RADICALS.

INVOLUTION OF RADICALS.

26:2. Involution of Radicals is the
radical quantities to any required power.

1. Find the cube of 2/a.

process of raising

SoruTioN. Expressing the radical with a frac- OPERATION
tional exponent, we have (202 )% ; raising it to the 2y a)= rﬂxa§}5
. 3 * 3
third power, we have 28 a? ; which reduced gives =2xqi—8 /¢
8ay/ a. [ ;f
=8ay/ a
L 5 .
: Rule.—Ruise the rational part to the required power, and mul-
tiply the fractional exponent by the index of the power; or
4 L 5 ; v o 3 ]
Raise the rational and radical parts o the required power
and reduce the result to its simplest form.

NoTe.—Diwviding the index of the radical by any number raises the radiead
to a power denoted by the number. Thus, the square of Vais Va

. EXAMPLES,
Find the—

2. Square of 3y (ac®).
. Cube of 2y/(ax).
. Cube of 31/(22).

Ans. 9ey (o).
Ans, 8axy/ (azx).
A.RS. 541,‘[/(21,).

A a L3 i
. Square of 5 1V Qa), Ans. g’
. Cube of 4 4;-@3 6
\ 2 dns, 162%* (4a’s).

. llf_l.
. Fourth power of 3\3‘ = Ans. 9a?,
L2
3
Fourtl v 0 f'-rf- : 4
ourth power of ..a.\lfd Ans. 160’z (a*x).

9. nth power of ayz. Ans. a2

5 ANS, | Ve e
. Third power of 1”2a*#,% (az?),
. Square of 1/a -1/a.

- Square of 1/2+a1/2.

Ans. 20’/ (az).
Ans. a— 2/ (azx) +.

Ans. 24 da+2q*,

EVOLUTION OF RADICALS.

EVOLUTION OF RADICALS.
263. Evolution of Radicals is the process uf extiacting
any required root of radical quantities.
1. Find the cube root of a*y¥¢.

SorurioN. Reducing the radical to the form OPERATION.
g  fenuiin

of a fractional exponent, we have ¢t ; extract- a®y/¢*= f}’(a,’c%) =
ing the cui\)e1 root by dividing the exponents by 3, it a¥ o
we have ac*, which equals a/¢c.

Rule.— Extract the required root of the rational part, and
divide the fractional exponent by the index of the rool; or,

Extract the required root of the rational and radical parts, and
reduce the resull to ils simplest form.

Nore.— Multiplying the index of the radical by a number extracts a root of
the radical denoted by the number. Thus, the square root of /s 1 c.

EXAMPLES.
Find the—

. Square root of 417a’.
. Square root of 9y (4x).
. Square root of 1637 (3). Ans. =47 (8x).
. Cube root of 21/ (ax). Ans. 17/ (4az).
., Cube root of 2ay/(2a). Ans. 1/ (2a).
. Fourth root of 3ay”(3a). Ans. 7/ (3a).
. Fourth root of 31/(2a). Ans. 7 (3a).
. Fifth root of 4¢'y/(2¢). Ans. 1/ (2c).
Fifth root of 4z (4z). Ans. 17 (4e).

Cube root of %\!‘i—i Ans. 11/(2a).

Ans. =2¢7a.
Ans. £377(2x).

Ans. 117(3a%).

a “[a
. Squar of o5
Square root s\3

3|

. Fourth root of %»\{ =

= Ans. 117/ (2a).




RADICALS.

RATIONALIZATION,

264. Rationalization is the process of removing the radi
eal sign {rom a quantity,

CASE I,
265. To rationalize any monomial surd.
1. Rationalize 1/¢, also at,
SorvrioN. Multiplying 1/a by 1/a, we have @, a2 OPERATIONS.
rational quantity. Vaxya=a

s 1 2
SornrioN. Multiplying a% by a8, we have @, a

1 2
: 3 as X as =q
rational quantity.

Rule.- -Multiply the surd by the same quantity with a frae-
tional exponent which added to the given exponent shall equal
unly.

EXAMPLES,

2. What #actor will rationalize b ? Ans. ok,
3. What factor will rationalize 3 (a’) ? Ans. 17 ac’.
4. What factor will rationalize 2;¥ (ab)? Ans. 17 (a’b%).
5. What factor will rationalize 8)(a’0)?  Ans. 3%/ (ab?).

CASE IL

266. To rationalize a binomial surd of the second
degree.

1. Rationalize 1/a—/b.

SOLUTION. Since the product of the sum and difference oOPERATION.
of two quantities equals the difference of their squares, if  /a—1/b
we multiply y/@—y/d byy/a+y/d, we obtain @—b, a Sa+/b
rational quantity. & P

Rule.— Multiply the given binomial by the sume binomial, with
the signs of one of the terms changed.

RATIONATLIZATION.

EXAMPLES,
What factor will—

. Rationalize 1/a+7/2? Ans. Va—y/ .
Yationalize 1/2—1/87? Ans. 1/2+1/3.

4, Rationalize 21/ /a+1/5? Ans. 21/ a—
. Rationalize a+7/6? Ans. a—/b.

CASE III.

267. To rationalize either of the terms of a fracs
tional surd.
1. Rationalize the denominator of —.
v
SoruTion. Multiplying both terms of the fraction OPERATION.
oG AL 1_/ ]/59
1/.1: 1/ €x

» in which the denominator is

ay/x
by 1/, we have —L
z

rational, and the value of the fraction is not changed.

Rule.—DMultiply both terms of the fraction by @ factor that %LH
render either term rational which meay be required.

EXAMPLES,

) E ; il
. Rationalize the denominator of —)

L

. Rationalize the denominator of ——

L/3

L . 1
. Rationalize the denominator of ————+ Ans,
1/

‘ ;- Tyl ——
375 /3

. Rationalize the denominator of —

a
. Rationalize the denominator of ———
VE—1vYy

o(1/z+v/Y)

Ty

Ans.

. Rationalize the denominator®

(/ﬂ +1/0)*,

a—e




RADICALS.

IMAGINARY QUANTITIES.

268. An Imaginary Quantity is an indicated even root
of a negative quantity.

$269. Imaginary quantities, though they represent impos-
gible operations, are of use in some departments of mathematies.

PriNcreLE—Every imaginary quantity may be reduced to the
form of aV'=1; or a}/—1.
Thus, 1/ —a?= /@ X —1=/a*%x / —1=*£ay/—1;

Also, /' —n=1/mx —1= =% /nxy/—1; or, ptiting @ =%, we
have £ ay/—1.

In all higher powers the form will be = a3/ —1.

REDUCTION OF IMAGINARY QUANTITIES.

Reduce to simplest form—

1. /=7  Ans. £m/—1. |5 v = Ans. :{-_ngl/,—l_

2. v/ —4  Ans. £2/—1.|8. /—da’. Ans. +2ac%y/—1.
7. v/ —16a%"

3. 1/ —9a%, Ans. £3a v — 1. Ans. i?a"-’b]/j.

4. 1/—16d%. Ans.=4a*/—1.[8. 1/ —8a’F. Ans.= 2acty/ = 2.

ADDITION AND SUBTRACTION OF IMAGINARY
QUANTITIES,
1. Add /' —a’and /= 5%
OPERATION.
SoLuTioN. Y =at=ay —1; 1/ —bi=by/ —1; V—at=ay —1
sddirg these two quantities, we have (@ +8)y/ —1. ey

(a+b)y —1
EXAMPI ES.
2. Add /=@’ and 1/ —¢.
3. Add l/ifi and 1/ —9.

Ans. (a+e)y/ —1.

Ans. 51/ — 1.

IMAGINARY QUANTITIES. 2 194

Ans. b/ —2.

Ans. 23/ -1,

Ans. my/ = 2.
MULTIPLICATION OF IMAGINARY QUANTITIES.

1. Multiply 37/ —2 by /3.

4 Add /=8 and /=18
5. Subtract 1/ —4 from 1/ —16.
6 Subtract 1/ —2m® from 1/ — Smk.

OPERATION.
SorLuTioN. 31/ —2=3y/2xy/=T,and /=3 81/ —2=3,/2x/—1
= /3 x 1/ —1; multiplying, we bhave 31/8 /=3= /3%y =1
x (y/—1)? which equals 3;/6x —1, or —31/86. 31/_6-:< G—1)= 5878

Nore—Had we multiplied the quantities under the radical sign at
first, we could not have determined the sign of the product.

EXAMPLES.
. Multiply 3/ —38 by 2/ 2. Ans. —2y/86.
8. Multiply a3/ —b* by 2/ — B Ans. —2ab’.
. Multiply 1+3/ -1 by1—-3/—1. Ans. 2.
. Multiply 1+7/ =1 by 1+1/ -1 Ans. 21/ —1.

DIVISION OF IMAGINARY QUANTITIES.
1. Divide 43/ —6 by 21/ 3.

SorurioN. 43/ —6=4,/6x1/ —1, and OPERATION,
9,/ —3=2y/8x1/—1; dividing the divi- 4y —6=4y6xy —1 _a,/2

dend by the divisor and canceling the 2,/ —3=2)/3x/ —1

common factors, we have 21/2.

Not® —In dividing, it is not necessary to reduce to the general form.
though it is sometimes convenient.

EXAMPLES,
. Divide 67/=3 by 2,/ —4. Ans. 35
3. Divide 4/ =d’ by ap/—2. Ans. 21/2.
Divide ay/ — 6¢ by 1/ — 2ac. Ans. 1/3a.
5. Divide 23/~ 1 by 1+1/ L Ans. 1+¢/—1.




2T RADICATLS.

PRINCIPLES.
1. The PrODUCT of two imaginary quantities is real, with the sign
before the radical the REVERSE of that given by the common rule.
Thus, 3/ —afxy/ —8%=—ab; and —y/ —a@’%x —/ —0?=—ab; but
— =@ R/ =B +ab, ete.

2. The QUOTIENT of two imaginary quantities is real, with the
sign. before the radbenl the SAME as that given by the common rule.

5. —. O A — a —
Thus, ' —a?+/ — %= *F;—;/ —a@*+—y —=+—also—y/ —
3 c

p a
Ty —Cci—=——,ete
c

SQUARE ROOT OF BINOMIAL SURDS.

270. Some binomials containing a radical quantity are
squares of binomials, and will thus admit of the extraction of
the square root.

Thus, (2+V/3)*=4+4173+3, or 7+41/3; hence the square
root of 7T+413 is 2+ 1/3.

271, Since the second term in the square of a binomial is
f.-r::‘a.c«? the product of the other two terms, if we reduce the bi-
nomial surd to the form a+21/0, « will be the sum and b the
product of two numbers.

1. Find the square root of 11+61/2.

SoLuTION.—11+6172=11+21718; now find two numbers whose sum is
11 and product 18. These numbers, we see by inspection, are 9 and 2 ;
then 11+21718=9+21718+2, the square root of which is 3+172.

Nore—The numbers 9 and 2 can be obtained by letting &+ =11 and
ay =18, and finding 2 and y.

S EXAMPLES.
i the

2. Square root of 14+61/5. Ans. 3+ V5.
3. Square root of 28+101/3. Ans. 5+1/8.
. Square root of 11 —41/7. Ans. 2— V7.
. Square root of 15+616. Ans. 3+ V6.

. Square root of 5+2176. Ans. V2+ V3.

RADICAL EQUATIONS. 201
Ans. V33— V5.

Ans. V2+1V7T.
Ans. 2V3 - V2.

. Square root of 8 —21/T5.

. Square root of 9+21V/14

. Square root of 14—4V6.
10. Square root of 30+12 6. Ans. 2V 3+3V72.
11. Square root of 3a—2a12. Ans. Via— V2.

. Square root of 20+2V@=8.  Ans. Vatb+Va=b.
13. Square root of m?— 2nVm* — 0. Ans. Vm*—n’—n.
14. Square root of 7+301 —2. Ans. 5+31 = 2.
15. Square root of 121/ —2—14. Ans. 2+3V —2.

. Bquare root of 241 —2 23, Ans. 3+4V 2.

17 3 : Ans. 5+41 3.

18. Square root of V18 —4. ° Ans. V2(V2-1).

19. Square root of 41/8 - 6. Ans. V3(V3-1).

20. Square root of 6175 —10. Ans. VB5(V5-1).

Nore—In the 18th, let w+y =1718 and 2/ =4; in19th, let v +y =413,
and, since 6=2179, let my =9, efc.

RADICAL EQUATIONS.
SOLVED AS SIMPLE EQUATIONS,

272, Radical Equations are those which contain the un-
known quantity in the form of a radical.

273, Some radical equations may be solved by the prinei-
ples of simple equations, examples of which will now be
presented.

1. Given 1/2—3 =2, to find .

SorurroN.—Given,
transposing,
squaring,
o . = 8 »
2. Giyen 1V (5+2Vw) =3, to find .
SorvrroNn.—Given, g
squaring,
transposing and reducing,
dividing and cubing,




RADICALS.
8. Given 1/z+1+ 1%—5=6.

Sor.uTIoN.
Given,
transposing,
squaring,
transposing and reducing,
squaring,

transposing,

EXAMPLES.

. Given /2245 =19, to find z. o= 8,

. Given 1/(z—8)+2=5, to find 2. Ans. & =12,

. Given 1/(2+5)=1/2+1, to find z. ns. o =4.

. Given 8+1/(2z+4) =7, to find 2. Ans. = 6.

- Given 8 —y/z =1/ (2 —16), to find z. . =25,

. Given 1/(6+178x)+5=8, to find . Ans. z=9.

. Given /2 —2 =17 (v —24), to find =. Ans. =49

Given /(2 +2) = ﬁ,i—: to find . Ans. =3
V/(@+2) :

. Given /(- 9)+1/(2+11) =10, to find z. Ans. =25,

. Given y/(z—a)=1y/z~41/a, to find z. ~ Ans. o= 210; .

z—2 /=%
=—]3—, to find . Ans. =86,

Given
1/ @

Given y,/(z+4ab) = 20—/, to find x. Ans. z=(a—b):

Given z+1/ (¢ —2) = 1/—(:_— = to find . A-ns. z=a—1.
Given 1/(z—a)+1/(z—8) =1/(a- b), to find 2.

Ans, z=a.

rz—ax 1w

. Given ——="*— to find z. Ans. w=L-
Ve z l—a

SECTION VII

QUADRATIC EQUATIONS.

274. A Quadratic Equation is one in which the second
power is the highest power of the unknown quantity ; as, z* =4,
and 22°+ 3z =5.

275, There are fwo classes of quadratic equations—Pure
or Incomplete quadratics, and Affected or Complete quadratics.

$276. The term which does not contain the unknown quan-
tity is called the absolute ferm,-or the term independent of the
unknown quantity.

Nores.—1. A quadratic equation is also called an equation of the
second degree. An equation of the fourth degree is called a bi-quadratic
equation,

9. When there are two unknown quantities, a quadratic is defined as
en equation in which the greatest sum of the exponents in any term 1s
WO,

PURE QUADRATICS.
277. A Pure Quadratic Equation is one which containg
the second power only of the unknown quantity ; as 2*=16.
278. The General Form of a pure quadratic equation, is
ax’ =b.
1. Given 22°+6 =24, to find 2.
SOLUTION.
Given, 2w +6 =24,
transposing and reducing, z? =9,

extracting the square root, T = =£3,




