(n—2)

nn=1) .

ek 5 v L

B 2 %8
Ny e i i

Ans. a*+va® 'z + 2%+
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BINOMIATS, WITH COEFFICIENTS AND EXPONENTS.

SBR[, T i i
./..Wl. The Binomial Theorem can also be applicd to hino
mials when one or both terms have coefficients and exponents,

1. Raise 24%+3b to the fourth power.

SoLuTION.
Let 20 =m and 85 =n; then m+n will equal 2¢2+ 35.
We have  (m-+n)t=mi+4mdn+6m2n2 + dmnd+nb,
Substituting, (2a2)*+4(2a2)%35 + 6(2c)%(30)7+4(2a?) (35)2 + (3b)*
Reducing, 1608+ 96050 +216a4b2 + 216255~ 3154 .

Nore—Tt can also be solved by writing the second expression directly
=nd then reducing, without making the substitution.
Te 3
2. Develop (22— 3bY. Ans. 8a®—36a%b+54al® — 278",
3. Develop (u*+3x)% Ans. a®+ 1208+ 5dats? + 1085 + 81at
4. Develop (4a— 3a%2*),

S .
Ans. 64a® — 14402 + 108055 — 27452,

o) 4 A g 3 2 3
5. Develop (’r - —). Ans. z*— &~+ bz ¥
¢

c

,L,\fl
6. Develop (a"—‘—).
a
bt 2

T 2002 - =
Ans. ¢ —5a'z+10a4 — 10022+ 22 _ %,
2

i e
7. Develop (?z — :) : Ans. 8124 —1082%+ 54 — 12 + L

i

8. Develop (3o — 2c)%.

e e B e
Ans, ¥ _8dk B¢ 20a’: 40ac' 326

00 N T e T e e
9. Develop (n*—n-7. “d 81 243

Ans. 02— 6n°+1b6n — 20+ 1504 — 6241

10. Develop (14 3x)

L1410z, 450° 18507 405zt 2437
‘ i

o +
2 4 16 32
.
Ans. 64a'%® — T68aMa%" + 384001 %5 - -, ete.

11. Develop (2% — 4az")"

BINOMIAL THEOREM APPLIED TO POLYNOMIALS.

APPLIED TO POLYNOMIALS.

2322, The Binomial Theorem may also be applied to poly-
nomials by regarding them as binomials.

1. Find the second power of a+b+tc+d.

SOLUTION.
Let t=a+band y=c+d; then (z+y)*=(a+b+c+d)
By the Theorem, (z-+y)?=x"+2xy+¥
Substituting, (a+b) a+b)(e+d)+(e+d)r
Expanding, a4 2ab + b+ 2ac+2be+ ¢+ 2ad + 2bd + 2ed + dP,

2. Expand (a—b+c¢)’. Ans. a® —2ab+b*+2ac— 2bc -+,
3. Expand (a+b—¢)’.
Ans. @ + 3a%h + 3ab® + b* — 3a’e — Babe — 3b% + 3ad?
+ 3be? — .
4. Expand (a+b+c+d)™.
Ans. a®+3a%h + 3ab® + b%+ 3a’c+Babe+ 3b’e+ Bac’ + 3be?

+&+, ete.

MISCELLANEOUS EXAMPLES.

1. Prove that the square of the sum of two numbers exceeds
the square of their difference by 4 times their product.

9. Show how much the square of the sum of two numbers
exceeds the product of their sum and difference.

3. What is the difference between one-half the square of a
number and the square of one-half a number?

4. Prove that the difference between the squares of two con-
secutive numbers equals twice the less number, plus 1.

5. If two numbers differ by unity, prove that the difference
of their squares equals the sum of the numbers,

6. Of three consecutive numbers, what is the difference be-
tween the square of the second and the product of the first and
third ?

7. Prove that the sum of the cubes of three consecutive
numbers is divisible by the sum of the numbers.




EVOLUTION,

EVOLUTION.

223. Evolution is the process of extracting the root of a
quantity.

224. A Rootof a quantity is one of its several equal fac-
tors; or, it is a quantity of which the given quantity is a power,

223. The Square Root of a quantity is one of its fwo equal
fuctors; the cube root is one of its three equal factors, ete,

226. The Symbol 1/, called the radical sign, indicates the
root of a quantity; thus, /4 indicates the square root of 4; 178
indicates the cube root of 8.

22227. The Index of the root is the figure placed above the
radical sign to denote what root is required.

2228. A Fractional Exponent is also used to indicate a

o . 11, . s
root of a quantity ; thus, a? indicates the square root of a;
Sldo : o
8% indicates the cube root of 8.

229, In fractional exponents the numerator indicates a
power and the denominator a root of the quantity ; thus,

2 e A
a® =y”a’, or the eube root of « squared ;
n

=1 i m - x L
@ =y/a", or the nth root of the mth power of a.
230. A Perfect Power is a quantity whose required root
can be exactly obtained. An Imperfect Power is a quantity
whose required root eannot be exactly obtained.

PRINCIPLES.
L. The odd roots of a positive quantity are positive.
For, the odd powers of a positive quantity are positive, while

vowers of a neg;n.i ve quantity are negative, Thus, PIE 57

he odd
2,and :

2. The even roots of a positive quomtity are etther positive or
negative.

For, the even powers of either a positive or a n
tive; thus, (+3)?=9 and (—3

tive quantity are posi-
=9; hence, V9= +3 or —3; also,

v a*=+a or —q, since (+a)? and (—a)? both equal a2

Nore.—The symbol £ means plus cr minus

; thus, y/a?= 4+ ¢ is read
the square root of a2 is plus or mmus .

ROOTS OF MONOMIALS.

3. The odd roots of a negative quantity are negative.

For, the odd powers of a negative quantity are 1'wg;1Li\')c_] while all the
powers of a positive quantity are positive. Thus,  —8= —2 and
& —i=—a.

4 The even roots of a negative quaniity are impossible.

For, the even powers of both positive and negative quantities are p(lmi-
Yive; hence no quantity raised to an even power can praoduce a negative
quantity. Thus, /' —4, ¥/ —16 and 3/ — ¢, are all impossible.

Nore.—The expression of the even root'of a negative quantity is called

an lmaginary Quantity.

CASE L

231. To extract any root of a ;E:Uiumm:].

2332, The methods of extracting the roots of monomials are
derived from those of involution, the one being the reverse of
the other,

PRINCIPLES.

1. To find any root of a monomial, we extract the root of the
numeral coefficient and divide the exponents of the letters by the
tndex of the root.

This is evident, since in raising a monomial to any power we raise the
coefficient to the required power and multiply the exponents of the letters
by the index of the power. (Art. 210.)

= i e ' il ey a, +h

9. To find any root of a fraction, we extract the root of both
ferms. &

“This is evident aince to raise a fraction to any power we raise both

terihs to the required power. (Art, 211.)
: P At
1. Find the square root of Ja’h*

SoruTioN. Since to square a monomial we square P AmToN
the coefficient and multiply the exponents of the let- OB — L3
ters by 2, to find the square root of a monomial we )
reverse the process, and extract the square root rft the c:(»ofﬁt;!c-ni and
divide the exponents of the letters by 2. Doing this, we have 3ab? and

41 ; (Prin, ¢ 't 23 Jence, 1/9a20* eqnals == 3abt
this is plus or minus (Prin. 2, Art. 230). Hence, 1/9a%0! eqnals £ 3ab
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2. Find the cube root of 84

BOLUTION. Bince extracting the cube root of a quan-

e Tty . OPERATION,
tity is the reverse of raising it to the third power, we ex-
tract the cube root of the coeflicient 8, and divide the
exponents of @ and & by 3, and we have 20?6 ; and the sign is plus
{(Prin. 1, Art. 230).

7 8aSh® =2a%h

Rule.—T Eutract the root of the numeral coefficient and ivide
the expanents by the index of the root.

IL. Prefiz the doubie sign, =, to all even roots, and the mini s
eign to odd roots of negative quantities.

EXAMPLES.
3. Square root of 164" Ans. 4B,
4. Square root of 252%7 Ans. +ba'y.
Cube root of 274°6°. Ans. 3a’b".
Cube root of — 64a’2, Ans. —4daa?,
Fifth root of — 32a%"". Ans. - 2ac’,

. Fifth root of — 248a™2%2®, Ans. - 3a%a®
). Cube root of 216a%2%. Ans. Baz*p.
Ans. £12a75"¢.
Ans. +847b%,

Cube root of 125a%%"2". Ans. 5a¥s

Square root of 144ab* ¢,

. Square root of 64ab’c".

Value of 17 (a’c"™). Ans. a¥cix.
4. Value of 17 (16a"). Ans. =2a75™,
Value of (o™ ]}[1_ Ans. a’’.
Value of (%a“n;‘"‘}'i'_

16a®

cfea

g
=

Square root of

o
|
tion | rofn

a?

bo

. Cube roct of —
zim
: 64a™
. Cube root of ———-
125c™

i

Value of 1/ (a"¢™2%™).

BQUARE ROOT OF POLYNOMIALS,

CASE II.
..
233. To extract the square root of a polynomial.
$234A. The method of extracting the square root of a
polynomial iz derived from the law for the square of a poly-
nomial.

1. Find tke square root of a?+2ab+-b2

SorurioN. The first term, @” is the square OPERATION.
of the first term of the root, hence the first term
of the root is the square root of ¢? which is e.

2+ 2ab+62 |a+b
au ab+b6* |a
s 3

e 5 > s 2a 2ab+ 06*

nomial, we have 2ab+ 5% which equals twice the 155 :
o 7 o RS ;o 2gLth! 2ab+ b
Jirst term, plus the second term, multiplied by the =* 1
second ferm (Art. 214); hence, if we divide by

twice the first term of the reot, we will obtain the second term. Dividing
by 2a, we have b, the second term of the root; adding & to 2a, the trial

Squaring ¢ and subtracting it from the poly-

divisor, we have 2a+5 ; multiplying by b and subtracting, there is no re-
mainder. Hence, the square root of a?+2ab+b6%1s @ +0.
2 I L X 2 ¢ 13 2 n | 1 2
2. Extract the square root of o+ 2ab-+ 20+ 2ac+2be ¢,
SoruTioN. Proceeding as
in Prob. 1, we obtain the first : el
of ! a? +2ab +b*+2ac+2be+c? [atbte
two terms of the root, @+, i — .-
e Sy z 4 o -
with a remainder 2ac+2bc¢ 5,75
‘ S : 9 2ab +D?
+ ¢t This remainder equals =% SE *; ’Q
. iy v © 1 & +
twice the sum of the first and 2@T0 | 200 “'7'

OPERATION.

second terms, plus the third 2a+2b | 2ac+2bc+e?
term, multiplied by the third 2a+2b+c| 2ac+2be+c?
term (Art. 215); hence, if

we divide by twice the sum of the first and second terms, we will obtain

the third term. wice a+b are 2a+20; dividing the remainder by

T
2a-+ 2b, we obtain ¢, the third term. Adding ¢ to the trial divisor, we
have 2¢+26+¢; multiplying by ¢ and subtracting, nothing remains.

ITence, etc.

Rule.—I. Arrange the terms of the polynomial with reference
to the powers of some letter. :

I1. Euxtract the square voot of the first term ; write the result as
the first term of the voot; subtract the square from the given poly-
nomial, and bring down the next two terms for a dividend
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IIL. Double the root already found, for « trial divisor; divide
the first term of the dividend by the result ; annex the quotient to
the root and also to the trial divisor Jor a complete dr'ce'.:m'. Mul.
tiply the complete divisor by the second figure of the root, and sub-
iract the product from the dividend.

LV. If there are other terms of the polynomial remaining, pro-
ceed in a similar manner until the work is completed.

Nores.—1. If the first term of any remainder, when properly arranged,
is not divisible by double the first term of the root, the polynomial is not
& perfect square.

2. When the trial divisor consists of two or more terms, it is necessary
to divide only the first. term of the dividend by the first term of tha
divisor. 3

EXAMPLES.

Find the square root—
3. Of a*+4a+4. Ans. a+2.
Of o —4ac+4¢. An

Of 4a*— 12qa+ 9% Ans. 20— 3z.

8. @—

Of 2* —zy+ 1y Ans. z—3y.
Of o’ +2a™b"+ b, Ans, a*+ b,
Of @®+b+c*+2ab + 2ac+ 2be., Ans. a+b+e.
Of @?+2?+2*— Zaz— 2a2+¢

Of a®+4ab+4b*— 2ac— 4be+ct.

. Of &*—4dac+4¢*+6a—12¢+9.

Ans. a—z—2z
Ans. a+2b—e.
Ans. a—2c+3.

Of ¢—2a%b+ b+ 2a3b% — 2ab% + 5. Ans. at—ab+bh
13. Of m*+4m’n+ 10mPr2+12mnl+ Int.  Ans. m>+ 2mn+3ns.
14. iy — 249+ % Ans. 22—4+3y.
15 - 2408
Ang. 1 —2n+3n—"4n

16. Of o+ da'a® + da’st + 2" — 4Pz + 4a*a’ — 20°2® — 8a8® -+ 4oyt
—daa®,

SgUA RE ROOT OF NUMBERS,

SQUARE ROOT OF NUMBERS.

2385. The method of extracting the Square Root of Num-
bers is most satisfactorily explained by Algebra.

PRINCIPLES.
1. The square of a number consists of twice assmany figures as
the number, or of twice as many less one.
Any integral number between 1 and 10 consists of 1e—1

one figure, and any number between their squares, 1 102=100
and 100, consists of one or two figures; hence the square  1002=10,000
. . . 7
of a number of one figure is a number of one or two 1000°—1,000,000

figures. Any number between 10 and 100 consists of

two figures, and any number between their respective squares, 100 and
10,000, consists of three or four figures; hence, the square of a number of
two figures is a number of three or four figures, ete. Therefore, ete.

9. If a number be pointed off into periods of two figures each,
beginning at units’ place, the wumber of full periods, together with
the partial period at the left, if there be one, will equal the number
of places in the square root.

This is evidert from Prin. 1, since the square of a number containa
twice as many places as the number, or fwice as many, less one.

8. If we represent the units by , the tens by t, the hundreds by
h, the thousands by T, we will have the following formulas :

(E+u) =+ 2tu+u’;
(h+t+30)" =R+ 2ht+ 2+ 2(h+Eyu+u’;
(T+h+t+w)? = T+ 2Th+h*+2( T+ k)t + 8+ 2( T+ h+Du-+,

1. Extract the square root of 2025.

SoruTION. Separating the number into OPERATION.
periods of two fig ch, we find there *+2fut+u?= 2025 ( 40
are two figures in the root (Prin. 2) ; hence  §#=40° = 1600 5
the Toot consists of fens and units, and the Ot Lyt = 425 45
number equals the square of the tens, plus  2t=40x2=80
tizice the lens tndo the units, plus the square wu = 5
of the units. (2t + u)u =85x5—

The greatest number of fens whose square FroRe
ia contained in 2025 is 4 tens; squaring the tens and subtracting, we have

15%
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B
iZ) which equals twice the tens into the units, plus the square of the units
ow, since {ui ‘
ce the tens into the umis is generally greater than the unifs
wnto the wnits, 425 consists principally of fwice the tens into the w

e B e o / hence
Ve divide Dy twice (he tens, we can ascertain the unils.

: . e te Twice the tens
equals 40x 2, or 80; dividing A by 80, we find the units to be 5; then
(2t+w)u, whic 2 & i

[ = ity \'.Ju.:,h equals 2¢u+u” equals (80+58) x5, or 425; sub tracting,
nothing remains. Hence the square root of 2025 is 4 tens and 5 units,
or 45,

2. Extract the square root of 104976.
SoruTIoN. Separating the number into periods of two figures each,
beginning at the right, we find there are three gures in the root, and lhe
£00t consists of hundreds, tens and wnifs, and the number equals A%+ 2/
4 (2h+ )+l .
OPERATION.
R+ 20E+ ¢+ 2(h+ t)utu? 10:49-76( 300
= ; 300 = 90000 20
20+ 84 2(h+ t)u+u? 14976 4
2h— 300x2 =600 324
= 20

(2R %-f_}ﬁ-—. 620 x 20= 12400
20+t u+ut= 2576

.zue-r()—- 320x2=640

U= 4

[2(A+8) + ulu— (644) x 4 = | 2576

2276

The greatest number of hundreds whose sq juare is contained in 104976
is 3 hundreds ; squaring and subtracting, we have 14976 remaining, \.\'f ick
e uals 2A¢ -‘-E" +, ete.  Now, since fwice the hundreds into the ter
rally much greater than & +, ete., 14976 must consist principally of fwied
the Aundreds into the tens ; hence, if we divide by twice the hundreds, we can
ascertain the fens. 1!’3{1, the hundreds equals 300 x2=0600; dividing by
600, we find the tens to be 2, ete.

Nore.—In practice we abbreviate the OPBRATION AS IN PRACTICE
work by omitting the ciphers and con- 10:49-76( 324
densing the other parts, preserving merely 3 - 9 3
the trial and true divisors, as is indicated ‘
in the margin. Here 6 is the first frial
divisor and 62 the first true divisor ; 64 is
the second trial, and 644 the second true
awisor.

62 149

644 124
2576
2576

From these explanations we derive the following rule :

HQ‘I_’;\_RE ROOT OF NUMBERS.

Rule.—1. Commence of units' place and separate the number
into periods of two figures each.

IL. Find the greatest number whose square is contained in the

wand, period, place it af the right as a quotient and s square
under the left-hand. period, subtract and annex the next period to
the remainder for o dividend.

LIL. Double the root found, and place it af the left for a trial
divisor, divide the dividend exclusive of the right-hand figure by it ;
the qa otient will be the second term of the root.

1V, Annex the second term of the root to the trial divisor for the
true divisor, multiply the result by the second term of the root, sub-
tract and bring down the next per iod for the next diwvidend.

V. Double the root now found, find the third term of the root
as before, and thus proceed until all the periods have been used.

Nores.—1. If the product of any true divisor by the corresponding
term of the Toot exceedls the dividend, the term of the root must be dimin-
ished by a unit.

9. When a dividend, exclusive of the right-hand figure, will not contain
the trial divisor, place a cipher in the root and at the right of the trial
divisor, then bring down the next period and proeeed as hefore.

3. To extract t} square xoot of a decimal, we point off the decimal inia
permdb of two figures each, counting from u ‘H" place, and proceed as with
whale numbers; the reason of which may be easily seen. When a number
is not a perfect square, annex ciphers and find the root on to ¢ hals.

4, To find the square root of a common fraction, it is evident that we
extract the square root of both numerator and denominator. When these
terms are not perfect squares, the shortest way is to reduce the fraction te
a decimal and extract the root.

EXAMPLES.

Extract the square root—

a76. Ans. 24. | 11. 5503716. Ans 2346.
1296. Ans. 36. 12. 4137156. Ans. 2034
2401. Ans. 49. | 13. 11594025 ‘Ans. 3405,
56644. Ans. 238. | 14. 138 Ans.
119025. Ans. 34b. | 15, 1¢ Ans.
207936. Amns. 456. 16:12.06; Ans. 3 6.
9. 321489. Ans. H6T. 17. 0064 Ans. .08,
10 6421156. Ans. 2534, | 18. 10.6929. Ans. 3.27.
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