S EXPONENTS AND LOGARITHMS.

g ab® — loz (nd+c) —log @
9. Given —-d to find «. g =2 @di0) =L
7 log &
: 1 ’ loo b
10. Given ab*=¢, to find . Ans. =8
log ¢ — lu-,r

log b —n log a

11. Given a™t" =5, to find 2. Ans. z—
m lw o

(_)::’: ?)
a log

(=]

9. Given m®n’* =p, to find z. Ans. = —
- P m+b log 7

2 log ¢
. Given a*— 2a* =63, to find 2. Ans. x= 2

log a
4. Given 3¥+3*=0, to find =.

log

St 1
5. Given n?+ =m, tofind z. Ans. x=—
i

. Given & +b? =2m and of — b* = 2n, to find = and .
log (m+n
Ans. 5= )
7. Given 2% =7, and * =%, to find @ and 7.
Ans.
. In a geometrical progression, given a, r and s, to find n.
Ans. See page 268.
. In a geometrical progression, given /, » and s, to find n.
Ans. See page 268.
20. In compound interest, if P represents the prineipal,
=14—:r, tho rate, 4 the amount, and ¢ the time, show that
= PxR'=P(l+71)"
21. From the above formula derive the following formulas:
. log A—log P
Telogm Ai=logiPrélog (ltr);0  Silog (E4m) ===
log 4 —log P
2. log P=log A —tlog (1+7); 4.t="— -
=) L= = I(\”‘k]—'r‘
Nore.—Exponentigl equations of the form 2= cannot be solved hy
elementary algebra. Numerical forms like =10 may be solved by
Double Posjtion,

SECTION XTII.

PERMUTATIONS, COMBINATIONS,
MIAL THEOREM.

PERMUTATIONS.

442, Permufations are the different orders in which a
number of things can be arranged.

Thus, the permutations of @ and b are ab and ba; the permu-
tations of @, b, and ¢, taken two at a time, are ab, ba, ae, ca,
be, cb.

A4, Things may be arranged in sets of one, of two, of
three, etc. Thus, the three letters e, b, and ¢ may be arranged
in sets as follows:

Of one, @, b, c.
Of two, ab, ac;  ba, be; ca, cbh.
Of three, abe, acb; bae, bea; cab, cha.

Nores—1. It is convenient to let P, represent, the number of permu-
tations when taken two together; P, the number when taken three to-
guthc]‘, etc.; P, the number when taken # together.

. The term permutations is sometimes restricted to the case where the
qu.mmwa are taken all together, while the term rmrmﬁmuu’\ or variations
is given to the grouping by twos, threes, ete, the number in the group
being less than the whole number of []11113..

PREOBLEMS.
A44. To find the number of permutations or arrangements
that can be formed of n things taken two ot a time, three ai a
tume, ete.
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Let a, b, ¢, d, . .-. . & represent n things.

First, if we reserve one of the 7 letiers, as @, to place before each of
the others, there will remain n— 1 letters; and placing ¢ before each of
the n—1 letters, there will be n—1, in which « stands first; as ab, ac,
ad, . ... ak Similarly, if we put & before each of the other letters,
there will be 72— 1 arrangements in which & stands first. Similarly, there
will be n—1 arrangements in which ¢ stands first. Hence, since each of
the n letters may be first, in all there will be 7(n—1) arrangements of n
things taken fwo at a time.

Second, let us now find the number of arrangements of the n letters
taken three at a time. If we reserve one letter, as «, there remain n— 1
letters ; the number of permutations of n—1 letters taken two together,
from what has been shown, is (n—1)(n—2). Putting @ before each of
these, there will be (72—1)(7n—2) permutations of n letters taken three to-
gether, in which @ stands first. Similarly, there are (n—1)(n—2) per-
mutations, in which & stands first, and so for each of the n letters; hence
the whole number of permutations of 7 letters taken flree together is
n(n—1)(n—2).

Similarly, we find that the number of permutations of n letters taken
four ata time is n(n—1) (n—2)(n—3). From these cases it may be in-
ferred, by analogy, that the number of permutations of n things taken
at a time is

nn—1)(n—2)(n—38) . ... (n—r—1).

445, We shall now prove that the formula for the permuta-
tion of n things taken » at a time, derived above by analogy,
is frue.

Suppose it to be true that the number of permutations of n letters
taken »—1 at a time is

nn—1) ....n—(r=1-1)},
or nn—1) . ... (n— 7=-1+1),
then we can show that a similar formula will give the number of permu-
tations of the letters taken 7 at a time. For, out of the n—1 letters
b, e d,....we can form (Art. 444),
(n—1)(n—2) . ... (n—1—7—1-1),

or, (n=1)(n~2) ....(n—r-1)

\ i

permutations each of 7 —1 letters, in which « stands first. Similarly, we

PERMUTATIONS,

have the same number when & stands first, and as many when ¢ stands
first, and so on. Hence, on the whole, there are

n(n=1)n=-2) . ... (B=r—1)
permutations of 7 letters taken » at a time.

This proves that if the formula holds when the letters are taken 7—1
at a time, it will hold when they are taken 7 at a time. But it has been
shown to hold when they are taken three at a time; hence it holds when
they are taken four at a time; hence also it must hold when they are taken
Jfive at a time, and so on; therefore the formula holds universally.

NoreE.—The method of reasoning employed in Art, 445 is called Mathe-
matical Induction. It is based on the principle that a truth 4s universal if
when it is frue in D cases it s true tn 1+ 1 cases. It is regarded as a valid
method of demonstration, while the method by analogy or pure induction
is not.

A446. To find the number of permutations of 1 things taken
all together.
In the forn.ula just proved put 7=, and we have
Po=n(n—1)(n—2) . ... 1.
447, For the sake of brevity an(n—1)(n—2) . ... 1 is

often written |n, which is read “fuctorial n.”

Thus, |7 denotes 1x2x3x xn; that is, the product of
the natural numbers from 1 to # inclusive.

A4S, Any number of T things, or combination of T things,
will produce |T permutations.

FFor by Article 446, the » things which make the given combination
can be arranged in |7 different ways.

AAD. Do find the number of permutations of n things taken
all together when some occur more than once.

Let there be n letters, and suppose & oceurs p tifhes, b occurs ¢ times,
and ¢ occurs 7 times, the rest, d, ¢, f, ete,, occurring but once. Let N
represent the required number of permutations.

Now, if in any of the permntations we suppose the p letters ¢ to be
changed into p new letters, different from the rest, then without changing

28
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the situation of any of the remaining letters we could, from their inter-
change with one another, produce |p permutations; hence if the p letters
@ were changed into p different letters, the whole number of permutations
would be Nx |p. Similarly, if the ¢ letters & were also changed into ¢
new letters, different from any of the rest, the whole number of permuta-
tions would be Nx (px |g. Soalso if the 7 letters ¢ were also changed,
the whole number of permutations would be Nx |px |gx |r. But this
number would be equal to the number of permutations of 7 different

things taken all together; that is, to |7

Thus, Nx|px|gx|r=|n.

'L?z,
Hence N=—

xlexir

A50. To find the number of permutations of 1 things when
each may occur once, twice, thrice, . up fo T times.

Let there be n letters, @, b, ¢, . . . .
shall have 7 arrangements. Taking them two at a time, ¢ may stand

Taking them one at a time, we

before @, or before any one of the remaining letters; similarly, & may
stand before &, er before any one of the remaining letters, and so on; thus
there are 7 xn, or n?, different arrangements. Taking them three at a
time, each one of the 7 letters may be combined with the n* arrangements,
making nxn? or nf in all. Similarly, when the letters are taken 7 at
a time, the whole number of permutations will be 7.

AS51. If they are taken n at a time, or all together, » becomes
n, and the number of permutations becomes n”.

EXAMPLES.

1. How many permutations can be formed of the letters in
the word chadr, taken three together?

SoruTion. Here n=5, and 7=3; hence substituting in the formula
P.=n(n—1) . ... (n—r—1)), we have 5x4x3=60.

9. In how many ways may the letters of the word fome be
written ? . Ans. 24.

3. In how many ways can 5 persons arrange themselves at
table so as not to sit twice in the same order? dms. 120.

4. In how many different ways, taken all together, can the 7
prismatic colors he arranged ? Ans. 5040.

COMBINATIONS.

5. The number of permutations of a set of things taken four
together is twice as great as the number taken three together;
how many things in the set? Ans. b,

6. In how many ways can 8 persons form a circle by joining
hands? Ans. 5040.

7. How many permutations can be made of the letters of the
word Caraceas, taken all together ? Ans. 1120.

8. How many permutations can be made of the letters of the
word Mississippi, taken all together ? Ans. 34650.

9. The number of permutations of n things taken four together
is six times the number taken three together; find the value
of n. Ans. in=9.

10. The number of arrangements of 15 things, taken 7 to-
gether, is ten times the number taken (r—1) together; find
the value of 7. Ans. r=6.

11. In how many ways can 2 sixes, 3 and 5 twos be
thrown with 10 dice? : [10

S5
12. In how many different ways can six letters be arranged
when taken singly, two at a time, three at a time, and =o on,
until they are taken all at a time? Ans. 1956.

Nore.—Find the sum of the different permutations.

COMBINATIONS.

A5%2. The Combinations of a set of things are the different
collections that can be formed out of them without regarding
the order in which they are placed.

Thus, the comhbinations of the letters a, b, ¢, taken two together,
are ab, ae, be; ab and be, though different permutations, form

the same combination.

A53. Each combination of things when taken two together,
as ab, gives two permutations; and when taken three together, as
abe, gives 3x 2= 1 permutations.
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A34. In general, each combination or collection of T things
gives |T permutations.

Thus the combination abc gives the permutations abe, ach, ete.; that
is, the permutations of three things taken all together, which by Art. 446
is |3, or 3x2x1. Similarly, it is seen that the combination of # things
gives |7 permutations,

A53. To find the number of combinations that can be formed
out of 1 things taken T at a fime.

The number of permutations of n things taken 7 at a time is n(n—1)
. ...n—7—1) (Art. 444), and each collection or combination of 7 things
produces |7 permutations (Art. 454); hence the number of combinations
of 7 things taken 7 at a time equals the number of permutations divided
by |7; or, letting C, represent the number of combinations, we have

_nn-1)(n-2) .... (n ~r—1)

5

CY
A456. If we multiply both numerator and denominator of
the previous expression by n—7, we have

n

A57. The number of combinations of 0 things taken T at
time is the same as the number of them taken 1 — 1 at a time.
For the number of combinations of n things taken n—7 at a time is

pin=1)n—=2) . ...

JE=1

(n—n—r—1)
3

nm-1)nr=-2).... (r-1)
n—r :

that is,

Multiply both numerator and denominator by |7, and we obtain

7 . e s . . =
= | , which, by Art. 456, is the nurnber of combinations of n

7 [n—mr

things taken 7 at a time.

COMBINATIONS.

AF8. Hence in finding the number of ‘combinations taken r
together, when r>1n, the shortest way is to find the number
taken (n—1) together.

A39. To find the value of T from which the number of com-
binations of N things taken T ai a time is greatest.

. (n—7-1)

may be written

Now, it is seen that the numerators of this formula decrease from right
to left by unity, and the denominators increase by unity; hence at some
point in this series the factors become less than 13 therefore the value of
Oy is greatest when the product includes a/f the factors greater than 1.

Now, when 7 is an odd number, the numerator and denominator of
each factor will be alternately both odd and both even; so that the factor
greater than 1, but nearest to 1, will be that factor whose numerator ex-
ceeds the denominator by 2. Hence, in this case the value of 7 must be
such that
n—1

9

4

1=r+2 orr=

When 7 is even, the numerator of the first factor will be even and the
denominator odd ; the numerator of the second factor will be odd and the
denominator even, and so on alternately ; hence the factor greater than
1, but nearest to 1, will be the factor whose numerator exceeds the denom-
inator by 1. THence, in this case the value of » must be such that

e n
e e s
n—r—1=7r+1, or7s 5

NoteE—For other principles of Permutations and Combinations see

works on Higher Algebra.

EXAMPLES.

1. How many combinations can be formed from the letters
of the word Prague, taken three together?

SoruTrion, Here n=6 and »=23: hence substituting in the formula,

_nmn=1) ....%n=—r—1) 6x5x4

ST I)
% 25:3 20

we have G,

28 *
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2. How many combinations may be made of the letters «, b,
¢, d, e, f, taken three together? four together? Ans 20; 15.

5. How many spans of horses can be selected from 20 horses?
Ans. 190 ; 4845,

{. How many combinations of 3 or of 5 letters can be made
out of 8 letters? Ans. 56.

How many double gpans ?

5. How many combinations can be made of the letters of the
word longitude, taken four at a time? Ans. 126.

6. How many combinations may be formed of 16 things taken
5 at a time? Ans. 4368.

7. How many different parties of 6 men can be formed out
of a company of 20 men? Ans. 38760.
by lot out of
20 soldiers; in how many ways can this be done? how often

8. A guard of 5 soldiers is to be formed

will any one soldier be on guard?
9. In how many different ways can a class of 6 boys he
placed in a line, one being denied the privilege of the head of
the class? Ans. 600.
10. The namber of the eombinations of n things taken four
together is to the number taken two together as 15: 2; find the
value of n. Ans. n=12.
11. The number of permutations of n things taken 5 at
time is equal to 120 times the number of combinations taken 3
at a time; find xn. Ans. n=8.
12. A and B have each the same number of horses, and find
that A can make twice as many different teams by taking 3
horses together as B can by taking 2 horses together; how
many horses has each? Ans. 8.

THE BINOMIAL THEOREM.
A60. The Binomial Theorem is derived on page 162 by

induction ; we shall now demonstrate it by a more rigid method

{

of reasoning called mathematical induction.

4A61. By actual multiplication we obtain

THE BINOMIAL THEOREM.

z+b) =+ (a+b)w+ab.

?

(v+a)(z+0)(w+e) =2+ (a+b+c)2*+ (ab +ac+be)v+ abe.
3) (w+a)(z+b)(w+e)(w+d) =2+ (atbtetd)e’.
+(ab+ae+ad+be+bd +ed)s.

+ (abe + bed +eda +dab)n + abed.

AG2. Examining these results, we observe certain floaws in
the development :

1. The number of termsis one more than the number of bino-
mial faclors tnvolved.

9. The exponent of x in the first term is the same as the number
of binomial factors, and decreases by unity in each suceeeding
term.

3. The coefficient of X in the first term s wnily.

The coefficient of 2 in the second term is the sum of the second
letters, @, b, ¢, of the binomial factors.

The coefficient of @ in the third term is the sum of the products
of the second letters taken two at a time.

" The coefficient of the fourth term is the sum of the products of the
second letters taken three at a time, und so on.

4. The last term is the product of all the second letters of the
binomial factors.

AGS. We shall now show that these laws always hold, what-
ever be the number of the binomial factors.

Suppose the laws to hold for 7 —1 factors, so that

(wra)(@+d) .. .. (z+k)=2""tpr*itgarStrat—tt . ... %,

where p =the sum of the letters ¢, b, ¢, . .. . K.
¢ =the sum of the products of these letters taken two at a time.

7=the sum of the prodnets of these letters taken three at a time.

w=the product of all these letters.

Then multiply by another factor, &+, and arrange the product accord-
ing to the powers of x; thus,

(+a)(z+d)(z+e) . ... (@tE)(z+])=a"+(p+ )z

+(q+pl)am—+ (r+ gl +
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The laws (1) and (2) evidently hold in this expression.
Nows prle=atbter ..kt
—the sum of the letters a, b, ¢, . . . . £, L.
Also, gtpl=g+i(a+dbte+. ... + %)
—=the sum of the products of all the letters
a, b, 6 . ... kI taken two at a time.
=r+liabtactbet~ ... .)
—the sum of the products of all the letters
a, b, e . ...kl taken three at a time.
Alss, ul=the product of all the letters.
Hence, if the laws hold for n—1 factors, they hold for 7 factors. . But
it has been shown that they hold for four factors; therefore they hold for
five factors, and therefore for siz factors, and so on. Therefore they hold
universally.

A6A. We shall now proceed to find the general formula for
the expansion of (z+a)"

Let P, @, 2 etc. represent the coefficients in the above formula, and
we have

(@+a)(z+d) . . . . (@+B)(z+l)=2a"+Pr*1+ Qan?

+ R34 L.+
Here P—the sum of the letters @, b, ¢, . . . . &, {, which are n in
number.
Q=the sum of the products of these letters taken two at a time,

nn—1) . ;
so that there are - l — of these products, ab, ac, ete.

R =the sum of the products of these letters taken three at a time,

n(n—1)(n—2)

so that there are — 122 of these products, abe,
- ]

abd, etc., and so on.

F—nbe el
%, I are each equal to ; then,
First, (@+a)(x+0D) . . . . (@+&)(@+1) equals (z+a)*;

Second, P will equal ¢ taken n times, or nd ;
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Third, ab, ae, ete. will each become @ and @ will equal @* taken
n(n—1) G nin—=1) ,
Lot ettt
i l]l.l\rs?()l T :Z s
Fourth, abe, abd, ete. will each become @ and B will equal @ taken
nn—1)(n “_’jm nln—1)(n-
e T MES, OF - =
1.2.8 : 1.2.3
Finally, abe . . . . %l will equal @ taken as a factorn times, or a”,
and ¥ will equal a® Therefore,

3
L) o
—*; and so on.

5 i n{n—1)
(x+a)*=am+nax-1 P o SaA

nn—1)(n—2)(
=+ T gy

a

AG5. If in the formula a and z be interchanged, the develop-
ment will proceed by ascending powers of @; thus,

g L)

)
"t

(a+z)=a"+na" s+ - .
152

nln—1)(

A66. From the examination of this formula several laws
will be observed, as follows:

1. The sum of the exponents of @ and x in each term, equals .

2. If x s negative, cvery odd power of 2 will be negative and
the even powers positive ; thus,

nln=1) o nln-De=2) =
z+ 1 o 1 GG a’x’ + ete.
. & . e ok

(a—z)"=0" —na™

AG7. The coefficient of the rth term of the development of
(a+x)"is
S )

g e

nn-—-1)(n—2)

L2 55,

Tor, the coefficient of the second term is n, which is the combination
n(n—1)

of 7 things taken singly ; the coefficient of the third ferm is 1 3 which

is the combination of n things taken tw» at a time; and generally, the
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coefficient of the rth term is the number of combinations of n things taken
7—1 at a time, which, by Art. 455, is equal to

nn=—1)n=-2).. .. (n—r+2)
1.2‘.3.,..7'——1

AG8. This is called the general coefficient; and by making
r=2, 8, 4, ete., all the others can be derived from it.
Thus, suppose we wish to find the 5th term of (@ —x)". Heres=5 and

Hoobian

n—T; and the coefficient of the term required is 1 =35, and the

AR T
Sth term is 35 L

A69. In the expansion of (a+a)" the cocfficients of terms
equally distant from the beginning and end are the sume.

Tor the coefficient of the rth term from the beginning is

n(n—1)(n-2)

becomes
The rth term from the end is the (n—»+2)th term from the begin-
ning, and its coeflicient is

nn—1)( .

Maultiplying both terms by |7—1, this becomes also

| 92

r—1 |[n—7

470, The expansion of a binomial can always be reduced to
the case in which one of ‘the two quantities is unity.

We may then ex-

Thus (a+ )"—u"( i )“:(r,“’l-:-s e )
= W) Y

pand (1+y)" and multiply each term by «”, and thus obtain the expan-
sion of (a+a)™
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A70. The sum of the coeflicients of the terms in the expansion
of (1+a)*i1s 2™
: \ (72 — - y { 3
For (L+a)t=1+ne+— 0 Foooonptsl et - Ny, since

this is true for all values of =z,

it is true when x=1; whence
: s n(rn—1) i
{RLE=2r =l emirt =t e

that is, the sum of the coefficients is 2

AT2. The sum of the coefficients of the odd terms in the ex-
pansion (1+a)" is equal to the sum of the coefficients of the even
terms.

If we let &= —1, the expansion of (1+a)" becomes
nn—1) n(n—1)n—2)

Selalte g S e

- €eLc,,

in which we have the sum of the odd coefiicients, minus the sum of the even
coefficients equal to zero; hence the two suis are equal.

A7, Since the two sums are equal, each is one-half of 2"
(Art. 471), or 20+ 2 =24

Nores—1. It may also be shown that in the expansion of (a +)” the
middle term will have the g ient when 7 is even; and the fwo
middle terms will have equal coeffic ents when n is odd, and be the greatest
terms.

9. This demonstration of the binomial theorem is restricted to » being
a positive integer. The theorem is also true when n is megaiive or fractional ;
but the demonstration is too difficult for a work on elementary algebra.
We shall assume that # is general, and give examples showing its appli-
cation,

EXAMPLES.

1. Expand (b+2)™

SonuvTioN. In the general formula (Art. 465) substitute b for a, y for
x, and — 2 for n, and we have
-2

(b 1—3/)—?—-6“"4——‘27)’3"‘3;-—-—' T

Reducing, we have
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2. Expand (1+9):

SorvrioN. In the general formula put 1 for a, y for @, and 1 for 5 ;
substitute and reduce, {:ud we have

1+y)i=1+1 -«/ — Ry bk — Byt Hete.

3. Expand (1+2x—2 )u.
8

"on:lrox* Put r,f for "’,1:—;1:‘2; then (14 2x—2?)2 =
(L+z)h= :

Reduciug,

4 Expand (1-z)"" Ans. 1 +z+ 2" +28+a* +2°+ ete.
5. Expand (1+ a)—l"'. Ans. 1 —4a+2a* — Fa®+ 350" —ete.
6. Expand (1 —z)".

Ans.

7. Expand

a
(=
8. Expand /@ —2. A B S St sy
. Expand 1/ — 2% Ans. a—— o5 ———— — ete.
. 2 Do S L RlG0? 12*\&
9. Write the coefficient of 2" in (1 —)7% and coefficient of

- +1 :" b
o in (1—a)* Ans. r+1; g?—- })'I'.J 5 3
10. Write 4th term m‘ (z+2y)", aml 6th term of (3z—z)~*,
4n(n—1)(n—2) i ]] 15. 13

88« (34 \—_;—o 5

Ans. 1 :
3 Y ] L
11. Write the (r+1)th term of (1—)7°, and the 5th term of
S as ] (r+D(r+2) , :
(Bw® — 4y7)°. Ans. =3 ,_2-_’ i

12. Write the middle term of (a+2)", and two middle terms

(10 | 9
; 1 a9 Anae - oph = a5
of (a+x)’ Ans. 515 T ;5 (abz*+ a'z?)

+ 825+ 2-

15. Tf the 6th, Tth, and 8th terms of (z+y)" are respectively
112, 7, and 1, find 2, y, and n. Ans.z=4,y=% n=38.

]
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