302 INEQUALITIES, INDETERMINATE, ETC.
EXAMPILES.

1. Solve a*~32*+42>—32+1=0.

SOLUTION.
Given

Divide by «?
Whence

Or

Complete the sq., (r
Extract the root

Whenece p—1, 3.

Nore—It is sometimes simpler to substitute some other quantity, as

z, for x+, and find the value of x from that of z.
x

Solve a2’ +o+1 =0.
. Solve a*— 5a%+62°— 5a+1 =0.
Ans. 2 =2+1/3

. Solve a* —102° +262* — 10z + 1=0.

Solve

. Solve a*— 2 :
. Solve 2t —32°+8z—1-=0.
. Solve a?+a *+x+a—4=0.

Ans. x

Noxgs.—1. In equation 7 divide by 2*—1, and then reduce and find
the values of .

2. It may be readily shown that any two corresponding pair of roots
are reciprocals of one another.

SEOTION T,

EXPONENTS AND LOGARITHMS.
THEORY OF EXPONENTS.

413, Ax Exponent denotes the power of a quantity or the
number of times it is used as a factor.

Thus a* means axaxa, or a used as a factor three times; and
a" means axaxax . . . . to n factors, or @ used as a factor n
times.

A14. By the original conception of a power the exponent n
could be conceived only as a positive integer, and the rules for

multiplication, division, ete. were all based on this conception.

413, Subsequently it was seen that division gave rise to
negative exponents and evolution to jfractional exponents, and
that these could be used the same as positive integral ex-
ponents.

Nore.—We shall now give a complete logical discussion of the subject,
assuming only the definition of an exponent and the rules of addition ana

btraction.

POSITIVE EXPONENTS
Prix. 1. When m and » are positive integers, a™ x a” = ¢™* ",
For a™=axaxaX ....tom factors, (Def.)
And a*=axaxax .... ton factors, . (Def.)

Hence a?x @ =axa X . . « « XEXAXA . . . . to'm+n factors, which
by the definition equals a™ .

Prin. 2. When m and n are positive integers, and m is greater

m—1

than n, a™ ~ a* =«
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FOI‘ ar—"x ght= a}m—vwrn‘

Reducing, gi=rxatt=at.
(I\”

Dividing by a®, _ =
o - CL!L

Prin, 3. When m and n are positive integers, (¢")" equals ¢™",
For (amr=a®xarXa™x . . . . to n factors;
But

Hence

A =% . . e 1O Y factors)

(a*)*=axaxaX . . ..tomxn factors,
which is indicated thus, a™.

~ . . . 0N

Prin. 4. When m and n are positive integers, 1/a" =a™,

For, since in raising a quantity to the nth power we multiply the ex-
m

ponent by 7, in extracting the mth root we must divide the exponent by

n; whence the nth root of a™ is a™* or a™

NEGATIVE EXPONEN

416. The Negative Exponent arises from division when
the exponent of the divisor is greater than the exponent of the
dividend.

Prix. 5. Prove that ™" = >
am
a® =
1

a

IFor Q=

Dividing by a™, a "=

This may also be shown as follows:
i :
Now, G K azt—aRst=— = Prin. 2.

Div. by a™.

Hence, Ot
Y a

Prin. 6. Prove that o™+ a® =a™ " when m is less than n.
3 ({m 1

G = ot = ,

“-\‘““) ar qn—m "

- (=) = gm-n,

1
But, s
Gl

NEGATIVE EXPONENTS.

Prin. 7. Prove that a™xa®=¢™"® when one or both

nents are negative.
First, suppose either exponent, as n, is negative. Let n= —s.
((J’J!

R R b s L = = == TE=e;
G (A

Then

Substituting # for —s, A™=*= @™ ; hence @ x q= @r+n,
Second, suppose both exponents are negative. Let m~= —# and
n=—S8.

T A me L S e e
Then, A" X A=A "X @ = =—— = s = g
o atart

Substituting, «"—*=a™*"; hence a™xa"=a"*"

Prin. 8. Prove that a™+ a”=¢™ " when either or both expo-
nents are negative.
First, suppose either exponent, as n, is negative. Let n=—s.

hiperl as
TH¥n, afwat=at=a f=aft=—=a%x T anat =amts
& o

Substituting, ot —rnt,
Second, suppose both exponents are negative. Letm = —7andn=—s
1 1 il

. s 5 I
Then, GECOi—d=t Ot = e = A
§ art at ar ar

Sllb:‘\litlltil‘lg’ i =g—n-(-m) — gm-n

Prin. 9. Prove that (¢™)*=a™ when one or both exponents
are negative.
First, suppose 7 is negative, and let m = —7
; | 1l
Then, (azin=(asT)= ( =—— =g M=gmn",
’ / \J 4 (,J” a?ii
Second, suppose # is negative, and let n= —p.
; ; 1 1
t— (g =P — o N T
Then, tnis e e e =™

ird, suppose 22 and % are both negative, and let m=— 7 and

Th
= —p.
Yoip i

Then, (am)r={a=")

26 %

= P = (MK T = R
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- i 2 i
Prrx. 10. Prove that 17a” —a’ when cither m or n, or both,
are negative.
First, suppose 7 is negative, and let m= —7.

T n £l I‘ i
Then Jan= 1 aT=7|
L 1 \

ar

s
= > : = S e
Second, suppose 7 is negative, and n= —7. Let = }/a™

At L. 2=

1 ot :
Then st =q7 and2" =g ot ==a% ;A== =cs =0 =0
5 o ar
Third, suppose hoth 7 and n are negative; let m=—p, n= —7;and
kG
i
2 m

el
Then a?=a®, ~"=a?, —=—, &'=af, T=0"=a".
€& (s

NoTte—No practical significance is attached to a negative index of a
root; but the form is a possible one, and the ahove demonstratiolt proves
the prineiple to be general.

A417. Thus we see that whether m and n are positive or
negative integers, we have the following:

. l. “m X{LH i aﬂi-l-n. I_[I_ (’:Lﬂ;:)n =5 ﬂm_

.

m
II. a®» = a”=a™™ IV. Va"—a"

FRACTIONAL EXPONENTS.

A18. A Fractional Exponent arises from evolution by
dividing the exponent of the power by the index of the root,
when the former is not a multiple of the latter.

419. We shall show the meaning of the fractional exponent

and prove a few principles to be used in showing the univer-
sality of the fundamental rules.

i = m A
Prix. 11. Prove that (e")?=a" when = and p are positive
U7

or negative,

FRACTIONAL EXPONENTS. 307

.
e ; S A : T :
First, suppose p is positive, = being either positive or negative.

™ m n m
Raising a® to the pth power, we have a" xa” xa"x ... to p fac-

W m m, ’ mp
Fatpt ... topterms 2l T

tors, or a” =a"=a
Second, suppose p is negative, and let p= —s.
m ik 1 1 me ﬁ_?f"(*ﬁ = mp

Then (a")P=(a") *=——"r=—pm= =q ar,
(an) o™
it Mot
¢ 5 b - . . nie
Prin. 12, Prove that " = ¥'a”, m and » being either positive
or negative.
First, suppose 7t is positive or negative, 7 being positive.

: m me
By Prin. 11, (a")"=a™; extracl nth root, ™= 1/ a™
Second, suppose 7 is negative, and let n= —s.
m .

iy By

Then, (™= (a °)

m

m m

Hence, (afr—ar and'a’ — piar.

1 S 2 = 2 L L

. Cor. Hence, a"= Va, or Va=a"; also (a")*=a’, or a.

Nore—This principle was derived under the previous article, but is
here proved by another process of reasoning.

r— 1
Prix. 13. Prove that Vo™ = (a™)"

, R .
Let am=x; then Var= p/z=2" (Prin. 12, Cor.)

1
d

- P v '_ T ,—
But since z=a™, " =(a™)™; hence 1/a™=(a™)

i
(0
Cor. Hence a® = (™)™

Prix. 14. Prove that " x b* = (ab)’i‘.
Let x=2"xD",

2y 1 v 1 1
Then,  ar=(a*x5)r= (@ x (0= ab.

1
Hence, a"=(ab) ; therefore, z=(ab)". (Prin. 12, Cor.)
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Cog. 1. In the same way it may be shown that

1 1

1 L .]A
CoR. 2. Hence also a” xb"x¢" = (abe)".

kil m m
Prin. 15. Prove that ¢ xb" = (ab)".

m m

Let r=a" xb".

m T, m

| o
Then, o= (" xb")r=(a™)rx (") =amx bm = (ab)™

i1 m

n pi3 7 m
Hence, a"—(ab)™; and z=(ab)"; therefore, a” xb"™ =(ab)".

Prix. 16. Prove that (a™)" = (™)™

1 7
£

: n

By Prin. 11, (af)r=a™; let z—a”.
i

Then, aP—gr, and z=(am)". Prin. 12.

1

3

1 1 1
Cor. In a similar way it may be shown that (a™)" = (&")".

1 1 1

Prix. 17. Prove that (a™)" x (a?)" = (a™ x &*)".
1 'li.

Let 2=(am)"x (a?)" ; then 2"=a™x aP;

1

Hence, x=(aPxar)".

m mp

Priw. 18. Prove that «* = o™,

m

Let z=qa"; then 2"=a™, and o2 =q"™.

i momp
Hence, x=a" ; therefore, a” =a™.

A20. We shall now proceed to show that the rules for mul-
tiplication, division, involution, and evolution apply to fractional
exponents as well as integral.

FRACTIONAL EXPONENTS.

3 i x Pir
Prin. 19. Prove that a'xa’ =a’ °

ps qr

2 r : : i
alxar—asxal. Prin. 18.

1 24
= (ar*)" x (az)T. Prin. 183, Cor.
1.
= (ars x ar)”. Brin: 17
o |
= {((?JS-i-ﬁr;,‘”.
5, qr jid

_ B S
e =

Cor. In the same way it may be shown that

2 7 P_r
q 5

a’+~at=a® "
P oy pr
Prix. 20. Prove that (a")° =a®.
2 2 pr
Let e=(a?) i itheni=(afii—a%

2r
Hence P =—gEn i = g

Cor. In the same way it may be shown that

Fo Por Pos s
§| ¢ g8 qr
jo. = = =a
{

\

ScrHoLIUM. When the exponents in Prin. 19 and 20 are negative, we
can let 7 and n represent the fractions, and since the principles are true
for mn and n, they are true for negative fractions. Or we can prove them
by the methods used for negative integral exponents.

.

A2, Tt is thus shown that the following relations are uni-
versal, m and n being positive or negative, integral or fractional.

lebateda=nts FEL o) — ot

- 0, — e
IL. o= af=a™" IV. 1oP=1a".

Note.—The student will be interested in noticing that this general dis-
cussion has introduced two forms of expression that are not usually em-
ployed in algebra—viz. megative indices and fractional indices of roots.

al
| gives the forms

N

Thus, since 7 is general,




B8

a

B

MED

f
g

. ol > - 3 %
. Show the meaning of the fractional exponent, a* or a™.

. Show the meaning of a fractional index, | ox

. Show the meaning of a negative fractional index,

EXPONENTS AND LOGARITHMS,

EXAMPLES.

. Prove ™ "=

y ot 1t
. Prove (a) "=—7.

az

-, 1
- Brove lar—- .

ar

Show the meaning of the negative exponent, ¢~

n

19
x|

’\Il‘

a.

\

< 2 ; Rl -2 —a
. Show the meaning of a negative index, Va or 1/a.

ey

EXAMPLES IN REDUCTION.

Ans. 3. 11. (daB)%.

Ans. +.
Bl ((‘34}2-‘3)—%,

Ans. 3. |
Ans. 27.118. (32a)5.

1 : -
Ans — 194 (5505_6)'%'. Ans. =

a3, ]/T
5

Ans. a®. |

it 1

Va®. Ans. =
o

Ans. 8. o2

1 SR VETE Ans. 4a.

Ans. —. |
o

2 e
o | A5 o4 Ans. 8a®.
Ans. mz, AY
S
3

1 I 4o
Ans. ra‘{l& SRR

s Amns. o°.

FRACTIONATL EXPONENTS. 311

A [
A 713-( 128, \Ja b". Ans. ab™

1] -
L] o Vot P
Ans. 3d’. | A e R e e

Ans. ( 2 Y
b

/

m n

Ans. a™c”.

EXAMPLES IN MULTIPLICATION.

1 3
Ans. a®. | 8. y*x 4L Ans.

T (] ) 9. (Arg Sl
& Ans. 1.

a7 x pa.
|

L 1 (m—mn)

Stk : AT R A

A’ % a e Ans. ¢™. Ans. 12aim+5,

1 2 . ]
1 : (_,1_”'[’)1, v a2 % g™,
Ans. a®brt2,
3 E (a’ fad b)a‘a-!-;zcﬂz % (C!- i b)mnncfnh
m4+n

Ans.a ™ .| Ans. (a+b)™

1 il
s S e (e
m

Multiply the following :

B 27

mo_n 1 1 ‘
Bl T e R Ans. ¢b°

14 (8_‘“2‘“)“; 2o (83{5_2135?)?rr—?rﬂ,
15 (CL-J. b)*-‘ci 4 ((L + b)“'H‘Ci“ v (a._;_ b)]_:?\:c_‘i-
f} nas. (({_ oty h)‘in HCQ_R-

4 ns. ¢ Jmalid,{;anﬁml

e
3

16. (ot +8%) by of — 8%,

17 amé—;r+ bm—;z 'bv am bm-—n‘

A tued
Ans. o = 0°.
44 ns. I,.LG-‘w.-'-:‘.) o b?-jm.f'.!).

7 mn—n - =2, 0 Ane omn,n _ mn—mn,mn
18. 2" —y Byt Ayt gmn sy,
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”E m
9. a"+b" by a
1 Lot~
2+x*+2 by z+z" — 2.

1 2 3
;y., 4 y.s b}f 2 —

d+a’+1 by at—a?+1.

it =
+a *+1lbya °-1.

i 4 21
a’—2+a ° l‘)y a o

AND LOGARITHMS.

zm 2w
A 7t n
Ans, a™ =0".

Ans. 2+ 9% +tx—-4.

Ans. z—v.

Ans. at+1+a7%
Ans. a—1.

Ans. a*—3a*>+3a *—a7"

— 307 %+2a** by —2a7®-3a7%.

Ans. o

Ans. —4a

H+9a%.

L
—1 by a*+1, Ans. a*—1.

o}
3

(rr—:) +(a—)°.

Ans. (r_[. = _:}_-_)—Il

1t 2 3 st
b®. Ans. 2ab °.

n—1 |

Ans. a=™ |

Ans. b

1
Ans. a’.
Ans. a.

Ans. 2%

(@ = b)’-f:i-—‘m ] ((z, : 6)%:—?’;‘.
Ans. (a—b)y~.

m
antbicst
Ams. b "

1\2%
Ans. [— ). L %/
a 18. (a®x™)° -:—-\.'ragn'.

2. (a+b)* + (a+d)>.

Ans. (at bj-'];.

Ans. ( S )Eu
\ & ;

FRACTIONAL
Divide the following :

3 13 1
19. a*—b% by a*—b".

= 1

a’— () by b

; ;
a—=x by &’

z n a/:a

a*—b" by ¢*—0".

n
g — o h}-’ e

am‘—ué)—u({ngu 'h}, ({.an’bd,%— ’.‘GZ—HI

@b+ 2+ 070" by ab™

LR
. 8x1+ 27y by 22 °+3y °

an an n _n
z & z 2
S0 —ob bhya o
3 T

2 3
. x =yt
1 :

b by a

11
+ah’ 4

gk —0

X =%

& 2.2
a®+a’b®

Find the value of
Find the value of [§(a

Find the value of |

Find the value of

HERN

. Find the value of
27

Ans. o

—1

") > (@)%
b),,;“*'?r-—rz—ll

(bmfu,)—'z Ve (l?)-—m

EXPONENTS.

it
Ans. o”

1
Ans. o+

2

Ans. o

zn m

37 :
Ans. 1 b

an _2m

+ab

Ans.

n 3m

+a’b

Col !
+ath*+b*.

2 LS

Falx® 4

n zm

+a*h® 4

Ans. ab+

Ans. 4 °—

ey 2
b

Ans. a®+

1 3 1 1
3 W o 3
ton—qgs by oz

Ans. x+1

A X1
Ans. a® —a’b®

il
Ans. z~

A 1540
Ans. a® +5° —

2
N2y dm—n

ks i
E{@n)m)rq i Lg(“m_-” Pp_]q

LR ({CoNY

ki

Ans.

a
+ 20\ —3 ) —2n
Jasa e

o

1

A

g

1

5 i b._..i..

1
e 3

L ST
a6’ +a’h’ +b".

av!‘—'.lb—:n.cvn—‘z'

a'b

TS T

¥

Ans. @’

(a—b)"

Ans. b2

Ans: o

Ans. 1.
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LOGARITHMS.

422, The Logarithm of a numberis the exponent denot-
ing the power to which a fixed number must be raised to pro-
duce the first number.

Thus, if B*= N, then  is called the logarithm of V.

ADB. The Base of the system is the fized number which is
raised to the different powers to produce the numbers.

Thus, in B*= N, « is the logarithm of N to the base B; 5o in

3

48 = 64, 3 is the logarithm of 64 to the base 4.

A2A. The term logarithm, for convenience, is usually written
log. The expressions above may be written log N'=2 and log

64 =3.

A25. In the Common System of logarithms the base is 10,
and the nature of logarithms is readily seen with this base; thus,
10* =100;  hence log 100 =2.
10*° =1000: hence log 1000 =3.
10* =10,000; hence log 10,000 =4,
10 =9234;  hence log 234 =2.369.

A26. We shall first derive the general principles of log-
arithms, the base being any number, and then explain the com-
mon numerical system.

PRINCIPLES.
Priv. 1. The logarithm of 1 s 0, whatever the base.
For, let B represent any base, then B*=1; hence by the definition of a
logarithm, 0 is the log. of 1, or log 1=0.
PriN. 2. The logarithm of thg base of a system of logarithms is
unity.

Tor, let B represent any base, then B!'=B; hence 1 is the log. of B, or
log B=1.

LOGARITHMS, : 315

PrIN. 3. The logarithm of the product of two or more numbers
is equal to the sum of the logarithms of those numbers.
.

For, let m=1log M, and n=1log N.
Then, ‘Buk= Br=2N.
Multiplying, Bmin=Jfx N.

Hence m+n=log (MxN).

Or, log (M x N)=log M+log N.

H

Prix. 4. The logarithm of the quotient of two numbers is equal
to the logarithm of the dividend minus the logarithm of the divisor.

For, let m=log M, and n=log N.
Then, Br= M, Bt=N.
Dividing, Bm—= M+ N.

Hence, log (M= N)=m—n.

Or log (M ~+ N)=1log M—log N.

Prix. 5. The logarithm of any power of a number is equal to
the logarithm of the number multiplied by the ewponent of the
power.

For, let m=log M.
Then, Bm= M.
Raising to nth power, Br*m= ™.
Whence, log M™=nxm.

Or log M*=nxlog M.

Priw. 6. The logarithm of the voot of a number is equal to the
logarithm of the number divided by the index of the root.

For, let m=1log DL
Then, Bm= M.

m 1

Taking nth root, B =M"
m
n'
log M
TR

1
Whence, log M*"

1
Or log M" =

A27. These principles are illustrated by the following ex-
amples, which the pupil will work.
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EXAMPLES.

Log (a.b.c) =log atlog b+log c.

: L()g(af- )= log a+log 6 —log c.

. Log ¢"=n log a.
. Log (a*b¥) =z log a+y log b.
a’b?
. Log SR log a+y log b—z log e.
. Log Viab=1 log a+% log b.
. Log (¢’ —2%) =log (a+z)+log (a—x).
Log Vo' —a*) =1 log (e+2)+% log (e —2).
el
. Log ¢*Va~* =% log a.

Vo o 51 o T
10. Log o =% flog (a—x) -3 log (a+2)s.
COMMON LOGARITHMS.
A28, The Base of the common system of logarithms is 10.
This base is most convenient for numerical caleulations, because
our numerical system is decimal.

429, In this system every number is eonceived to be some
power of 10, and by the use of fractional exponents may be thus,
approximately, expressed.

A30. Raising 10 to different powers, we have

10°=1; hence 0=log 1.
10'=10; hence 1=1Iog 10.
10*=100; hence 2=1log 100.
10®*=1000; hence 3 =log 1000,

ete. etc.
Also, 10='=1; hence —1=log.1.
10-*=.01; hence —2=1Iog .01.
10*=.001; hence —3=1log .001.

LOGARITHMS.
A31. Hence the logarithms of all numbers

between 1 and 10 will be 0-+a fraction ;
between 10 and 100 will be t-a fraction ;
between 100 and 1000 will be 2+ a fraction ;
between 1and .1 will be —1+a fraction ;
between .1 and .01 will be —2+a fraction ;

between .01 and .001 will be —3+a fraction.

A32. Thus it has been found that the log. of 76 is 1.8808,
and the log. of 458 is 2.6608. This means that

105 — 76, and 1070 =458,

A$3. When the logarithm consists of an integer and a deci-
mal, the integer is called the characteristic, and the decimal part
the mantisse. Thus, in 2.660865, 2 is the characteristic, and
660865 is the mantissa.

PRINCIPLES OF COMMON LOGARITHMS.

Prin. 1. The characteristic of a logarithm of « number i3 one
less than the maumber of integral places in the number.

For, from Art. 430, log 1=0 and log 10=1; hence the logarithm of
numbers from 1 to 10 (which consist of one integral place) will have 0 for
the characteristic. Since log 10=1 and log 100=2, the logarithm of
numbers from 10 to 100 (which consist of #wo integral places) will have
one for the chatacteristic, and so on; hence the characteristic is always one
less than the number of integral places.

Prin. 2. The characteristic of the logarithm of a decvmal 13 meg-
ative, and is equal to‘the number of the place occupied by the first
stgnificant figure of the decimal.

For, from Art. 430, log .1=—1, log .01=—2, log .001 =—3; hence
the logarithms of numbers from .1 to 1 will have —1 for a characteristic;
the logarithms of numbers between .01 and .1 will have — 2 for a charae-
teristic, and so on; hence the characteristic of @ decimal is always negative,
and equal to the number of the place of the first significant figure of the decimal.

Prix. 3. The logarithm of the product of any number multi-

plied by 10 s equal to the logarithm of the number increased by 1.
T
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For, suppose log M =m; then, by Prin. 8, Art. 426,,

log (M=10)=log M+log 10; but log 10=1;
Hence log (Mx10)=m+1.
Thus, log (76 10) —1.880814+1; or log 760 = 2.880814.

Prix. 4. The logarithm of the quotient of any number divided
by 10 s equal to the logarithm of the number diminished by 1.

For, suppose log M=m ; then, by Prin. 4, Art. 426,
log (M +10)=1log M—log 10;
Hence, log (M+10)=m—1.
Thus, log (458 +10)=2.660865—1; or log 45.8 =1.660865.

Priv. 5. In changing the decimal point of ¢ number we change
Lk Vi g
the characteristic, but do not change the mantissa of s logarithm.
This follows from Principles 3 and 4. To illustrate:
log 234=2.369216. log .234=1.369216.
log 23.4—1.369216. log .0234=2.369216.
Jog 2.34=0.369216.
Thus we see that the characteristic becomes negative, but not the mantissa.
The minus sign is written over the characteristic to show that it only is
negative.

EXERCISES ON LOGARITHMS.

434. Common Logarithms are used to facilitate the ope-
rations of multiplying, dividing, ete. Tables of Yogarithms are
constructed and used for this purpose.

ABS. We shall give the logarithms of a few prime numbers
to four decimal places, and show how they are used.

log 2=0.3010 log 7=0.8451 log 17=1.2
Jog 3= 0.4771 log 11 =1.0414 log 19 =1.
log 5= 0.6990 log 18 =1.1139 log 23 =1.3

MULTIPLICATION WITH LOGARITHMS.

A26. Numbers are multiplied by means of logarithms by
taking the sum of their logarithms, (See Art. 426.)
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1. Find the logarithm of 2x5.
OPERATION.
SorurioN. From Prin. 3, Art. 426, the log. of log 2=10.3010
quals the log. of 2 plus the log. of 5; log log 5=10.6990
log 10=1.0000

2%
9 -

<d €
=(.3010, log 5=0.6990; their sum is 1.0000.

Find by the use of the logarithms given in Art. 435 the fol-
lowing :

2. log (3xT). 5. log 5x10.

3. log (5xT). 6. log 7x10.

4, log (7x11). 7. log 13 x10. - 10. log (7 =19 x23).

Nore.—In actual practice with a table we find the number correspond-
ing to the logarithm of the product, and thus obtain the product of the
numbers.

A37. The logarithms above given will enable us to find
the logarithms of many numbers of which the prime numbers
are factors. Find the following:

1. log 4. 5. log 20. 9. log 56. 13, log 1.15.
2. log 6. 3. log 26. 10. log 85. 14. log .230.
3. log 10. 7. log 30. 11. log 8.5. 15. log .380.
4. log 15. 8. log 42. 12. log 115. 16. log .0035.

DIVISION WITH LOGARITHMS.

AB8, Numbers are divided by means of logarithms by sub-
tracting the logarithm of the divisor from the logarithm of the
dividend.

1. Find the log. of 5+ 2.
OPERATION.
SorurioN. From Prin. 4, Art. 426, the log. log 5=0.6990
of the quotient of 5 divided by 2 equals log 5 log 2=0.3010
minus log 2; log 5=10.6990, ete. log (5+2)=0.3980

Find by the logs. given in Art. 435 the logs. of the following:




EXPONENTS AND LOGARITHMS.

10. =92,
11, =93, 15. -
12, 3 16.
13. %5 17. 2

003"

0:
b}
3
.

NoteE.—For an explanation of the nature and use of the arithmetical
complement see Trigonometry.
POWERS AND ROOTS WITH LOGARITHMS.
A3D. The powers or.roots of numbers are readily obtained

by logarithms, according to Prin. 5, Art. 422,

1. Find the log. of 7%

Soruriox. By Prin. 5, Art. 426, log 7° equals OPERATION.
log 7 multiplied by 3; log 7=0.8451 ; multiplying

9

by 3, we have 2.5353; hence log 7 or log 343
v 2 2 = } (=]
= 2.5353.

Find the logarithms of the following :
-3
o Rl b 105 8%
il A Al 5. 3%+.05°%
a2
= - < - o
ST Sz - Al SO 0142
; : 1 - i 3
Bl i ISR 01 1780095 =027
Nore.—Teachers who wish to give their pupils a knowledge of the use
of the tables and numerical computation with logarithms will find the
subject presented in my Geometry and Trigonometry.

EXPONENTIAL EQUATIONS.

A40. An Exponential Equation is an equation in which
the unknown quantity is an exponent ; as,

a’=b, T =aq, b= =e, ete.

A4NL. Such equations are most readily solved by means of
logarithms.

LOGARITHMS.

1. Given a*=0, to find .
SOLUTION.
Gi ven, a*=b.
Taking log. of members, x log a=1log b,

log b

Whence, = i .
og a

2. Given 5=10, to find 2.
SornuTION.
Given, 57 =10.
Taking log., x log 5=1log 10.

i . _log 10 1.000
Whence, T= e U.6990=1'4306'

»

2
3. Given 5" =1, to find z.
SoLuTION.

Given,

Raising to = power, —
o

Taking log., 2 log 5= log 7T—x log 3.

\thnce,
Or,

EXAMPLES.
4. Given 5° =8, to find 2. Ans. 2=1.92918.
5. Given 4% =8¢, to find . Ans. x=10.5.
6. Given a®=be, to find 2. Ans. x==-

e 2,3 o 2 Tog b+3 log ¢
7. Given a® =b%?, to find . Ane g it IR U Sy
: log a

. Given 5% =30, to find % Ans. x=10.9464.
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g ab® — loz (nd+c) —log @
9. Given —-d to find «. g =2 @di0) =L
7 log &
: 1 ’ loo b
10. Given ab*=¢, to find . Ans. =8
log ¢ — lu-,r

log b —n log a

11. Given a™t" =5, to find 2. Ans. z—
m lw o

(_)::’: ?)
a log

(=]

9. Given m®n’* =p, to find z. Ans. = —
- P m+b log 7

2 log ¢
. Given a*— 2a* =63, to find 2. Ans. x= 2

log a
4. Given 3¥+3*=0, to find =.

log

St 1
5. Given n?+ =m, tofind z. Ans. x=—
i

. Given & +b? =2m and of — b* = 2n, to find = and .
log (m+n
Ans. 5= )
7. Given 2% =7, and * =%, to find @ and 7.
Ans.
. In a geometrical progression, given a, r and s, to find n.
Ans. See page 268.
. In a geometrical progression, given /, » and s, to find n.
Ans. See page 268.
20. In compound interest, if P represents the prineipal,
=14—:r, tho rate, 4 the amount, and ¢ the time, show that
= PxR'=P(l+71)"
21. From the above formula derive the following formulas:
. log A—log P
Telogm Ai=logiPrélog (ltr);0  Silog (E4m) ===
log 4 —log P
2. log P=log A —tlog (1+7); 4.t="— -
=) L= = I(\”‘k]—'r‘
Nore.—Exponentigl equations of the form 2= cannot be solved hy
elementary algebra. Numerical forms like =10 may be solved by
Double Posjtion,

SECTION XTII.

PERMUTATIONS, COMBINATIONS,
MIAL THEOREM.

PERMUTATIONS.

442, Permufations are the different orders in which a
number of things can be arranged.

Thus, the permutations of @ and b are ab and ba; the permu-
tations of @, b, and ¢, taken two at a time, are ab, ba, ae, ca,
be, cb.

A4, Things may be arranged in sets of one, of two, of
three, etc. Thus, the three letters e, b, and ¢ may be arranged
in sets as follows:

Of one, @, b, c.
Of two, ab, ac;  ba, be; ca, cbh.
Of three, abe, acb; bae, bea; cab, cha.

Nores—1. It is convenient to let P, represent, the number of permu-
tations when taken two together; P, the number when taken three to-
guthc]‘, etc.; P, the number when taken # together.

. The term permutations is sometimes restricted to the case where the
qu.mmwa are taken all together, while the term rmrmﬁmuu’\ or variations
is given to the grouping by twos, threes, ete, the number in the group
being less than the whole number of []11113..

PREOBLEMS.
A44. To find the number of permutations or arrangements
that can be formed of n things taken two ot a time, three ai a
tume, ete.




