SUPPLEMENT.

SECTION X.

INEQUALITIES, INDETERMINATE AND
HIGHER EQUATIONS.
INEQUALITIES.

384, Ax Inequality is an expression signifying that one
guantity is greater or less than another; as az—b>c.

383. The First Member of an inequality is the part on the
left of the sign; the second member is the part-on the right.

B#86. In treating inequalities the terms greater and less must
be understood in their algebraic sense; thus,

1. A negative quantity is regarded as less than zero.

2. Of two megative quantities, the greater is the one which has
the less number of unils. ’

$87. Two inequalities are said to exist in the same sense
when the first member is greater in both or less in both ; thus,
4>3 and 6> 5.

288. Two inequalities are said to exist in a contrary sense

when the first member is greater in one and less in the other
thus, 4>1 and 3 <5.
389. The following examples will be readily solved by the
student.
EXAMPLES.

@ 5
1. Given Gt

>

to find a limit of =.

SorurteN,—Clearing of fractions, we have 62+ 82> 92+20; transpas-
ing, ete., we have 52> 20 ; hence, x> 4.
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a9,
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2. Given bz>-+14; find the limit of . Ans. z>4.

s

8. Given _ —_ < : find a limit of . Ans. > 5.
(3] (3]

3
LR
AL

n)_ ;
4, Given . — >
D

——2: find a limit of z. Ans. <3,
) o)

5. Given 4+ (
3
6. Given 23+ by > 16 and 2z+y = 12; find the limits of «
and y. Ans. £<bl; y>1.
7. Given 32— 5<2x+1 and 4z+1>18 + 2; find the valpe of
z if integral. Ans. x=5.
8. Given #+2y>18 and 22+ 3y — 34 ; find limits of z and .
Ans. x<14; y>2.
9. Twice an integer, plus 5, is less than 3 times the infeger,
plus 3, and 4 times the integer, less 4, is greater than 6 fimes

L e ol
<7 ‘i'_i-; find a limit of z. Ans. x<36.

the integer, minus 12; required the integer. Ans. 3.
10. Twice a number, plus 7, is not greater than 19 ; and three

times the number, minus 5, is not less than 13; what is the

number ? . Ans. 6.

THEOREMS IN INEQUALITIES.
1. Prove that the sum of the squares of two unequal quantities,
a and b, is greater than twice their product.
For, (a—b)” is positive whatever the values of @ and b;
hence, (a—b)?>0;
or, a*—2ab+02 >0,
Hence, a*+ 62 >2ab.
2. Prove that a®+p*+¢*>ab+ae+be.
By Theo. 1, a*+ b'>2ab,
a>t ¢t>2ac,
b2+
Hence, adding, 2a3+ 208+ 2 2ab+2ac+20c.
Whence, at+ b*+ c¢*> ab+ act be.
3. Prove that a+6>217ab, unless a =b.
4. Prove that &’b+ab®> 2¢°0%, unless a =b.
5]

5. Prove that 3a®+ 6 > 2a(a+5), unless a=5b
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6. Prove that ¢®+1>a*+a, unless ¢ =1.

7. Prove that the sum of any fraction and it§ reciprocal is
greater than 2.

Pha byl il

R

9. Prove that «— 6> (Va— 1/5)*, when a>b.

10. Prove that the ratio of a’+5* to ®+5* is less than the
ratio of a+b& to a’+b%

11. If &* = e*+8?% and * =c¢*+d’, which i greater, 2y or ac+
bd, and xy or ad+be? Ans. ay.

8. Prove that unless a = b.

INDETERMINATE EQUATIONS.

$90. An Indeterminate Equation is an equation in
which the values of the unknown quantities are unlimited.
$91. Thus, in the equation 2z+3y=35,  and y may have
different values; and if any value be assigned to one of the
quantities, a corresponding value may be found of the ofher.
S92, The solution of indeterminate eguations, though the
number of corresponding values is unlimited, is usually limited
to finding positive integral values.
$9B. Of the several interesting cases that may arise we shall
.
consider only two.
Note.—The treatment of indeterminate equations is usually called
Indeterminate Analysis.
CASE I
394. To find positive integral values of the un-
known quantities in the equation.
1. Given 2x+3y=235, to find positive integral values for
x and .
SOLUTION.
Given, 22 + 3y = 35.
Transposing, 22 =385—3
Whence,

Since g is an integer, 17— is an tnteger ; and since also @ is an integer,
1—9 .
-,'l 1

s also an integer.

« R
- . Ea T i
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Let 7 represent this integer.
=7 =
=Y =, (5)
) = o
and 1-y=2m. (6)
‘Whence, y=1—2m. (7)
Sub. in (1), 2x+8—6m=35. (8)
Whence, x=16+3m. (9)

Then,

In equation (7), for g to be integral and positive, 712 may be 0, or negative,
but cannot be positive. In equation (9), for @ to be integral and positive, 7t
can be 0, or positive, or negative while less than 5. Hence m may be 0,
—1, —2, =3, or —4.

& Substituting these values of m in (7) and (9), we have
6 A8 S 07 Sl
y=1, 3 5, 7,9 1l

Nore— We shall use Ini. to mean an integer.

2. Giiven Tz + 9y = 28, to find positive integral values for
z dnd .

SOLUTION.
1

=y A2 -
Here, B =8y _‘-“!1 (1)

Now,

9.0y £x N g 2 s

If we put = —2Y _m, theny = = 5 @ fractional expression ; but we
7 2

#wished to obtain an infegral expression for the value of . To avoid this

2— 2y ; T
difficulty, it is necessary to operate on =, so as to make the coefficient

of y a unit.

2=, . - el fa e ANilGol

Since = is integral, any multiple of =—— is integral. Multiply,
/ i

7
then, by some number that will make the coefficient of y-contain the
denominator with a remainder of 1.

Multiplying by 4, we have

g8 e,
2y 18 7§'i’=].—z/+] ,r_"fzfns‘

i
1—2
Hence, 7"’r:In.f. =m, and y=1—Tm.
Sub. in (1), &=+ 9mi
Here, for 2 and # to be positive integers, 7 can be only 0.
Substituting #1 =0, we have =2 and y=1.

Nore.—Other methods of reducing besides multiplying may be used,
as may be seen in.the following solution, the object being to obtain an in-
tegral form for the value of y.
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3. Given 19z — 14y =11, to find integral values of » and .

SOLUTION.

e LAY e e 8
T = Ini. ; also 10 = Int.

19y 14y+11 5y—11

Subtracting, - = = Inl.

19 19 19

Here,

Also, "’"”l g—]-—]-‘ schm 0"’.1; = =y—2+ ?fj;-ﬁ = Int.
Y=
19
and, x=14m— 5.
Paking m=0, 1, 2, 3, ete.,, we have
xz=>h, 19, 33, 47, etc,
y =0, 25, 44, 58 ete.

6
Hence, - =m; and y=19m+6;

Nores—1. If the equation is in the form @+ 8y = ¢, the number of
answers will be always limited, and in some cases a solution is impossible.
The form az — by = = ¢ will admit of an infinite number of answers,

2. If in az <+ by=c, ¢ and b have a common factor not common to c,
there can be no integral solution.

4. How can 78 cents be paid with 5-cent and 3-cent pieces,
and in how many ways?

SorutioN. Let —the number of 5-cent pieces, and 3 =the number
of 3-cent pieces; then 52+ 8y =78, from which, by the method explained
above, we find =15, 12, 9, 6, 3, 0; and ¥ =1, 6, 11, 16, 21, 26. Hence it
can be paid in 5 ways when both kinds of pieces are used.

5. Given 2z+3y =25, to find positive integral values for &
and . Anps 9050 8 ey — 5 SR

6. Given 8z —8y = —16, to find positive integral values for
and 1. Ans. =8, 16, ete.; y=5, 8, ete.

7. Given 8z+11y =49, to find positive integral values for z
and y. Ans. x=2; y=3.

8. Given 14z —5y+17, to find the least positive integral values
for @ and 7. Ans. x=3; y=>5.

9. Given 192—13y =17, to find the least positive integral
values for z and y. Ans.c=b; 1=6.

10. Divide 100 into two such parts that one may be divided
by 7, and the other by 11. Ans. b6 and 44.

25%
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11. In how many different ways may I pay a debt of £20 in
half-guineas and half-crowns ?
#« 12. In how many ways can £100 be paid in guineas and
crowns ? Ans. 19.

Ans. T ways.

13. What is the simplest way for a person who has only
guineas to pay 10s. 6d. to another who has only half-crowns?
Ans. In 3 guineas, receiving 21 half-crowns.

Nore—The crown equals 5 shillings, and the guinea equals 21 shillings.

CASE IIL

® 395, To find the least integer which, divided by
given numbers, shall leave given remainders.

1. Find the least integer which, being divided by 17, leaves
a remainder of 7, and being divided by 26 leaves a remainder
of 13.

SoLUTION.
Let z=the required integer.

. ind & 10 integer
: ond == 2= itacers,
17 26 7
&
17
fraction,

Then,

7

Let — =g ; then, #=17m-+7 ; substitute this in the second

17m~+7—13 17m—6
= = — = Sr = Int.
20
26m 1Tm—6 I9m+6
Hence, e e s
26 26 26
Im+6 ., 2im+18 m+18
[t 3= — =t ———= Ini.
26 26 26
m+18

BT

And

Whence, = Int., which we represent by n.

m+ 18 = )
~ 98 2 —1n; hence m = 26n—18.
26 g

Now, if n=1, we shall have m =8.
Hence, x=17Tm+7 =17 x8+7 =143, the number.

Then,

AXNOTHER SOLUTION. Let N=the number.

; N7 s s e R
Then T =% (1), and % 2

Whence, N=17z+7 (3), and N=26y+13 (4);

and 17247 =26y +13,

or, 172 — 26y =6.

Then find = and ¥, as in Case L, and substitute in (3) and (4}.
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2. Find the least number which, being divided by 3, 4, and 5,
: : : ; .
shall leave respectively the remainders 2, 3, and 4.

3 : e e T2 1 . 3+ 2
SorurioN. Letwx =theinteger,then e Ini. =m; whence = 3m+2.

r—3 : et dm—1 ,n+l
Also, = B Iat. ; by substitution, = e n; whence, m=n+———".

o

e el .
Placing =~ =p, we have n=3p—1; m=4p—1, and x=12p—1.
3

r—4 12p—5 2 = 20 2
But, ~—— =1nt. P_ 2o 2p—1+ f;. Now, ‘: = Int. ; hence, é) %3
5] ‘ 0 5

61 : . . 5T
=L _ s, =1 +2. ; f,‘-]=rf: then, p=>5¢g, and x=60g—1. Now
5 5 5

if g=1,x=59; if g==

8. Find the least integer which, being divided by 6, shall
leave the remainder 2, and divided by 13 shall leave the re-
mainder 3. Amns. 63.

4. Find the least number which, being divided by 17 and 26,
shall leave for remainders 7 and 13 respectively.  Ans 143.

5. What is the least integral number which, being divided by
3, b, and 6, shall leave the respective remainders 1, 3, and 4 ?

Ans. 28.
6. A man buys cows and colts for $1000, giving $19 for each
cow and $29 for each colt; how many did he buy of each?
Ans. 45 cows and 5 colts, or 16 cows and 24 colts.
A farmer bought 100 animals for $100: geese at 50 cents,
plgs at $3, and calves at $10; how many were there ‘of each
kind ? Ans. 94, 1, 5.

8. A farmer buys oxen, sheep, and ducks, 100 in all, for £100;
required the number of each if the oxen cost £5, the sheep £1,
and the ducks 1 ghilling each. Ans. 19, 1, 80.

9. A lady bought 10 books of three different kinds for $30;
the first kind cost $41 each, the second $21 each, the third $2
cach ; required the number of each kind. Ans. 4, 2, 4.

10. A market-woman finds by counting her eggs by threes
she has 2 over, and counting by fives has 4 over; how many had
she if the number 1s between 40 and 60 ? Ans. 44 or 59.
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11. A boy has between 100 and 200 marbles; when he counts
them by 12s, 10 remain, but when he counts them by 15s, 4
remain ; how many marbles had he ? Ans. 154,

12. A person*wishes to purchase 20 animals for £20: sheep at
31 shillings, pigs at 11s., and rabbits at 1s. each; how many of
each kind can he huy ? “Sheep, 10, 11, 12.

Ans. 5 Pigs, B2
Rabbits, 2, 4, 6.

Nore—The solution of indeterminate equations of a higher degree is

called Diophantine Analysis.

HIGHER EQUATIONS.

$96. A Cubic Equation is an equation in which the
highest power of the unknewn quantity is the third power;
as o’ +4a*+ bz = 10.

$97. A Biquadratic Equation is an equation in which
the highest power of the unknown quantity is the fourth power;
as @'+ 3%+ 4+ 55 =13,

B98. The general form of a higher equation is 2" +ga"— + by

tr+u=0.

399. No general method of selving equations above the
second degree, that is practicable, has yet been discovered.

Nore.—Cardan’s method for cubics and Ferrari’s.method for biquad-
ratics fail in so many cases as not to be practically general. Abel has
shown that a general solution above the fourth degree is impossible,

400. The following PrINcrpLES, which are demonstrated in
hicher algebra, may often be used in finding the roots of an
squation.

Prix. 1. If @ is a root of an equation (the wunknown quantity
being ), the equation is divisible by x — a.

Thus, if 2 is a root, the equation i divisible by z—2; if —2 is a root,
the equation is divisible by z—(—2), or'z+2. .

Prin. 2. The coefficient of the second term, ax™=", is the sum of
the roots, with their signs changed.

Prix. 8. The term independent of 2, when in the first member,
i3 the product of the roots, with their signs changed.

HIGHER EQUATIONS,

Thus, a cubie equation, in which ¢, b, and ¢ are the roots, is equivalent
to (z—a)(xz—0)(x—c)=0; and when developed is &®—(a+0+c¢)
(ab+ac+ -"J(:}.{,’ —{abe)=0.

Nore—Principles 2 and 3 will often enable us to conjecture the roots
of an equation; and Prin. 1 will enable us to test any supposed root.

SOLUTION OF CUBIC EQUATIONS.
A01. Cubic Equations can often be solved by special arti-
fices, a few of which will be given.

CASE 1.

402. Soluftion by inspection and the application
of the above principles.

1. Given 2®—62*+112 =6, to find .

SorurioN. The factors of 6 are 1, 2, and 3 ; and their sum equals the
coefficient of the 2d term ; hence we may suppose one of these factors, as 3,
to be a root of the equation. Transposing 6 to the first member, and divid-
ing by #—3, we have a?—32+2=0; therefore, 3 is one root, and solving
' —3r=—2, we find 1 and 2 to be the other roots.

Ans. x=2, 3, and 4.

2. Solve ©*—92% + 262 = 24,

. Bolve a® — 1122+ 88z = 40. Ans =204 55!
4, Solve 2®— 827 — 105 = —24. Ans. 2=2, -3, 4.
5. Solve 2°+42°*+2 =6. *Ans x=1, =2, - 3.

. Bolve 2* — 4z Ans. z=1, —2, 5.

. Solve o — 2%+ 45 =8. Ans. =2, 2/ =1, -2V —1.

. Solve 2 — Ta* + 16z = 10.

Ang. z=1,3+v —1, 3 -

1

CASE IIL
403. Solution by making both members a perfect
cube.
1. Given 2°+322+ 3z =17.

SornuTioN.

e

Given 2P+ 3zt 32 =17,
Adding 1, P +3t+3x+1=8. .
Whence T+l =9 o=
Dividing Eq.1 by #—1, we have a2+ 4w +7
Whence, 2= —2+1"—3 and —2—1"-3.
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. Solve 2* — 3% +8z = 9. Ans. z=8, +V =3, — V' =-3.
3. Solve 2 +622+12x = — 16. o5 2
Ans, x=—4, —1+1=3, —1— V-3,
4. Solve 22+92*+27x = — 35.
nars =75 oS sitin S e
. Solve 2° — 92*+ 272 = 91.
Ans. 2=T7,142V -3,1-2V - 3.

CASE TIL

404. Solution when the equatiom is readily fac-
tored.

1. Given z*—6x= —4.
SOLUTION.

Given *—6r=—4.
Whence x*—4z —4

And x{x?—4)=2(z—2).
Since this is divisible by £ —2, 2 —2=0, or 2 =2.

Dividing by x— 2, we have x(z+2) =2
whence,

2. Solve o

. Solve o* — 3z =2. Ans. x-

. Solve 27— Tx - 3 Ans. z
5. Solve o’ —a*z —a i Ans. z=a, 3(-
5. Solve 22— 2 — 2z : Ans. x=1,

k 2 : o
. Solve 22— 22 =173. Ans. z= V3, 3( -

3. Solve 82 —Ta*— Tz = - 8. Ans. z=

CASE IV.

405. Solution by reducing to 2 biquadratic, and
then changing to make both sides squares.

1. Given #*—Tx= -6, to find .

HIGHER EQUATIONS.

SOLUTION.
Given
Whenece
Add 4a?

Complete square,
Hence

Whence x=2, or x*+22=3.
coax=1, or—3.

b

. Solve #*+ 3z =14, Ans. 2=2, —1+1/—6.
. Bolve * — 122 =16. Ans. v=4, —2, —2.
: Ans. =1, }(— 1+ 1"—23).
Ans. z=4, 2( -1+ 1V -2).
Ans. =1, 3, —4.

5 .

Ans. =2, —1+31 =1

c2

O =

=r]

.—-Zl'

SOLUTION OF BIQUADRATIC EQUATIONS.

406. Biquadratic Equations may often be solved by
special artifices, a few of which we present.

CASE I.

407. Solution by inspection and applying the
principles of egquations.

1. Given z*—102°+352*— 50 = — 24, to find .

SorvrioN. We notice that 24=1x2x8x4, and 10=1+2+3+4;
hence, we presume that some of these factors are roots of the equation.
Dividing by @ —1, we see that the equation is divisible by x—1; hence 1
is a root; and in a similar way we find that 2, 3, and 4 are roots.

2. Solve Ans. x=1, —1
8. Solve zt+a® —Ta? — = —6. Ansiz—=1, =1, 2

. Solve 2t — 6> — 2?+ 54z =72, Ans. £=2, 3, —¢
5. Bolve
Ans. z= -1, 2, -2, b.

. Solve 4a° — 827 + 4 ; Ans. 1, =15 2L V11.
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CASE IL.

408. Solution by factoring when the factors can
be readily obtained.

1. Given z*+42* -8z =32, to find =.

SOLUTION.

Given i 4 — 82 =32,

Transposing, ot + 40 =84+ 82.
Factoring. i =8(z+4),

or, 22 —8)(x+4)=0:

‘Whence, 3-8=0 '1f1d r+d=
and x=—4or

Dividing, ?*—8 by x— 9-.. we obtain 2 quad: atic,
from which x=-—1£1"—3.

Solve ot — 2t —0=—2. dmns.x=1, 2, 1
Solve a*—32° —8x = —24.  Ans. w=2,
Solve a*— a2’

Ans. © =a, n,

5. Solve 2*-
3.5
.1’2;’(_ 1+1/-3).

CASE TIIL
409. Solution by reducing lo a quadratic form.
1. Given 2*+22° — 32* — 4w =5, to find =.
SoLUTION.
Given et 21‘3 — 32" —4x=>5.
Whenee, (2?+x):—4(a?+2) +4=9,
or r+r—2=+L3.
From which « can be found. .
Solve at—40*+ 82> — 8 Amns. 1173, 14
3. Solve at+24%—Te? —8x= — 12, Ans. 1,
. Solve at+22* — 3z —dx = — 4. Ans. 1,
Solve z* —62°+ 112" — 6z =8.
Ans. (3= V17),

RECIPROCAL EQUATIONS.

CASE 1V.
410. Solution by reducing both members o a
binomial square.
1. Solye #* — 628+122*— 10z = -3
SOLUTION.
Given @ —10z=—3.
‘Whence, x*— 3 '," L3 —102=—
z*—12x =
-3x)+4

or ¥ )+ 42— Sx) +4=

Whence,

Whence,

. Solve &t —4a% — 1927 + 462 = — 120.
Ans. o= —
. Solve #*+42° —2*— 162 =12
Ans. z= -1,
4. Solve z* —92% + 302 — 46z = — 24
Ans. x= I

5. Solve a*+4a*— 627 +dw =T. Ans. z==V 1- “ﬂ: l/ll
6. Solve 2t — 1228+ 484 — 68z = —15. Ans. =3, 5, 2+ 3.

Nore.—Cubies and biguadratics, when any of their roots are integral,
can usually be solved by artifices similar to those we haye explained.

The more general methods of finding approximate roots of numerical
equations are those of Double Position, Newtonls ‘Method of Apprbrimation,
and Horner’s Method, for an explanation of which the student is referred
to works on Higher Algebra.

RECIPROCAL EQUATIONS.

A11. A Reciprocal Equation is one in which the recipro-
2al of 2 may be substituted for = without altering the equation.

AX2. Thus, in 2*—82° +4a* -3z +1=0, if we \ub\tltnte . for

z, we shall obtain the same equation.

Nores.—1. Such equations are also called recurring equations, because
the coefficients recur in the same order.

2. Tt can be shown that a reciprocal equation of an odd degree is divis-
ible by —1 or 22+ 1, according as the last term is positive or negative.

3. Also, a reciprocal equation of an even degree is divisible by 2?—1
when its last term is positive.
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EXAMPILES.

1. Solve a*~32*+42>—32+1=0.

SOLUTION.
Given

Divide by «?
Whence

Or

Complete the sq., (r
Extract the root

Whenece p—1, 3.

Nore—It is sometimes simpler to substitute some other quantity, as

z, for x+, and find the value of x from that of z.
x

Solve a2’ +o+1 =0.
. Solve a*— 5a%+62°— 5a+1 =0.
Ans. 2 =2+1/3

. Solve a* —102° +262* — 10z + 1=0.

Solve

. Solve a*— 2 :
. Solve 2t —32°+8z—1-=0.
. Solve a?+a *+x+a—4=0.

Ans. x

Noxgs.—1. In equation 7 divide by 2*—1, and then reduce and find
the values of .

2. It may be readily shown that any two corresponding pair of roots
are reciprocals of one another.

SEOTION T,

EXPONENTS AND LOGARITHMS.
THEORY OF EXPONENTS.

413, Ax Exponent denotes the power of a quantity or the
number of times it is used as a factor.

Thus a* means axaxa, or a used as a factor three times; and
a" means axaxax . . . . to n factors, or @ used as a factor n
times.

A14. By the original conception of a power the exponent n
could be conceived only as a positive integer, and the rules for

multiplication, division, ete. were all based on this conception.

413, Subsequently it was seen that division gave rise to
negative exponents and evolution to jfractional exponents, and
that these could be used the same as positive integral ex-
ponents.

Nore.—We shall now give a complete logical discussion of the subject,
assuming only the definition of an exponent and the rules of addition ana

btraction.

POSITIVE EXPONENTS
Prix. 1. When m and » are positive integers, a™ x a” = ¢™* ",
For a™=axaxaX ....tom factors, (Def.)
And a*=axaxax .... ton factors, . (Def.)

Hence a?x @ =axa X . . « « XEXAXA . . . . to'm+n factors, which
by the definition equals a™ .

Prin. 2. When m and n are positive integers, and m is greater

m—1

than n, a™ ~ a* =«




