SECTION VIII.
RATIO AND PROPORTION.

RATIO.

212, Ratio is the measure of the relation of two similar
quantities. Thus, the ratio of 8 to 4 is 2.

@13, The Symbol of ratio is the colon, :, read fo, or 15 fo
Thus, @ : ¢ indicates the ratio of @ to c.

$i4. The Terms of a ratio are the two quantities com-
pared. The first term is the Antecedent; the second term is the
Consequent. The two terms together are called a Couplet.

B13. A ratio is expressed by writing the two quantities with
the symbol between them (Art. 27), or by writing the conse
quent under the antecedent in the form of a fraction.

S ; a

Thus, the ratio of e to ¢1s a¢: ¢, or -

216. A Simple Ratio is the ratio of two quantitics. A
Compound Ratio is the product of two or more simple ratios.

S (4!

Thus, (o : b)(e:d), or =x

hus, (e : b)(e: d), o sy

217. A Compound Ratio is usually expressed by writing
the simple ratios one under another.

(a:b) = :
Thus, < ¢ expresses the ratio compounded of a: & aud

lc:d |

ced.

$18. A Duplicate Ratio of two quantities is the ratio of
their squares; as, ¢*: ¢/ A Triplicate Ratio of two quanti-
ties is the ratio of their cubes; as, ¢® : ¢’

319. A Ratio of Equality exists when the two terms are
equal. When the antecedent is the greater, it is called a ratio
of greater inequality when less. a ratio of less ineguality.
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Nores.—1. The symbol or ratio, :, is supposed to be a modification of
the symbol of division.
2atio is usually defined as the relation of two numbers. This is
indefinite, however, for the ratio is the measure of the relation.
3. A few authors divide the second term by the first, calling it the
vench Methad. This is wrong in method and name, as nearly all the

17
I
L
¥

rench mathematicians, like the German, English, ete., divide the irst
term by the second.
PRINCIPLES.

1. The ratio equals the quotient of the antecedent divided by the

corsequent.
& OFPERATION.

Thus, if » represents the ratio of @ to ¢, we have P=@:C

r=a:c, or 7 equals a divided by ¢ (Art. 315), There- a
r=

fore, etc. ¢
2. The antecedent s equal to the product of the consequent and
rulio.
OPERATION
For, if r=a divided by ¢, clearing of fractions, we have L e
~ 5 Jl' _—
a=1.¢ Therefore, ete. %
P.C=@
2. The consequent is equal to the quotient of the antecedent
divided by the ratio.
OPERATION.
7([-

Far, if #—a divided by ¢, clearing of fractions, we have =
r.¢=a; and dividing by 7, we have ¢=a divided by ». = 7.c=a
Therefore, ete. ra

=
4. Multiplying the antecedent or dividing the consequent mulii-

plies the ratio.

For, a ratio is expressed by a fraction whose numerator is the antece-
dent and denominator the consequent; and multiplying the numerator or
dividing the denominator multiplies the fraction (Art. 129, Prin. 1),
Therefore, etc.

5. Dividing the antecedent, or multiplying the consequent, divides
the ratio.

For, a ratio is expressed by a fraction whose numerator is the antece-
ient and denominator the consequent; and dividing the numerator 21
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multiplying the denominator divides the fraction (Art. 129, Prin, 2
Therefore, ete.

6. Multiplying or dividing both terms of a ratio by any number
does not change the ratio.

For, a ratio is expressed by a fraction whose numerator is the antece
dent and denominator the consequent; and multiplying or dividing hoth

terms of a fraction does not change its value (Art. 129, Prin. 8). There-
fore, ete.

Nore.—These principles are restricted to simple ratio. Similar prinei-
ples may be proved of compound ratio.

CASE TI.

320. Problems which arise in simple ratio.

1. Find the ratio of 4a* to 2a. Ans. 2a.

2. Find the ratio of 3 bushels to 2 pecks. Ans. 6.

3. Find the ratio of a®—a?®to a+z. Ans. a—=z,

4. The ratio is 20 and the consequent 3ab ; required the ante-
cedent. Ans. 6a’b.

5. The antecedent is 6a’c* and ratio 20?; required the conse-
guent. ‘Ans. Bae’.

, o) el :
6. The ratio is 5 and the antecedent is 5 required the con
3
sequent, Ans. =
7. If the ratio of & to b is &, what is the ratio of 5a to 46?7

Ans. 3.

8. If the ratio of 8a to 2b is 2, what is the ratio of @ to b ?

Ans. %

9. If the ratio of 2m to 5n is 4, what is the ratio of 5m to 2n%
Ans. 5.

10. If the ratio of @ to ¢ is 4, what is the ratio of a+e¢ to
a—c? Ans. — 9.

11. The ratio of two numbers is ¢+5, and the consequent is
2—b; required the antecedent. Ans. ot —b%

RATIO,

CASE II
321. PProblems which arise in compound ratio.

1. Find the ratio compounded of 8:15 and 21 : 24.

SoruTioN. The ratio of 8 to 15 is 4% ; the ratio of = OPERATION.
21 to 24 is £I; compounding them by taking their r=Fx21=7
oroduct, we have 5 x§1=+.

. b

2. Find the ratio compounded of @ : b and &*: 3aw. Ans. A

z

3. Required the value of—

€ 3 2 3 2
3: : aite 4 ac a
3 bH]; GRSt b Jer (o : A-ns.r_; =g
8:15 f c:d ¢iid 15" bd cd

4. Given the compound ratio of #:8 and 6:9 equals &, to
find the first antecedent. Ans. =63

PR = j 9:12 1

9. Given the compound ratio ool %, to find the second

(#7838 e
antecedent. Ans. 6.
16:15 o
=17, to find the second
210

consequent. Ans. 3L

6. Given the compound ratio {

o (El6Eo
7. The ratio of 2: 3% equals the componnd ratio { J } ;

18:¢
required the second consequent. Ans. 82,

8. The duplicate of the ratio z:1 equals the ratio 27 : z;
required the value of a. Ans. 8.

9. The ratio a—2:b -z is the duplicate of the ratio a:b;
ab
a+b
10. The duplicate ratio of = :a equals the eompound ratio
(2o

ibg:a:

required the value of z. Ans.

} ; required the value of 2. Ans, =0

21
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PROPORTION.

322. A Proportion is an expression of equality between
equal ratios. Thus, a formal comparison of the equal ratios
8to4and 12 to 6, a3 8 : 4=12: 6, iz a proportion.

$23. The Symbol of proportion is the double colon, ::.
Thus, @ : b ::¢:4 is read the ratio of « to b equals the ratio
of ctod; or, ais to b as ¢ is to d. ; ;

324. The Terms of a proportion are' the four quantities
vompared. The first and fourth terms are the exfremes, and the
second and third are the means.

325, The Couplets are the two ratios compared. The first
couplet consists of the first and second terms; the second couples
consists of the third and fourth terms.

$26. A Mean Proportional of two quantities is a quantity
which may be made the means of a proportion in which the
two quantities are the extremes; as, a:06::b: ¢

$27. A Continued Proportion is one in which each conse-
quent is the same as the next antecedent; as,a: b::b:¢::¢:d.

328, Quantities are in proportion by Alternation when ante-
cedent is compared with antecedent and consequent with conse-
guent. Thus,if a:b ::¢:d, by alternation, a:¢::0: d.

$29. Quantities are in proportion by Inversion when the
antecedents are made consequents and the consequents antece-
dents. Thus,if a:b::¢:d, by inversion, b:a::d: e

$30. Quantities are in proportion by Composition when the
sum of antecedent and consequent is compared with either ante-
cedent or comsequent. Thus, if ¢: b ::¢: d, by composition,
o a+b:ie:c+d

$31. Quantities are in proportion by Division when the
difference of antecedent and consequent is compared with ante-
-cedent or consequent. Thus, if @:0::¢:d, by division,
a:a—b::c:ic-d.

Nore—Ratio arises from the comparison of two quantities; propertion

from the comparison of two ratios. A proportion is therefore a compari-
son of the results of two previous comparisons.
&

SIMPLE PROPORTION.

SIMPLE PROPORTION.

332. A Simple Proportion is an expression of equality
between simple ratios; as, a:b::¢: d.
333. A Proportion may be written in the form of an egue-
¢

tion. Thus, a: b :: c: d becomes (13:&
334. This Equation is called the fundamental equation ot
the proportion. It lies at the basis of the principles of pro-
portion.
835, The Principles of simple proportion are expressed it
the following theorems:

THEOREM I.
Tn every proportwn the product of the extremes is equal to the
product of the means. i
Let abisnead;
then (Art. 333), %‘:%;
clearing of fractions ad=be.
Therefore, ete.

THEOREM IL

Either extreme is equal to the product of the means divided by
the other extreme. ‘

Let (S EE SR AT

then (Theo. 1.), ad=>be;
be bo

hence, a=7; and dz?‘-"--

Therefore, ete.

Cor.—Either mean equals the product of the extremes divided
by the other mean.




RATIO AND PROPORTION.

THEOREM III.

If the product of two quantities equals the product of two other
quantities, two of them may be made the extremes, and the other
two the means, of a proportion.

Let ad=>b¢;
+ g (J c
dividing by bd, e
e oL
or (Art. 333, ahiiicsa.
Therefore, etc.

THEOREM 1IYV.

A mean proportional between two quantities equels the square
root of their product.

Let gibicbsc:

then (Theo. L), b*=ae,

and b =yac.
Therefore, etc,

THEOREM V.

If four quantities are in proportion, they will be in proportion
by ALTERNATION.
Let gibizesd;
then, ad=be;
dividing by de, < ,_.Q;
¢ d
whence, ‘ras0d,
Therefore, ete.

THEOREM VI

If four quantities are in_propertion, they will be in proportion
by INVERSION.
Let a:b:ve-d;
then (Theo. 1.), be=ad;
o s L
dividing by ae, —=—
a e

whence, bia::d:e

Therefore, ete.

SIMPLE PROPORTION,

THEOREM VIL
If four quantities are in proportion, they will be in proportion
by COMPOSITION,
Let azbise:ds
then will atb:b::c+d:d.

For,
adding 1 to each side,

reducing,
whence, at+tb:b::et+d: d.
Therefore, ete.
THEOREM VIIIL
If four quantities are in proportion, they will be in proportwn

by DIVISION.
‘ Let AT 6 EO T A
then will a—b:b::e—d:d.

5
For,
subtracting 1,

reducing,
whence, a—b:b::0-d:d.
Therefore, etc.
THEOREM IX.
If four quantities are in proporiwn, like powers or roois of
those quantities will be proportional.
Let

then

raising to nth power,
hence,
similarly,

Therefore, ete.
21 #




RATIO AND PROPORTION.

THEOREM X. )
Equimuliiples of two quaniilies are proportwnal to the quanti-
fies themsedves.
Let @ and ® be any two quantities.

Then

mu'tiplying by m,
whence,
Therefore, ete.

THEOREM XI.

If four quantities are in proportion, any equimultiples of the
first couplet will be proporiional to any equimultiples of the second
couplet.

Let & broeids

ac
then =

b d
ma nc
and LAt .

mb nd’
whence, mb ::ne: nd.
Therefore, etc.

THEOREM XIL

If two proportions have a couplet in each the same, the othey
eouplets will form a proportion.

Let a:b::0:d,
et

and

then,

hence,

or,
Therefare, etc.

BIMPLE PROPORTICN.

THEOREM XIIL
The products of the corresponding terms of two proportions are
proportional.
Let b6 d,
and miniipLg;
then, E:?—,
b d
m_p.
W o
am. _ cp
n dg’

whence, am:bn::cp: dg.

and

multiplying,

Therefore, etc.

THEOREM XIV.

If any number of quantities are in proportion, any antecedent
will be to its consequent as the sum of all the antecedents 18 to the
sum of all the consequents.

Let g b ek dis e dfhelon
then will a:b:iatcte:b+dtrf.

For Theo. 1., ad=bg,
and af =be;
also, ab=>ba.
Adding, c_f?) +ad+af=0a+bc+be,
factoring, alb+d+f)=blatcte);
whence, a:b::are+e:brd+f.

Therefore, ete.

ADDITIONAL THEOREMS.
236G, These theorems will afford pupils an opportunity to
exercise original thought iu‘applying the principles of propor-
tion. Part of them may be omitted until Teview.
1. If a:b:: e:d, prove that am: bn : : em: dn.

9. I a:b::¢:d, prove that a’: 8 : : ac: bd.
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o
(=]

:d, prove that a®: ¢*:: ab: ed.

e 00

If :d, prove that a:a—b::¢:¢—d.

: d, prove that a+b:c+d::a—b:c~d.

S O

If
If
If
If
If
S b

: d, prove that o : na+mb :: ¢: ne+md.

=1

¢, prove that a®: d*::w e
ic,prove that :c::0%: ¢’

:¢, prove that a’—8%:a::8°—¢*: e

: ¢, prove that a®+b6*: > —b*::a+ec:a—e.
: ¢, prove that (a®+5%)(8*+¢") = (ab+be)>

= e e ow
L= = DR T . R S VI
-::ic:«l‘.:-dc:uﬁu;-;csﬁ

-

PROBLEMS IN RATIO AND PROPORTION.

337. These problems in ratio and proportion can be readily
solved by an application of the previous principles.

1. The produet of two numbers is 15, and the difference of
their squares is to the square of their difference as4to1; re
quired the numbers.

SoLUTION.

Let z=the greater number,
and Yy =the less number;
then, Y = 1 (1)
and 21—y : (x—y"

Dividing Ist couplet by & —v,

by composition and division,

dividing 1st eouplet by 2,

hence, Theo. I.,
substituting in eq. (1),

whence,

and

2. The product of two numbers is 24, and the sum of their

PROBLEMS IN RATIO AND PROPORTION. 249

squares is to the square of their sum as 13 to 253 what are the
numbers ?
SOLUTION.
Let 2 and g represent the numbers.
Then, xy =24,

and G A e e 1

By division, Theo. VIIL, Zapybe (i Eapi e
gubstituting for 22y, 48 : (w+y)?::12:
dividing antecedents by 12, At sl
extracting the square root, 2t arisitsl s
from Theo. L, z+y=10.
From which the valfes of # and y can readily be found.

3. What is the ratio of 6¢ inches to b yards? Ans. 60.6 -

4. Two numbers are in the ratio of 2 to 3, and if 3 be added
to each, the ratio is that of 5 to 7; find the numbers.

Ans. 12 and 18.

5. Two numbers are in the ratio of 4 to 5, and if 6 be taken

from each, the ratio is that of 3 to 4; find the numbers.
Ans. 24 and 30.

6. Two numbers are in the ratio of 8 to 5, and if 2 be taken
from the less and 5 be added to the greater, the ratio is that of
2:5; find the numbers. Ans. 12 and 20.

7. Find the number which added to each term of the ratic
5 : 3 makes it 3 of what it would have been if the same number
had been taken from each term. : Ans. 1.

8. Find two numbers in the ratio of 2 to 3, such that their
difference bears the same relation to the difference of their
gquares as 1 to 25. Ans. 10 and 15.

9. Find two numbers in the ratio of 3 to 4, such that their
sum has to the sum of their squares the ratio of 7 to 50.

. Ans. 6 and 8.

10. Find two numbers in the ratio of 5 to 6, such that their
sum has to the difference of their squares the ratio of 1 to 7.

Ans. 35 and 42.
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11. The sum of two numbers is 10, and the sum of theix
squares is to the difference of their squares as 13 to 5 ; required
the numbers. : Ans. 6 and 4.

12. The difference of two numbers is 6, and thelr product is
to the sum of their squares as 2 to 5; what are the numbers?

Ans. 12 and 6.

18. Two numbers are to each other as 3 to 2, and if 6 be
added to the greater and subtracted from the less, the results
will be as 8 to 1; what are the numbers?  Ans. 24 and 16.

14. The product of two numbers is 12, and the difference of
their cubes is to the sum of their cubes as 18 to 14 ; required
the numbers. : Amns. 6 and 2.

15. There are three numbers in continued proportion: the
middle number is 60, and the sum of the others is 125; what
are the numbers ? Ans. 455 60; 80.

16. A quantity of milk is increased by water in the ratio of
7:6, and then 8 gallons are sold ; the remainder, when mixed
with 8 gallons of water, is inereased in the ratio of 7 to 5; how
much milk was there at first? Ans. 24 gallons.

REVIEW QUESTIONS.

1. Define Ratio. The Terms. A Simple Ratio. A Compound Ratio.
A Duplicate Ratio. A Triplicate Ratio. A Ratio of Equality. Of In-
squality. State the Principles of Ratio.

9. Define a Proportion. The Terms of a Proportion; Extremes,
Means; Couplets. A Mean Proportional. A Continued Proportion.
Proportion by Alternation. By Inversion. By Composition. By
Division. State the Funlamental Equation of Proportion. Enuntiate
the Theorems.

SEQTION IX.
PROGRESSIONS.

338, A Progression is a series of quantities in which the
terms vary according to some fixed law.

239. The Terms of a progression are the quantities of
which it is eomposed.

240. The Extremes of a progression are the first and last
terms; the Means are the terms between the extremes,

NoTE.—The general term for Progression is series. There are many
different kinds of series; the enly two appropriate for an elementary
algebra are arithmetical and geometrical progression.

ARITHMETICAL PROGRESSION.

241. An Arithmetical Progression is a series of quan-
tities which vary by a common difference.

342, The Common Difference is the quantity which,
added to any term, will give the following term : thus, in 1, 3,
5,7, the common difference is 2.

243. An Ascending Progression is one in which the
quantities increase from left to right; as, 1,3, 5, 7, 9, etc.

344. A Descending Progression is one in which the
{erms decrease from left to right ; as, 12, 10, 8, 6, ete.

3453, The Terms considered in Arithmetical Progression
are five, any three of which being given the other two may be
found. :

THE FIVE TERMS.
1. The first term, @ ; 3. The number of terms, n;
9. The last term, {;  * 4. The common difference, d;

5. The sum of the terms, S.
251




