QUADRATIC EQUATIONS

2. Given {21Y72

: to find z and 7.

{2t —day—=12)"° ¥
SOLUTION.

% +3 =5,

Completing the square,

extracting square root, Ty — 2= %4 3

whence, xy =6, or —2,
squaring (1), 2 + 2y +y? =25,
subtracting 4 times (5), @%—2xy+y*=1, or 33,
extracting square roof, x—y=*1, or &=/33;

whence, x=3, or 2, or (5 1/33),

and y=2, or 3, or }(5= 1/33).
3. Given sds enl } to find « and .

l&+p=91)"
SOLUTION.
vty =T,
2+ =91,

Dividing (2) by (1), @t —ay+yt=13,
squaring (1), 242y +y? =49,
subtracging (8) from (4), 3xy =36,
dividing by 3, zy =12,
subtracting (6) from (3), a*—2xy+y’=1,
extracting square root, z—y==1;

whence, x=4, or 3,
and y=3, or 4

Nores—1. Let the pupils see that the values of = and y in these equa-
dons are not equal to each other; for when z=4, y=3; and when z=3
y=4. Their values are interchangeable.

2. The signs & and = are equivalent when used independently; bat
when tak@n-in connection they are the reverse of each other. Thus, i
z==xq and y= 50, then when =+a, y=—">0; and when o= - g
y=+b.

EXAMPLES.

v |3
- £

5. Given {

6. Given { 22 4z L. Ae. {@=4,0r 23,
T {y=1or—%

7. Given b
L (@+y)?—6(z+y) =16 |
iz, {xui), :w, or —1£4/(—14),
y=38,5,0or —1=x1/(—14).

: T+ (@y) +y= =
8. Given {’c; ¥ (tﬂ),+‘y 2 Api 2o
ZE+ay +y7 =27 " ly=s.

A J’x:ﬁ, or —4,
" ly=4,0r—6.

Ans. { geh
y=2, or=3.

9. Given
10. Given

j xr=4, or 2,

11. Given < 5 = = & Ans.
(y=2 or 4.

(\ 24+ =06

() Pe . . - .

302. Equations which are not symmetrical may sometime
be so combined as to produce a symmetrical equation.

] L) n . . .

S0:3. Equations that are not symmetrical with respect to
the unknown quantities themselves may be symmetrical with
respect to some multiple or power of these quantities.

e (@ +ay=45 }\ 3 :
Given W mie to find » and v.

SoLUTION,

. Adding,
evolving,
subtracting (2) from (1),
dividing (5) by (4)

adding (4) and (6),

)

whence
subtracting (6) from (4),

whence
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2+ 2y =13
2. Gwenfl
[z +4J‘]UQ

i~ to find 2 and 1.

SOLUTION.
x+2y =13

4oy + 4y —109_,
subtracting (2) from (3), 4y =60 ;

Squaring (1),

subtracting (4) from (2),

evolving, x—2, £ 6)

adding (1) and (6), 2 = sl

whence x=10%or 35 = 8)

subtracting (6) from (1), 4y=6,0r20; (9)

whence Yy=4§ora, (10)

Note.—In Example 1, the sum of the two equations gives a symmet

rical equation. Example 2 is symmetrical with respect to @ and 2y.

EXAMPLES.

Given = L

Given
Given
Given

. r=aq, or ()
Given { P
{y=0, or L.

x=9,0or — H

’

. Given { 5 i
> 1 ; (y=5, or — 9.

y)=¢)
zty=a’—0b* 1 R
a,'-]“r_y‘— —b) | = —88, or a’
10. Given ri G }

4

9. Given

PROBLEMS.

11, Given 5 2ty +ayt=20 } ‘

| 28+y2=65

s ( 9oy = 20202
12, @iven 4 <Yy .
srryt=at + O?

13. Given fVe—vy=1]1,

? C lz—y=T

14. Given ( w_ > } .
—y=vT+tyy

(zy=56
1.’2,'-- 3z +x}§d‘710—?}f

15. Given

5. Given

. Given

. Given

Given

Given

PROBLEMS

2217
x=4, or 1,
dna. {y—- 1, or 4.
_ fa=ya,or V' b,
a1 Ly=vb, or Ya

=8, or —1,
Sl {y-fl, or —8.

z=9, or 4,
Ans. {y____%) et

PRODUCING QUADRATICS WITH TWO UNKNOWN QUANTITIES.

1 The sum of two numbers is 7, and the sum of their squares
s 1

5; required the numbers.

Ans. 4 and 3.

'2 The difference of two numbers is 2, and the difference of

their squares is 20 ; required the numbers.

Amns. 6 and 4.

2 Divide 97 into two such parts that the sum of the square

roots of those parts may equal 13.
4, The difference of two numbe

Ans. 81 and 16.

is @, and the difference of

their square roots is 41/ 9a; required the numbers.

Ans. o and §.

5. Find two numbers whose product is 8 times their sum, and

the sum of their squares is 160.

Ana 4 and 12.
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6. Divide the number 10 into two such parts that the sum
of the cubes of the parts may be 230. Ans. 6 and 4.
7. The difference of two numbers is 3, and the difference of
their cubes is 117 ; required the nuzbers. Ams. b and 2.
8. Find two numbers whose product is 6 times their difference,
and the sum of their squares is 13. Ans. 3 and 2.
9. The sum of two numbers is ¢, and the sum of their cubes
is 4¢°; required the numbers.  Ans. 5(1=1/ 5); $(1=x1/9).
10. Two men, A and B, can together do a piece of work in
12 days; in how many days can each do it if it takes B 10 days
i011ge£' than A ? Ans. A, 20 days; B, 30_ days.
11. A colonel forms his regiment of 1025 men into two
squares, one of which has 5 men more in a side than the 0[-1_1&:1",
required the number of men in a side of each. Ans. 20; 25.
12, A farmer sold 7 calves and 12 sheep for $50; and the
price received for each was such that 3 more calves were sold
for $10 than sheep for $6 ; what was the price of each ?
Ans. Calves, $2; sheep, $3.
13. Find two numbers such that their difference added to the
difference of their squares shall equal 6, and their sum added
to the sum of their squares shall equal 18. Ams. 3 and 2.
14. The expense of a sociable was $70, but before the bi].l
was paid, 4 of the young men sneaked off; in consequence of
which each of the others had to pay $2 more than his proper
share; how many young men were there? Ans. 14.
15. A merchant sold some cloth for $24, and some silk at: $1
less a vard for the same sum ; required the number of yards of
each, i)rovided there were 2 yards of silk more than of .(,']Oﬂ.].
Ans. Cloth, 6; silk, 8.
16. A and B run a race; B, who runs slower than A by a
mile in 2 hours, starts first by 2 minutes, and they get to the
4-mile stone together * required their rates c_nf rm.'lm:nr;.
Ans, A, 8§ mi.; B, 7} mi. an hour.

17. A certain rectangle contains 300 square feet: a second
rectangle is 8 feet shorter and 10 feet broader, :11.1(1 El].%o con-
tains 300 square feet; find the length and bread:h of ﬂlf: ﬁm
Ans. Length, 20 ft. ; brerdth, 15 ft

rectangle.
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18. A -bought two pieces of cloth of different sorts; the finer
cost 1 dollar more a yard than the coarser, and there were 10
yards more of the coarser than the finer; find how many yards
there were in each piece, provided the coarser cost $80 and the
finer $90. Ans. 30 yds.; 40 yds.

19. The area of ‘a rectangular field is 2275 square rods; and
if the length of each side is diminished by 5 rods, the area will
be 1800 rods; required the dimensions of the field.

Ans. 65 rods; 35 reds.

20. There is a certain number, of two digits; the sum of* the
squares of the digits is equal to the number increased by the
product of the digits, and if 36 be added to the number, the
digits will be reversed ; what is the number ?

Ans. 43,

21. A person bought two cubical stacks of hay for £41, each
of which cost as many shillings per cubic yard as there were
yards in the side of the other; and the greater stood on more
ground than the less by 9 square yards; what was the price
of each ? Ans. £25 and £16.

22. A laborer dug two trenches for £17 16s., one of which
was 6 yards longer than the other, and the digging of each
trench cost as many shillings a yard as it was yards in length;
what was the length of each? Ans. 10 yds.; 16 yds.

23. Required two numbers such that their sum, their product
and the difference of their squares shall be equal to one another.

Ans. $£149/5; L1475,
24. Two partuners, A and B, gained $18 by trade: A’s money
was in trade 12 months, and he received for his principal and
gain $26; B’s money, which was $30, was in trade 16 months.
How much did A put in trade? Amns. $20.
25. The fore wheels of a carringe make 5 revolutions more
than the hind wheels in going 60 yards; but if the cirecumfer-
ence of each should be increased one yard, the fore wheels will
make only 8 more revolutions than the hind wheels in the same
distance ; required the circumference of each.
Ans. 3 and 4 yards.
25. An English landholder veceived £7 4s. for a ceitain
quantity of wheat, and an equal sum, at a price less by 1. 6d.
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per bushel, for a quantity of barley which exceeded the quan-
tity of wheat by 16 bushels ;- how many bushels were there of
each ? Ans. 32 bu. wheat ; 48 bu. barley.
97. A and B run a race around a two-mile course. In the
first heat B reaches the winning-post 2 minutes before A; in
the second heat A increases his speed 2 miles per hour, and B
diminishes his as much, and A then arrives at the winning-post
9 minutes before B. TFind at what rate each man ran in the
first heat. Ans, 10 mi. per hour; 12 mi. per hour.

PRINCIPLES OF QUADRATIC EQUATIONS.

204. The Prixcreres of Quadraties are the relations which
exist between a quadratic and its roots.

Note.—This subject may be omitted by young pupils, and even hy
older pupils until review, if the teacher prefers.

PRINCIPLE L
Every quadratic equation has two roots, and only two.

Tirsr. The general form of the
complete quadratic is 2*+2px —=q.
Completing the square of the gen-
eral quadratic, and finding the
value of @, we have two values,
—p+/qrp* and —p— Vg TP
which proves the principle.

QPERATION.
224 2px=q
Tt 2pr+pi=q+p’
w=—p+y/qtp*
w=—p—y/ q+p°

Srcoxp. This proposition ean also be demonstrated in another way, as
follows:

Assume that

then we have

mE=q+p? or m=1/q+p%
22+ 2pr+pi=m?;
or, in another form, ('{‘-}-p)?‘:m .
transposing, (x+p)>—m*=0;
factoring, (z+p+m)(z+p—m)=0;
malking the second factor equal to zero, % +p—m= 03
from which we have z=—ptim=—p+tyqrp;
making the first factor equal to zero, rz+p+m=0;
from which we have A Va+p';

und since equation (3) can be satisfied in these two ways, and in these two
wuys cnly, therefore & can have but two values, and the principle i5 true.

/

PRINCIPLES 01’ QUADRATIC EQUATIONS,

PRINCIPLE II.

The sum of the two roots of a quadratic of the Jorin o'+ 2pc=q
is equal to the cosfficient of the first power of x, with s sign

changed.
For, solving the quadratic 2*+2pr=gq, we OPERATION.
the two roots are —p+1/q+p* and 2° "'Q))? =q
f = —pt+y/q+p’
—p—vqtp?

2. taking the sum of the two
roots, we have —2p, which is the coefficient
of the first power of @, with its sign changed.
Therefore, ete.

PRINCIPLE Il1l.

The product of the two roots of a quadratic of the form
a4+ 2w = q is equal to the known term with ils sign changed.

OPERATION.

=—p+ l"f(l +F{

For, multiplying the two roots together,
we have the result p?— (g+p*), which,
reduced, equals —q, which is the known
oTm W ts sign changed. Therefore -
:t;n with its sign changed. Therefore, £ py/ g pT—(g+pY)

P —(g+p

295. Principles IL and IIL enable us to construet quad-

ratic equations from their roots.

1. Find the quadratics whose roots are 4 and 3.

SorutioN. Since the sum of the two roots with OPERATION.

its sign changed equals the cogficient of z, and 27— (4+8)w=—4x3
their product, with its sign changed, equals the
known term, the equation whose roots are 4 and 3

must be 2% — 3)z= — (4 x3), which, reduced, becomes P —Tr=—12.

2r—Tr=-12

EXAMPLES.
Find the quadratic wl
Roots are b and 4. Ans. 2* -9z = - 20

. Roots are 7 and — 3. Ans. ©*—4z=21.

Roots are 4 and — 9. Ans. 271 5x=36.
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Rocts are —2 and — 8.
Roots are 2+1/3 and 2—1/3.

Ans, 22+10x= —18.
Ans. z*—4zx=—1.

. Roots are a and b. Ans. 2?— (a+b)s= —ab.

. Roots are a+b and a—b. Ans. a*— 2az=5"—a’.

9. Roots are a+by/c and a—by/e. Ans. o°—2ax=>b'c—d’,

PRINCIPLE IV.

A quadratic equation of the form o*+2px=q may be resolved
into two binomial factors, of which the first term in each is x, and
the second term the roots with their signs changed.

For, suppose the two roots are r and OPERATION.
then (Prin. IT. and IIL) we have Let =1 and r’
22— (r+#/)x=—rr’/; transposing 7’ to —(r +0/)w=—1r’
the first member, we have @*— (r+7/)x @~ (r+7/)z+rr/=0
+rp/=0; factoring, we have (z—r) (z—7r)(x--2")=0
(x—77)=0; which proves the principle.

206. Quadratic equations may also be constructed from
their roots by Principle IV,

1. Find an equatica whose roots are 3 and 5.
OPERATION.
SoLuTION. Since the roots are 3 and 5, we have (v -—38)(x—5)=0
2*—8r+15=0
x2—8x=-

(Prin. IV.) (z—3)(x—5)=0. Expanding, we have
r?—8x+15=0; transposing, we have 2 — 8z = — 15.

EXAMPLES.
Find the equation whose—

Ans. o~ 20=24.

Ans. & +bx=24.

2. Roots are 6 and —4.
3, Roots are +3 and — 8.
4. Roots are 2« and 3a. Ans. 2~ boaw = — ba’.
s are + g and —a. Ans. 22=d".
ts are 7 and - 5. 0 — )T = L.

/ 9./ Vit =491 — o
are a+2y/n and a — 21/ n. i =an-—a

L]
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FORMS OF QUADRATICS.

307. There are four distinet forms of the complete quad
ratic, depending upon the sign of 2p and ¢q. Thus,
1st form, '+ 2pr=q. | 3dform, 2*+pr=—gq.
2d form 2’ —2pr=g. | 4thform, 2’—Zpz=—gq.
L]
PRINCIPLE V.
In o quadratic of the first form one root is positive and the other
negative, the negative root being the greater.

For, since ¢ is the product of the two roots with its sign changed, and
is positive, one root must be positive and the other negative; and since
2p is the sum of the roots with its sign changed, and is positive, the nega-
five root must be the greater.

PRINCIPLE VI.

E + ” ~ » . A0
In o quadratic of the second form on% root ds positive and the
other negative, the positive root being the greater.

For, since g is the product of the two roots with its sign changed, angl
is positive, one root must be positive and the other negative; and since 2p
is their sum with its sign changed, and is negative, the positive 200t must
be the greater.

PRINCIPLE VII.

In a quadratic of the third form both roots are negative.

For, since ¢ is the product of the two roots with its sign changed, and is
negative, the two roots must be both negative or both positive ; and since 2p
is the sum of the roots with its sign changed, and is positive, both roos
musft be negative.

PRINCIPLE VIIL
In o quadratic of the fourth form both roots are positive.
=% : -

For, since g is the product of the two roots with its sign changed, and
18 megative, the roots must be both positive or both negative ; ani since'2p
is the sum of the roots with its sign changed, and is negative, both roots
must be positive.

on ®
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EXAMPLES,
Required the form where the—
R T Y =
14 lVUJCIT.'b are —8 and 5. Ans. 1st form.
9. Roots are 9 and — 6. , Ans. 2d form
(3] 2 - u T =
3. Roots are 6 and 7. Ans. 4th form
Ans. 3d form.
e " 3] % >
5. Roots are —3a and 2a. Ans. 1st form.

4, Roots are —5H and —4.

VALUES OF p AND g.
308. The quantities p and g are general, and may therefore
have any values whatever. We will now discuss f.hza equation
by assigning different values to each.

Frrsr.—Suppose g = 0.

Solving the equation 2%+ 2px=gq, and substituting 0 for g in the root,
we have = —p =+ p, whence =0, or —2p.

1ST OPERATION, 2D OPERATION.
2 e 2
22+ 2pT=q . '+ 2pr=q
: Let

T

=Dty P
Let g=0
T=—p=Ep

x=0, or —2p

1]:1E(1.11g the same substitution in the equation, we have 2?
f:a‘ct_or.mg, we have x(z+2p)=0; dividing by x+2p, we have 2=0;
dividing by @, we have +2p=0, or x=—2p.
: The third form gives the same result; the second and fourth forms
give z=0 and &= +2p.
SecoND.—Suppose 2p = 0.

If 2p iO, by substituting 0 for 2p in the root of the quadratie we havs
X = = p”ff.

18T OPERATION. 2D OPERATION.

T+ 2pr=q z*+2pr=q
z=—pek /gt p? Let 2p=0

Let 2p=0 =g
r= =+ -l/_(l-r-_ i =+ 1/"(_]

Making the same substitution in the equation, it reduces ko a pure

FORMS DJF QUADRATICS. 23&

¢ - . . -
jadratic, 22=¢. Solving this, We have the same result as before,

r==vq.
In the first and second forms this ult will be real; in the third and
fourth forms, in which g is negative, the result will be imaginary.
THIRD.—Suppose p’ = ¢ when ¢ is negative.
Take the quadratic of the third form, 22+ 2pr = —¢q. Substituting p’
for ¢ in the root, we have x= —p- 0, or —p; and z=—p—0, or —2;
hence z has.two values, both of which are —p. .

18T OPERATION. 9D OPERATION.

22+ 2pr=—q 2?2+ 2pr=—q
z=—pEyP—q Let pr=q
Let p*=g 22+ 2px tpt=0
z=—p+tl=—p (z+p)2=0
(z+p)(x+p)=0
z=—p

z=—p—0=—p

x=—D0

Making the same substitution in the equation and reducing, we have
(z+p)(z+p)=0; dividing by the first factor, we have z%p=0, o
2= —p; dividing by the second factor, we have z-+p=0, or £= —p-

Tn the first and second forms the results will be different.

Fourta—Suppose ¢ to be greater than p* when ¢ is negative.

If in the third or fourth form we assume ¢ OPERATION.
numerically greater than p° the quantity @?+2pr=—¢
under the radical becomes a negative quan- r=—p=yp*—q
tity, and the value of @ is therefore imaginary.

Hence, the root of an equation in the third and fourth forms is imaginary
when ¢ is numerically greater than p2

EXAMPLES.

1. Find a number such that ils square increased by four
times the number equals zero. Ans. —4.

2. Required the number such that its square, plus 6 times
that number, shall equal minus 9. Ans. —3.

3. Divide 8 into two such parts thitt their product shall
be eqaal to 20. Ans. 4+2y/ 1.

Why does the root in the last equation’ become imaginary? Wtich
supposition does Ex. 2 illustrate? What does Ex. 1 illustrate?
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IMAGINARY ROOT.

309. An Imaginary Root of a quadratic is a root which
contains an imaginary quantity.

210. The Imaginary Root occurs in the third and fourta
forms of a quadratic upon a certain supposition.

$11. We shall now discuss the imaginary root under three
distinet heads:

First—When does a quadratic give an imaginary root?
q g g J

Prix. 1. A quadratic gives an imaginary root when the known
terin is megative and numerically greater than the squars of half
the coefficient of the first power of x.

OFERATION.
greater than p? the quantity under the radi- 2?+2pr=—gq

z——pE/(p'—q)

For, if g is negative and numerically
2

cal is negative, and we shall have the square
root of a negative quantity, which isimagin-
ary. Therefore, ete.

Seconp.—What is assumed by a quadratic which gives an
imaginary root?

Priw. 2. 4 quadratic which gives an tmaginary root assumes
that the product of two quantilies is greater than the square of
half their sum.

For, since 2p is the sum of the two roots OPERATION.
with its sign changed, p®is the square of half «*+2pr=—q
the sum of two quantities, and g is the prod- r=—pxy(p’-q)
uct of the two roots, with its sign changed ;
hence, when g is negative and greater than p? the quadratic assumes
that the product of two quantities is greater than the square of half
their sum.

Tarrp.—Prove that this assumption is false.

Prix. 8.—The product of two quantities can never be greater
than the square of half their sum; hence, the above asswmption s

false.

IMAGINARY ROOT. 2317

Let 2p represent any num-
ber, and let it be divided into
two parts, p+z and p—z;
the product of the two paris
is p?—z%; the sum of the
parts is 2p, and the square of
half their sum is p. Now,
p? is greater than p*—z%;
henee the product of two
numbers can never be greater
than the square of half their
sum

OPERATION.
2p=(p+2)+(p ~2);
Product. (p+2)(p—2)=p*—2*;

-(p—2)=2p;

Sum)\? 2P\
(%) i

Now, e e

Sum, (p+

[Sum}?
hence, (_._ | > Product.
i

From the above discussion we see that a quadratic of the form
21+ 2px= —q, in which ¢ is greater than p* assumes that the product of
two quantities is greater than the square of half their sum, which 1is
absurd. When a problem furnishes such an equation, the problem is

impossible,

EXAMPLES.

1. Divide the number 12 into two parts such that their

product shall be 40.

Amns. 6+2/—1.

2. A farmer thought to enclose 40 square rods in rectangular
form by a fence whose entire length shall be 20 rods; required

its length and breadth.

Ans. b+ 1/77—'71?; O i 5

Why do these problems give an imaginary result? What is incorrect
in the first? What isincorrect in the second ?

REVIEW QUESTIONS.

Define a Quadratic Equation.
) d

State the two classes of Quadraties. De-

fine a Pure Quadratic. An Affected Quadratic. Give examples of each.
How do we solve a pure quadratic? How solve an affected quadratic?
State each method of completing the square. Explain each method.
Define a Quadratic of two Unknown Quantities. A Homogeneous Eqha-
tion. A Symmetrical Equation. What cases of quadratics of two un-
known quantities can be solved? Give examples. Show the mehod of

golution.

Define principles of Quadratics.

State the principles of Pure Quad-

ratics. State the first four principles of Incomplete Quadratics. State the
four forms of a quadratic. State the principles of the forms. Define an

[maginary Root. State the principles of an Imaginary Root.




