28 DEFINITIONS AND EXPLANATIONS.

stration of a theorem is a course of reasoning employed in estah
lishing its truth.

3, An Axiom is a self-evident truth. Awioms are the laws
which control the reasoning processes.

AXTOMS.

1. If equals be added to equals, the sums will be equal.

2. If equals be subtracted from equals, the remainders will
oe equal.

3. If equals be multiplied by equals, the products will be
equal

4. If equals be divided by equals, the quotients will be equal.

9. If a quantity be both increased and diminished by another,
the value of the former will not be changed.

6. If a quantity be hoth multiplied and divided by another,
the value of the former will not be changed.

7. Quantities which are equal to the same quantity are equal
to each other.

8. Like powers of equal quantities are equal. Like roots of
equal quantities are equal.

REVIEW QUESTIONS.

Nore.—These REVIEW QUESTIONS are simply sugeestive to the teacher,
who can extend them as fully as is deemed desirable.

Define Mathematics. Quantity. Arithmetic. Geometry. Algebra.
8ymbols of Algebra. State the classes of symbols,

Define a Symbol of Quantity. Name Symbols of Quantity. Of Known
Quantities. Of Unknown Quantities. Use of 0; of co. Of Accenta. Of
Subscript figures. The sign of continuation.

Define a Symbol of Operation. Explain the sign of Addition, Sub-
traction, ete, Define Coefficient. Power. Exponent, Index.

Define a Symbol of Relation. Explain the sign of Equality, etc.

Define an Algebraic Expression, the Terms, ete.

Define Algebraic language. Numeration. Notation. Numerical
Value. State principles of positive and negative quantities. Define
Reasoning. A Prcblem. A Theorem. An Axiom. Enunciate the
Axioms.

SECTION I1I.
FUNDAMENTAL OPERATIONS.
ADDITION.

56. Addition is the process of finding the sum of two or
more algebraic quantities. ' .

5%7. The Sum of several algebraic quantities is a single
quantity equal in value to the several quantities united.

Nore—The symbol + was introduced by Stifelius, a German mathe

matician, in a work published in 1544,

CASE L
58, To add when the terms are similar.
Crass I, When the terms have the same sign.
1. Find the sum of 2a, 3a¢ and ba. OPERATION,
2a
Bied
57
10a

SoruTioN. 5a, plus 3a, are 8a; and 8«, plus 2¢, are
10a. Hence the sum of 2a, 3« and 5a is 10a.

Rule.—Add the cocfficients, and prefic the sum with is proper
sign to the common literal part.

EXAMPLES,
@ @ (4) (3) (6.)
3a bz —baw 4a’c —9a’b’e
4q ST —Taz ba'e —18a’b’e
ba T — Baw 1247 —a'be
Ta 8z — 8aw 15a% — 6a*b’e
19 23z — %6az 36alc — 84ab
7. Find the sum of 4, 6¢ and Ta. Ans. 17a.
8. Find the sum of —2¢, — 3¢ and —5a. Ans. —10a.
9. Find the sum of 3ab, Hab, 6ab and 8abd. Ans. 22ab.
10. Find the sum of —8ae, —4ae, — Tac and — Jae.

Ans. — 23ae.
R ¢




FUNDAMENTAL OPERATIONS.

11. Find the sum of 5a%?, 7a%®, 9a%° and 10a2?.

: Ans, 31a%d’,
12. Find the sum of 627, T2%p, 92% and 1225,

Ans. 34 11[’
13. Find the sum of — dabe, — 4abe, — Tabe and — Yabe,

Ans. —25abe.
39, Crass II. When the terms have different si
1. Find the sum of T¢ and — 4a.

SoLuTION. 7 is equal to Sa-+4c. Now, —4a united OPERATION
with +4a, a part of 7a is equal to nots*lu;:, Prin. 3, Axt. Ta
50; thmexm(, —4@ added to 3u+4¢ equals Sq. IIL]LLL, —4a

—4a added to 7a equals 3a. 3a

SorurioN 2p. Plus 7a may indicate some quantity increased by Ta,
and —4a may indicate some quantity diminished by 4a. A quar ‘.ii
increased by 7o, and then diminished by 4a is evidently inereased by 8¢

hence the sum of 7¢ and —4a is plus 3a.

2. Find the sum of —8a, 44, — 7 and 9a.

Sorurron. The sum of the positive quantities, 9¢ and  OPERATION.
4@, 15 13; and the sum of the necative quantities, —7a —8a
and —8a, is —150. Now, —1ia——13a¢—2a; +13a 4a
anited to —13@ is equal to nothing,
—2a. Henee the sum is —2¢

and there remains —T7a

. 9a
SOLUTION The latter part may be given thus: —%u
Any quantity increased by 13@ and then diminished by 15¢ is evidently
duminished by 2a; hence the sum is minus 2a.

Rule.—I. Find the sum of the coefficients of the positive and
negative terms separately.

II. Take the difference of these sums, and prefix it, with the sign
of the greater, to the common literal part.

EXAMPLES,

(3. (4.) 5 (6.
+Tax — ba*e -T2 + 272y
— Yo +3a’c® — 34y
+8az S [ Q22 ~1! )Uz 1

— 3az +4a%*

+ Sz — Ta’c
Find the sum—
8. Of Gab, — bad +8ab and

ADDITION. 31

3ed, — Ged, —Ted, 4 8ed and — 4ead. Ansz. — 6ed.

' ay and — 4day. Ans. bzy.

+Tan, —12an, +15an, —19%an. Ans. —4an.

Ta’h, — 9a°b, - lflu’/ +12a%b, —30a®h. Ans. —10a%.

- 3 Ans. —a*.
—102y%, —1b5ay’ and

Ans. bayfz,
—17ac’t®, —4ac’b®,

1 ?'mr‘ e Ans. —4ac®®’.
5. Of 21am®na?, — 19am’na’, — 21am™na?®, + 2bamna®, + 19am™na?,

2‘5(::}11‘; Ams. 0.

CASE TI.
60. To add when the terms are dissimiilar.

1. Find the sum of 3a, 4b and — ab.
S

oLUTION. Since the guantities are dissimilar, we can- OPERATION.
not unite them into one sum by adding their coefficients ; 3a
we therefore indicate the addition by writing them one 40
i We thus have *—_ab
3a+4b—ab. Sa+4H—ab

after another with their resp

2. Find the sum of 2a+3ab, 30 —4ab+5b and 5ab — Tb.
Sororion. We write the similar terms in the same
column for eonvenience in adding, and be at the left  OPERATION.
to add: 3¢ and 2« are 5a, which we write under the 2a +3ab
column added; 5ab, —4ab, +3ab are +4ad, which we 3q—4ab+5b
write under the column added; —70, +50 equals —2b, 5ab—Th
which we write under the column added. Hence the sum 54445 —25
t+4ab—20.
Rule.—1. Write similar terms, with their proper signs, in the
same cu"-u-mn
. Add each column separately, and connect the results with
l’f;su' proper stgns.
EXAMPLES.
(4
3z — by
Ta +8ay

]L—(N’n'

11a—3b ba—4z + -fimy




32 FUNDAMENTAL OPERATIONS.

6. Find the suw of 8ae—baz, Tac+ baz, Saec—12az ana
ac+15az. Ans. 24cc+4ax.
7. Find the sum of Sab+12bc— Ted, 9ab—18bc+11ed and
17ab —15be+13cd. Ans. 31lab—21be+17cd.
8. Find the sum of 3az—28%, bax+7c, 9b%—12¢°, Bax+ 156
nad 146°%c— 186°. Ans. 16aa+21b% — 8,
9 Tind the sum of m+8n'—b5mn, 3m—8n’, Tn®— Snn,
1973+ 27mn and 16n° — 1Tmn. Ans. 23m — 3mn+18n*
10. Find the sum of «+206+8¢, 2a—b—2¢, b—a—c and
c—a-—-b. Ans. a+b+e.
11. Find the sum of 3a—4p+¢q, Tp+3¢—6, 92—7+3p and
9g—12+11p. Ans. 12a+17Tp+13q— 25.
12. Find the sum of a+b—e, a—b+e¢, a+e+b and b—a+ec.
Ans. 2a+2b+ 2¢.
13. Find the sum of 4a+Ta’e— 8m?, Ta+16m?, 15a°% — 20m* +17
and 12m* — 5 — 224%. Ans. 11a+12.
14. Add 34az®—16ay’, —200a®— 13ay® + 140y, 16 + 15477,
15ay* —16 and 22aa®+Tay®*—11ay’.  Ans. 3laa®+20ay® — Yo,
15. Add 12z + 9y—62, ba—12y + 13z, Ty—162+ 10z and
10z —b5a+12z. Ans. 19z+4y+16z.
16. Add 2"—a2®+3b, 3aa®—2b+y™, ba™+4b—3y™, Tb—4am
+4** — 3az’. Ans. 22" —ax? — 9 +12b.
17. Add 5a—9b+5¢+3—d, a—3b0—8—d, 3a+2b—3c+4+5d,
2a-+5ec—6—3d. Ans. 11a—106+Tc—7.
18. Add' o' — 4o’y + 62y —day® + o, 42’y —122%+1229° — 4y,
B2’y —1221°+6y* and 4ay® — 4y, Ans, z* =y,
19. Add o+ ab® + ad®— a®b—abe—a’e, a® + b+ bt — ab®—b%
—abe and a’c+b%+c —abe— b —-ac’.  Ans. &' +8+c — 3abe.
20, Add 4uh— 3mn+10am — 6an, Tmn — Tam+4an, 3ab+Tan+ 3,
B — dmn — Bam — bn? and 4n*— 15— 2m2
Ans. Tab —2m* —n’+ban.

FACTORED FORMS.

G1. Similar quantities in any form may be added by
taking the algebraic sum of their coefficients.

ADDITION.

EXAMPLIES.
(1.) (2.) (3.) (4.)
6] 7 8-'\'{1 = l'J) =31 [//-LE-.'-'_()
47 —b(a—0b) 15y/a+b
oy 6(a—0) 4

S(m—n+2)
T(m—n+2)
—9(m—n+2)

15/7 9(a—1b) —15Va+b 3(m—n+2)

5. What is the sum of 5(z—z), —12(z— ), 3(z—1), 10(z - )
and —14(z—y)? Ans. —8(z—u).

6. What is .the sum of T(e¢—25)% —9(e—0)°, +12(a—20b),
+16(e—0)%, —18(a—b)"? Ans. 8(a—b)*

7. Find the sum of 3/ a+z, 51/ /a+z, — T/ a+z, +81/
Sy/a+tw and 12)/a+w Ans. 161/a + z.

8. Add 4az+ 7 (o’ — %), ‘6az — 5(a?—b*), + 8(a’— b*) — baw,
12(a* — %) — Taz, 16(a* - b*) + Yaz, — 33(a*—0).

9. Add 2a*—3(a+2), ba*+6(z—y)?, 40’ —T(z—1), Ya+z)—
6a?, 8la+a)—Ya—y)? a*— (a+a)+(z—y)°.

Ans. 6a’+8(a+a) —Na—y)2

622, Disgimilar Terms having a comnion factor may he
added by taking the algebraic sum of the dissimilar parts, en-
and affixing the common faetor.

Ans. Taz.

closing it in a parenthesis,
1. Find the sum of az+bz— ex.
OPERATTON.
axr
bx
— G

SOLUTION. @ times @, +0 times &, — ¢ times z, equals
(a+0—¢) times z; hence the sum is (a-+b—¢)a.

(a+b—c)x.
EXAMPLES,

Ans. (a—b+e).

Find the sum of ax®— b2+
3. Find the sum of az®—mz

4. Find the sum of 2ag
Find the sum of 4ap+ 32+
Ansz. (a—b)z.
Find the sum of 8ay—2by+(a+2b+¢)y. Ans. (da+e)y.
. Find the sum of 3an- Sam+2an —3bn+Sam — 5m-+Bbn 4

a7 = =
— b1 4 DMt en. Ans (hatemn




FUNDAMENTATL OPERATIONS,

SUBTRACTION

G, Subtraction is the process of finding the difference of
two algebraic quantities,

64. The Subtrahend is the quantity to be subtracted.

G5, The Minuend is the quantity from which the subtra.
hend is to be subtracted.

66. The Difference or Remainder is a quantity which,
added to the subtrahend, will equal the minuend.

Nore.—The symbol — was introduced by Stifelius, a German mathe-
matician, in a work published in 1544,

CASE 1.
67. To subtract when all the terms are positive.

1. Subtract 4 from 7a.

OPERATICN

SorurioN., 4 times a quantity subtracted from 7 times "
the ‘quantity equals 3 times the quantity; hence, 4a sub- det
tracted from 7¢ equals 3a. 5

2. Subtract Ta from 4a.

SorutioN. 4a equals Ta—3a; Ta subtracted from OPERATION.
Ta—3a leaves —3a; hence 7a subtracted from 4a da = Ta—3a
equals — 3a. Ta=1ia
— 30 —3a

SorurioN 2p. Plus 4@ may indicate some quantity increased by 4e,
and +7a may indicate some quantity increased by 7a. A guantity
increased by 4a is evidently 8 less than the quantity inereased by Ta;
hence, 7o subtracted from 4a equals minus 3a.

3. Subtract b+c from a.

SoruTION. Subtracting b from ¢, we have the remain- OPERATION.
der @ —0; but we wish to subtract b inereased by ¢ from a, a
hence the true remainder will be ¢.— & diminished by ¢, or . 0 +¢
a-b—c : a—b—c¢

Rule.— Change the signs of the sublrahend and proceed as in
addition. i

Nore—=Rigns of terms are said to be changed u‘hc—ﬂ, being plus, they
are chaneed to minus, or being —, they are changed to +.

SUBT hmTﬁii Pi i r

¥ MC
EXAMPLES.

Ja+4b
95 +2¢
‘w’—»45 3a—5b—2e
From 19ab take 12ab. Ans. Tab.
From 21ac® take 16ac’ Ans. bac’
From 10axy take 17azy. Ans. — Tazy.
From 12m*n® take 18m™n’. Ans. —6m*n’.
From 4a’+6b take 120b. Amns. 4a’ —66b.
4. From Ta+5c take 10ec. Ans. Ta—be.
15, From 32%+ 2y take 42+ v Ans. =@ L
From 2a+3b take a+25. Ans. a+b.
7. From 4a+2b take 2a+3b. ; Ans. 2a—b.
From a*+4ab+0? subtract o+ 2ab+ 5% Ans. 2ab.
From a®+ b* subtract o+ 2ab+ 0" Ans. —2ab.
From 4a+2b subtract 3a+4b+2e. Ans. a—2b—2e.
From Ta*b+3ac subtract Sac+4a’s. Ans. 3a*b—2ae.
From ab+be+ed subtract be+2ed+e.  Ans. ab—ed—e.

CASE II

68. To subtract when ome or more (erms are
negative.

1. Bubtract —¢ from +a.

SoruTioN. « eqguals @+e— ¢, since increasing and OPERATION.
diminishing a quantity b_v the same quantity does not +a=a-+ec—c¢
change its value. Now,— ¢ subtracted from a+c—e¢, — = o

a+c. Hence, —¢ subtracted from +a leaves ¢ +4¢ a+a

Sorurron 2n. The difference between any quantity OPERATION.
by ¢ and diminished by ¢ is evidently the sum +d
and ¢; hence, —c¢ subtracted from +¢ equals =C
a+ao
Subtract b — ¢ from @.
SorurioN, Subtracting & from ¢, we have the re- OPERATION,
mainder ¢—b; but we wish to jtract & diminished a
from ¢ ; we have therefore subtracted ¢ too much, h—c
consequently the remainder, @ — b, is ¢ too small ; hence a—b+e
the true remainder is @ —D increased by ¢, or a—0b+e.




S FACTORED FORMS.
o6 FUNDAMENTAL OPERATIONS. ( :
ule.—I1. Write subtrahend under 1 0 TO
R Write the subtrahend under the minuend, placing FACTORED FORMS.
similar terms one under another.
IL. Conceive the signs of the subtrahend to be changed, and 69. Similar quantities in any form may be sabtracted by
then proceed as in addition. taking the algebraic difference of their coefficients,

EXAMPLES, ¢ . EXAMPLES.
(3.) (4.) (5.) (6.) (1} (2.)0 (3.) (4.)
9a%b 5a* — 2 Tt —3n 9,/ 6 2(a—b) 15y/a+b ~T(a—b+4)
—6a%b 3a’—2b _a=b —4m'—6n+e 5,/6 T(a—b) =Ty a+b —12(a—b+4)

15a%6 2a* +2b —3a +b 11m* +3n--0
(7.) (8) (9.)

24’ — Su+ 6 c—bm +4 az’ — 2ac+ 3% 5. From 5(z? —¢*) take —T7(a’—o?). Ans. 12(2* -1,

—a’—3a+4b —3¢c—Tm—2 az®— bac+ 2% —2° 5, From —6(a®— b?) take 12(a®—b%). Ans. — 18(«.’5’—1}"’).‘

8a*—Za-+2b ¢ +32m +6 Sac+ 1k +21 7. From 6a’(a—b) take —4a’(a—b). Ans. 10a*(a —b).

8. Find the value of 51/2—T1/2+6)/2. Ans. 41/2.

4,/6 5(a—b) 921/ a+b 5(a—b+4)

10. From a+5 take a—b. Amns. 2b. ; :
9. From —&a%ec—d) take —12z%e—d). Ans. T2*(c—d).

11. From 10¢ take-—10q. Ans. 200,
e A v 10. Find the value of Te*(m—n) —13¢(m—n)+12¢*(m —n).
4. Brox —0 take 0 —a. — 5
om @ ke a Ans. 2a— 2, Ans. 6c(m—n).

1 T

. Bre B ake a—0. Ane. & Eo e .
13. From f_“’ b take ¢ —b Ans. 3b. 790. Dissimilar terms having a common factor may be sub-
14. From 5m— 5n take 4m+6n. Ans. m—11n. rracted by taking the algebraic difference of the dissimilar parts,

15. From 1+a%” take 1— a2 Ans. 2a%5, enclosing it in a parenthesis and affixing the common part.

16. From 4a™— Bbﬂ t'ake 2™ — 517}“. jins. a2t 2?)". 1, Fr(ml ax subtract ez.

17. From o’+2ab+b* take a*— 20b+52 Ans. 4ab. ORBRAON
1 ; P 2 I SoLuTION. @ times 2 minus ¢ times 2 is evidently equal aw
18. From o®—b? take a*— 2ab+ 5% Ans. 2ab— 207 5 J R A :
2 I tc (@—¢) times 2, which is expressed thus (¢ — o). S
19. From Sa+c+d—f—8 take ¢c+3a—d.  Ans. 2d—f—8. (@a—c)x
20. From 4ab+ 30— 2¢ take 4ab— 2b>— 3d.
: Ans. 50*—2¢+3d EXAMPLES.
21. From Tam — 3be— ¢* take Ham — 2¢* — 8be — b’ (2. (3.) ' 4)
Ans. 2am+ e+ 528, mz* axy
Y
22. From 2a+2b—3¢—8 take 3¢+4b— 3z —5. : ba* -nz’ cxy
Ans, da—26—6e— 3, (a—0b)z! (m+n)z’ (a—c)zy (a-1)2
23. From o’+3a?+8ab®+b® take o — 3a%h +3ab®— b°.
; Ans. 6a°b+25°%, 6. From baz take baz. Ans. (b—b)az
9 --Bab—bi+be— 20 take a2 — 5 L Bha QKT Qa3 o 5
24. From a*--3ab—b*+be— 26 take a®— Bab+bbe ; 36— 2¢% Rl e e SR e Ans. (¢+3)az,
Ans. 2ab + 20 — 4be. 4




FUNDAMENTAL OPERATIONS,

8 From ¢z take bz— 32, Ans. (@—b+8)a.
Ans. (n*—1+a)de.

Ans. (¢—1)n.
11. From (6a+2x)cd take daed+2edz, Ans. 2acd
12. From 5a”+108* take — 3a?+25%

9. From 4n?+3c take Te— 4qe.
\
10. From an+en+dn take n+an + dn.

Ans. 8(a*+-8?)..
o c =
13 TFrom Gay— 3my subtract — amy + Bey.

) Ans. (Sa—3e+m)2.
14. ;[‘1‘0]!1 61/c — a3/ 0+ by/¢ subtract 2a/e+ by/e—21/¢
—azy/e. Ans. (8 = Ba+ax)y /6

USE OF THE PARENTHESIS.

71. The Parenthesis is frequent] y used in Algebra: we will
therefore now explain its use in Addition and Sul?{ raction.

']lfho pi.us sign before a parenthesis indicates that the quantity
within the parenthesis is'to be added. and the minus <ion s
cates that itlis to he sube‘-rar:.icf:;.b L e St

Prin. 1. 4 parenthesis with the plus sign before it may be re-
moved from a quantity without changing the signs of its terms.

Ll 1 1 =
Thus, a+(b—c+d) is equal to g+b—c-+d,

PrIx. 2. A quantity may be enclosed in a parenthesis preceded
by a plus sign without changing the signs of its terms.

Thus, a+b—c+d—e¢ is equal to a+(b—ct+d—e), or to a+b+(—a
+d—e), ete.

Priw. 3. 4 p(z’m‘zﬂmm preceded by the minus sign may be re-
moved from a quantity if the signs of all its terms be changed.

s % SRR il ’ e
This i (\{fl(nt from the rule for subtraction. Thus, a —(b—c+d) is
equal to ¢ —b-+c—d.

Priv. 4. A quantity may be enclosed in a parenthesis preceded
by the minus sign if the signs of all its terms be changed.
This is evident from the principles of subtraction, and alsc from the

previous principle. Thus, a—b+¢—d is equal to @ —(b—ec+d); or
a—b—(—ec+d), ete.

THE PARENTHESIS.

EXAMPLES,
Find the value—
1. Of —(—¢?*) and z— (a—D).
2. Of +(—ab) and a—(b—c+d). Ans. —ab; a—b+e—d.
Ans. a?—b*; 45,

:
Ans. 3(a—c).

Ans o; z—a+b.

3. Of — (b°—a?) and 3c— (2c—9).
4. Of 4a—5b—(a—5b+3c).
5. Of Ha—2b—8¢—(—5e+20—20). Ans. 3o+ 2Ze.
6. Put in a parenthesis preceded by a plus sign the last three
terms of a+2b—3c+d—4. Ans. a+2b+(—3c+d—4).

7. Put in a parenthesis preceded by a minus sign the last
three terms of Sa—4b+5c—Td. Ans. 80— (4b—5e+Td.)

8. Find the value of 2a—(b+e—d+e—f) plus 2b—(a—c
+d—e+g). Ans. a+b—g+f.

753, Expressions sometimes oceur containing more than one
¥ ] ;

pair of brackets, as a— {b—(¢—d)§.
Such brackets may be removed in succession, beginning, for

convenience, with the inside pair.

Norr—DBrackets may also be removed by beginning with the oufer
pair, or with any pair.
Find the value—

1. Of a—§b+(c—d)}.

Sorvrion. a—{b+(c—d)}=a—§{b+c—dl=a—b—c+d.

Ans. ¢ —b+e—d.
Ans. a —b+e+d—é.

2. Of a— {b—(e—d)}.
.Of a—fb—c—(d—e)}.
4. Of 20— §{b—(a—20)}. Ans. 3a— 3b.
Of 3a—§{0+(2a—0)—(a—0)}. Ans. 2a—b.
5. Ta—[3a— §4a— (bu—2a)l]. : Ans. da.

Of 6a—[4b— §4a—(6a—4b)}]. Ans. 4a.

f a--[20+{3c— 30— (a+b)t + {20 - (b+e)i].

Ans. 3a— 2e,




FUNDAMENTAL OPERATIONS.

REMARKS UPON ADDITION AND SUBTRACTION.

1. Addition and Subtraction may also be explained by regarding the
positive and negative quantities as representing, respectively, gain and
loss in business, distance north and south, ete. But these illustrations, thongh
they may aid the beginner, are not sufficiently general to be embodied in
a solutior.,

2. The problem, subtract 7e from 4, may be explained by the follow-
ing method: 7a equals 4a+3a; subtracting 4c; from 4, nothing remains,
and there is still 8¢ to be subtracted, which we may represent by writing
—3a. This method, however, is not general ; it will not explain several
cases, such as —7a from 8¢, nor the general problem, subtract — ¢ from ¢.

3. Special attention is invited to the method of explaining Addition and
Subtraction given in the “Solution 2d” of Articles 67 and 68, The pecu-
liarity of the method consists in regarding a positive term as indicating that
some gquantity is increased by the term, and a negafive term as indicating
that some quantity is duminished by that term, or in using an euziliory
quantity.

Thus, to subtract —2a from +3a, we regard +83a as indieating that
some quaniity is to be dnereased by 3¢, and —2¢ that some quantity is te be
diminished by 2q ; then since a quantity increased, by 3a is greater than
the quantity diminished by 2, by the sam of 3¢ and 2a, or 5, we infer
that —2a taken from +3a leaves +5¢. Hence we use “q quantity” as
auziliary.

The same idea is presented in the following form of statement: The
difference between a quantity increased by 8 and diminished by 2« is evi-
dently the sum of 3¢ and 2, or oct; hence —2a subtracted from 3a leaves
15a. The plus sign before the remainder will show that the minuend is
greater than the subtrahend ; the minus sion before the remainder will show
that the minuend is less than the subtrahend.

4. This method .enables us to give a simple explanation to ench of the
sight possible cases in the subtraction of monomials. It will he well 1o
have the pupils explain each of the cases given below:

Ta de : _4qg i
da 2 —Ta 40 —4a  —Ta

3a B¢ +3a 1o _1-1 a _llc_r

L (@) S ) (5 (6 7
Te

P
% Ta

MULTIPLICATION.

MULTIPLICATION.

73, Multiplication is the process of taking one quantity as
many times as there are units in another.

74. The Multiplicand is the quantity to be multiplied.

7. The Multiplier is the quantity by which we multiply.

76. The Product is the result obtained by multiplying.

77. The Multiplicand and Multiplier are called factors of
the product, :

Nore—The symbol x was introduced by Win. Qughired, an English

PRINCIPLES,

1. The product of two or more quantities s the same in whatever
order the factors are arranged.

Thus, ¢ times b is the same as & times ¢, as may be seen by assigning
speciol values to the letters; and the same is true of any number of
quantities.

2. Multiplying any factor of a-quantity multiplies the quantity.

Thus, 4 times the quantity 2x3 equals 4x2x3, which is 8§x3, or
2% 3x4, which is 2x12. Thus, also, 3 times 2q is 6a; 4 times 3ab
is 12ab.

8. The exponent of o quantilywin the product is equal fo the
sum of its exponents in the two factors.

Tlhius, a®x a® equals since ¢ used as a factor twice, multiplied by a
used as a‘factor three times, equals @ used as a factor five times. It may
also be seen thus: «® x a®=aa x aaa, which equals aaaaa, which
equals @b

4, The product of two factors having LIKE signs 18 positive, and
the product of two factors having UNLIKE signs is negative.

To prove this, multiply 6 by @¢; —bbya; b by —a, and — b
by —a.

First, +5, taken any number of times,
as ¢ times, is evidently <4 ab.

Second, — & taken once is —& ; taken

OPERATION.
—b +b
+ — {4
twice, is — 28, etc.; hence, —&, taken : -
G s ~ab —
any number of times, as & times, is S
—ab.




4% FUNDAMENTAL OPERATIONS.

Third, & multiplied by —@ means that b isto be taken sublractely a
times; & taken ¢ times is ab, and ta]\rn subtractively is — ab.

Fourth, —6 multiplied by —a me that —b is to be taken sub-
tractively a times; —b taken a times is —rf", and used subtractively is
~(—ab), which b. the prineiples of subtraction is +ab.

Hence we infer that the product of quantities hawvi wng LIEE signs 18 PLUS,

and having UNLIKE signs is MINUS.

CASE L
8. To multiply 2 monomial by a monomial.
1. Multiply 35 by 2a.

Soruriox. To multiply 85 by 2a, we multiply by 2 oPERATION.
and by ¢. 3b multiplied by 2 and by a equals 36 x2xq, 3
which, since the product i3 the same in whatever order the 2a
factors are placed, equals $3x2xax b, which equals 6ab. 6ab.
Therefore, 36 multiplied by 2 is 6ab.

2. Multiply 4a® by Sa*

SovurioN. To multiply 4af by 3a? we may multiply OPERATION
one factor by 8 and the other factor by a? (Prin.2). 3 times
4 are 12, and @ times @ is @® (Prin. 8). Therefore 4a?
multiplied by 8¢? equals 1205,

4¢3
m’},g
12a®

Rule.—I. Multiply the coefficients of the two factors together.

IL. b this product annex ail the letters of both ﬂuim 8, giving
each letter an exponent equal to the sum of its exponents in the
two Jrcho;‘e

IIL. Make the product positive when the Jactors have like
signs, and negative when they hav@unlike signs.

EXAMPLES,
(39 (9.)
o —6a ba?
2b 34 4o

10ab o 2048

(1) 9) (10
Sab* [ 20a 15m’n — ba’e
3a’b % _—Han 6c'd

240°0° 48aea’ — Tham®n?® 30a’e’d

MULTIPLICATION. 43

. Multiply Tm*n® by — bn‘z. Ans. —35mPnla.
2. Multiply 12a%%* by Ta’czy. Ans. 84a’c'ry
Multiply —9a¢’0'¢® by — 7o’z Ans. 63a°b'¢’2?
. Multiply 4(a+0)* by 2c. Ans. 8ala+b)
Multiply —a(a—=) by b. Ans. —ab(a—2x).
6. Multiply (a+b)® by (a+b)™ Ans. (a+b).
Multiply a(.};—y‘!z by 2(z—y). Ans. 2a(z—y)"
3. Multiply —5z(m—n)® by —3z(m-- n)% ¢
. Ans. 152%(m —n)°
* Multiply o™ by e Ans. ™
} Multip]_v b™ by b". Ans. b
Multiply ¢ by ¢ Ane, ¢t
Multi [)]\ ar h;\' T Ans: d#32,
e by (e~ 2)it Ans. (a—z)™ ",
Multiply —38a*(f—m)* by — 2a*(1*—m)=%,
Ans. 6a’(L*—m)r=2

3. Multiply (o

CASE IL..
99, To multiply a polynomial by a monomial.
1. Multiply ¢ —b by c.

OPERATION,
SovurioN. To multiply @—& by ¢ we must multiply each b
term by ¢. ¢ times @ is a¢,and ¢ times — 0 is —be. Hence,
— & multiplied by ¢ is ac—be. ac—be
Rule.—Multiply each term of the multiplicand by the multiplier,
and connect the products by their proper. signs,
EXAMPLES,
@) ) @)
Ta*—3b bax — 5c'y 3m?—4n®+7
8a Sae — 2mn
91a® — b 18¢%ez — 15ac® Y —bm'n+ -8mnt — . 1dmn
( 5.) (6.) (7.)
— 3ab™ 3¢ — 4be+5d» 4? — bay”
‘?rr Sed 1
— 60" Oc"t'd - 12b°d +15ed™t 120y ~F— 152ty




FUNDAMENTAL OPERATIONS,

- Multiply 5ae’— 82%y by —6a%. Ans. —300%2"+ 180"y,
. Multiply 11m*—38 by — 5.
. Multiply o®— 2ab+8* by ab.
Multiply 3a™--45™ by a*b*™
2. Multiply a”-'b—b"% by ab®.

Multiply 52° — Tm'z+3% by 4ma.

Ans. —b5bm?+15.
Ans. a®b - 2a%b%+ab’,
Ans, 3a”b% —da™p=,

Ans. a"b® —abe.

Ans, 20mat — 28miz?+ 1dme.

CASE IIL

80.' To multiply a polynomial by a polynomial.
1. Multiply 2a—& by «+28.

OPERATION.

SOLUTION. a+2b times 20— equals @ times 2a—b  2¢— b

plus 20 times 2a—b.
20 times 2a—b equals 4ab—25%
products, we have 2a?+3ab — 252

Therefore, ete.

a times 2a—b equals 2a2—ab: @ +2b

Adding the partial 2a® —ab

+4ab — 26
2a*+3ab — 26

Rule.—Multiply each term of the multiplicand by each term of
the mulliplier, and add the partial products.

(2)

20— 3b

EXAMPLES,

(3.)

(4)

. Multiply 3z — 6y by 2z+4y.

). Multiply ¢ +ed+d? by c—d.
. Multiply &*+3* by 2* 2.

9. Multiply 4z — 3y by 4x+3y.
. Multiply 2*— @’z +a’2' — 2"+ 2" by 2 +2.
. Multiply @*=? — 6" *by @ +b% Ans.a”— a®0""+a"*b*— b
. Multiply a’®+a%® by @’a* — 2.

. Multiply <3 —y? by a4yt

3. Multiply ¢*+ed—d* by ¢—d.

. Multiply n’+np+p® by n*—np+p’
. Multiply a®+2ab+b*by a? —2ab+b” Ans. o' —2a%*+b".
2. Multiply a™+b" by o™ —b™
3. Multiply e —b™ by a”—b™

. Multiply m®+m*n+mn’+n® by m—n.

MULTIPLICATION. 4b

Ans. 62°— 249,
Ans. & —d’
Ans. 2 =19~

Ans. 162 — 9y

Ans. 2°+2.

Ans. o'z’ — 2’

Ans. z—1-

7. Multiply 3ta’+51¢ by 2a*+4¢’. Ans. Ta'+200°¢ + 22",

Ans. ¢ —2ed®+d’.

. Multiply o~ 3ab+4ab® by a’+3ab— 4ab”.

Amns. a*—9a%*+ 244’6 - 16a’D".
Ans. n*+n'p*+ph

Ans. o — b,
Ans. o™ — 2a7b™+ 5™,

Ans. m*—nt.

95. Multiply o'+ 8a%b +3ab’+b* by o’ — 3a’h+3ab®— b’.

6. Multiply a*—d’+a*—a+1 by a+1.

Ans. a® — 8a’*b*+3a’b* — b°.
Ans. a®+1.

a+b a—b . Multiply 14¢,1—¢, 1+e+c® and 1—c+c.  Ans. 1—¢°

a— b

a+b

o' — ab EXPANDING' EXPRESSIONS.

2a* — 3ab ait (r!J_
9 L9712 2
'_)u;é% }igi;fE ;i:% Sl. ':"m- :ﬂgcb_mic e.xpres:\:ion is expanded when the muitip]i
cation indicated is performed.
(5.) (6.) 1. Expand (a—=)(a— ). Ans. o — 2az+ 2
a*+ab+b* al=b" 2. Expand (2a*— 8b™)(8a®+40). Ans. 6at— o’ — 125>,
% ch @~ b* 2 3. Expand (¢”+0”)(a™+ b%).  Ans onttEorblralibRHbEE
a*+a’h +ab® ' — @b
—a’b—ab®-b —a"h?+ bt

a[ﬂ-i‘.’__anbz £ (L"'bn : bn +1

4, Expand (a—2)(a—3)(a+2)(a+3). Ans. a’'—13a*+36.

. Expand (a+b)(e—0b)(a+b)(a— b). Ans. a'—20°07+b,

. Expand (1+a)(1+a)(1—a+a*—a’). Ans. 1—d’.
7. Expand (a*+a+1)(a*+a+1)(a—1)(a—1).

Ans. a*—2a*+1.

o’ o
7. Multiply 8¢ — 2b by 2a — 3b.
8. Multiply a*— b* by a*+8%

Ans, 6a®—13ab+ 65

Ans. a*— b




