FUNDAMENTAL OPERATIONS.

DIVISION.

82, Division is the process of finding how many iiines one
guantity is contained in another.

SeB. The Dividend is the quantity to be divided.

84, The Divisor is the quantity by which we divide.

8. The Quotient is the result obtained by the division.

86. The Remainder is the quantity which is sometimes left
after dividing.

Nore.—The symbol of division, +, was introduced by Dr. Jokn Pell, an
English mathematician, born in 1610.

PRINCIPLES.

1. Taking a factor out of a quantity divides the quantity by thas
Juetor.

Thus, taking the factor @ out of 4ab, we have 45, which is the quotient
of dab divided by @, since 40 multiplied by e is 4ab.

2. The exponent of a quantity in the quotient equals its exponent
in the dividend diminished by its exponent in the divisor.

Thus, af divided by a* equals a®~% or a?; since @* multiplied by a*
equals a**? or af. ;

3.*The quotient is POSITIVE when the dividend and divisor
have LIKE signs, and NEGATIVE when they have UNLIKE signs,

Thus, + ab++ b=+ a, since + ax + b=+ ab;
—ab+—b=+a,since +ax —b=—ab;
+ab+ —b=—a,since —ax —b=+ab;

—ab++b=—u,since —ax +b=—ab.

87, This principle, and the corresponding one in multipliea-
tion, may be briefly stated thus:
Lixe signs give PLUS, and UNLIKE signs give MINUS,

DIVISION.

CASE L
88, To divide a monomial by a monomial.
1. Divide 12ab by 4a.

SororioN. To divide 12ab by 4a, we divide by 4  gprraTION.
iding 12ab by 4 and @, by taking out the 190D -+ 4q =38

: 4 and « (Prin. 1), we have 3b. Hence, 12ab

= /1

divided by 4« equals 3.

2. Divide 20a°b by 5a’.

Serurion. To divide 20a30 by 5a?, we divide by OPERATION.
5 and ¢®. Dividing 20 by 5, we have 4; dividing 203D = 50 — %D
ad by @8, we havea?® (Prin. 2). Hence the quotient

is 4a*h.

Rule.—I. Divide the coefficient of the dividend by the coefficient
of the divisor for the cocfficient of the quotient.

I1. Werite the letters of the dividend in the quotient, giving each

an exponent equal to its exponent in the dividend manus its expo:

nent in the divisor. .
TI1. Muke the quotient positive when the two terms have like
signs, and negative when they have unlike signs.

NoteE—An equal literal factor in dividend and divisor is suppressed
in the quotient, since it is canceled by the division.

EXAMPLES.

3. Divide 122° by 4a”. Ans. 3z.
f..l'fh'ldc 20ab® by 5b° Amns. 4ad.
Divide 4abe”® by 2ac. Ans. 2be.

. Divide 8¢°0* by 4ab® Ans. 2d®
: 9m™n® by Smn’. Ans. 3mn’,

—1bai? b_\_f S-ffy. Ans. —:Jy‘".

Divide —ab® by afﬁ".# Ans. —bc".
Ans. —2a'b.

Ans, 42%2

Divide 16a'0° by — 8a°6"
Divide - 244% by — 62
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Divide —15¢'d® by — 5c*d®. Ans. 3d>. ). Divide 18¢°2° — 27a%* — 9a°2° by 9a’a®,
Divide 14¢%%c by 78, Ans. 2a°0% Ans, 2a*— 30’21,
. Divide ¢ by " Ans. q®== . Divide —162°+242*— 48 by — 8. Ans. 24°—82+86.

Divide a™** by o Ans. a™ 11. Divide 124% — 180’0’ + 64’ by 6a~7b.

: Ans. 20°—8a*b"+d'.
Divide ¢0°— a"b*+a"*** by ab’. Ans. a*—b+a’
Divide a"0™— a™*%™* by a"b™. Ans. 1—a%7%
Divide 16(a—2) - 24(¢—=z) by 8

Ans. 2(a—2)—3(c—2).
Divide 7(m+n) —14a(m+n) by (m+n.) Ans. T—14a,
Divide (r—8)*— (r—8) by (r—sg). Ans. (r—g)—(r—s)’
Divide a(e -d)—b(¢—d) by e—d. Ans. a—b.
Divide 4a(a—c}+(a—c)*by a—e.

6. Divide a™" by a”. Ans. am?,
Divide ¢™ by a” i I
8. Divide 14¢™" b}-’ — Do, Ans —ia,
Divide —24a7** by 6a2~%. Ans. —4a’.
Divide a®"0** by a™b", Ans. a™6™.
Divide 84" by Ta'c". Aneld Pabteist
Divide (¢+5)° by (a+b)% Ans. (a+b
3. Divide (a—e)™ by (a— )™ Ans. (a—o)"
. Divide 120’ (a— &)*** by 4b°(a—b)" 2.

s b4 b Ans. 4a+(a—e¢), or Sa—e.
Ans. 3a*07(a— b

o

. Divide 5x(x—9)*—2(z—y)* by (z—1y)?

f, S e LIy e s SR 5
CASE L. Ans. br—2(z—vy) or Sz+ 2.

ﬁ o R 3 Divide 2a(1 +¢)* — 2ac(1+¢)* by (1+e)% Ans. 2a,
89, To divide a polynomial by a2 monomial, ‘ i ’

1. Divide 8¢'— 164’0 +12

SoruTroN. 4a? is contained in 8af, 2a?
times; 4a® is contained in —16a’h, —4ab
times; 4¢? is contained in 12a? r,. ‘:r,-'f’ times. T * 1. Divide a*+2ab+6® by a+b.
Hence, the quotient is 2a* —4ab + 3¢5, SorurioN. We write

CASE IIL

90. To divide a polynomial by a polynomial.

the divisor at the right of
the dividend, both being arranged according to the
powers of @, and commence at the left to divide. @ +2a¢b+567| aib

Bince the fivst term of the dividend must equal the @*+ ab a+b

2 =) . OPERATION,
Rule.—Divide each term of the dividend by the divisor and
connect the results by their proper signs.
product of the first terms of the divisor and quotient, ab+0b?
EXAMPLES we divide the first term of the dividend by the first ab+0b?
: . S term cf the divisor for the first term of the quotient. =
s: e 32 QO e e 0,2 9713 : i y i
. Divide 6a®h —9ab h} 3ab. Ans. 20’ — 3b%. % 18 contained In @’ ¢ times; @ times a+& equals a®+ab. Subtracting
3. Divide 8a'ec—12a%¢ by 4ac. ! Ans. 26° — Bach. nd brix down the next term of the dividend, we have ab +0%
e e Sl i Since the term of this new dividend must be the product of the first
4. Divide 9ab®—15ab’¢* by 3ab’. Ans. 36— beé’. : St
e = - : nd term of the quohm\t we divide it by the
5. Divide ba’c® — 12a% by 3a'e. Ans. 2ac—4d', st term of the divisor. @ is contained in ab, 6 times; b times a+b is
. Divide abe— da’b’¢* by abe. Ans. 1 - bab’e’, 5 ab+5%.  Subtracting, nothing remains. Hence the qﬂb“{«“t is a+b.
Divide 4™ — 8™ by 2a™, Ans. 2a* —4a™ Rule.—1. Write the divisor at the ?‘;{IFU' of the dividend, ar-
Divide 16ab%® — 206%% by 4%, Ans. 4ab - da's ””UWJ both according to the powers of one of the letters.
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II. Divide the first term of the dividend by the just tery of the
divisor, and write the result in the quotient ; multiply the divisor by
it, and subtract the product from the dividend.

III. Regard the remainder as o new dividend and proceed as
before, and thus continue uniil the first term of the divisor s not
eontoined in the first term of the dividend.

Norrs.—1. When the first term of the arranged dividend is not divisible
by the first term of the divisor, the division will not be exact.

2. Bring down no more terms of the dividend each time than are needed
for use.

EXAMPLES,

2. Divide &’ +2a’ +2ab*+b* by a+b.
OPERATION
SorurioN. We first arrange the 349,25 10,721 53 |a+d
dividend with reference to the POWErS o34 g2 @t b+ b
of &, and then proceed as before. @ is b - Sab?
a’b+ ab?
abi+b?
ab®+0?

contained in @? of times; a® times
a+b is a®*+a’h. Subtracting and
bringing down the next term, we have
a*b+2ab® for the next dividend, ete.

(3.) (4)
2’ |ata 2 —
&+a’r o’ —ozt+a’ 2 —a'y

—a'w+2 zhy— o
—a’—ax’ o’y — ay’
ay' =1

oyt =1

az’ +aof

ax®+2°
b. Divide ¢’ — 2az+2" by a— 2. Ans. a--x.
6. Divide ¢’ — az—62° by a+2z. Ans. a— 8z.
7. Divide ¢’ — az’+az+a’ by a+a. Ans. & —az+w.
8. Divide m®+2min —mn?—2n® by m+2n.  Ans. m*—n'
9. Divide ¢’ — 3a’b+3ab®—b* by a—b.

10. Divide &*—&* by a—b.

11. Divide 2*— 92°+272— 27 by #-3.

Ans. a*—2ab+b2,
Ans, o +ab-+b%

Ans. &' —6z+9.

DI1VISION.

12. Divide m*—»’ b‘y mE+mn+nt
18. Divide *—1 by a—1.

14, Divide 82° — 27y by 2z—3y.
15. Divide o' —2* by a—a.

81

Ans. m--n.
Ans. a+a+1.
Ans. 42+ 6zy+9y°,

Ans. o*+d’z+ax’+2°,

16. Divide a*+2a’h*+9b* by o* — 2ab+ 30"

17, Divide a*+a’*+¢* by & —ac+c

Divide #*+2zy+1y*—2* by a+9—2

. Divide m*—n* by m*+n’
Divide ¢*—1 by a—1.
1. Divide a¢™— 6™ by a™— ™
22. Divide m’—n® by m—n.
3. Divide &' —#* by $+s%t+s88+8,
. Divide a™+2a"0"+ 6™ by o*+b"

5. Divide 272° — 643* by Sx — 4.

3. Divide 2°+1 by z+1.
27. Divide 1-
8. Divide ¢™—b™ by a™—b™
). Divide a®—8° by o®+ 206+ 2ab?+ b,
Ans. @® — 2070 +20b”— b,
Divide (¢ —2)'— (z—19)* by (a—=z) — (z—y).
Ans. (a—z)+(z—1y), or a—1.

—2 by 1—=.

Ans. a®+2ab+ 3%
Ans. @ +ac+e
Ans. z+y+2

Ans. m*—n’

Ans. ¢+t +a+1,
Ans., a*+b",

Ans. m*+m’n+, ete.
Ans. s—t.

Ans. a*+b".

Ans. 92°+12zy+ 1647

2

Ans. =22+ —2+1.

Ans. 1+z+2"+2+24
Ans. a™+a™b™+b™

PRINCIPLES OF DIVISION.

91. The Principles of Division are the truths which relate

to the process.

They are of three kinds—Changes of Terins,
Zero Erponents and Negative Ezponents.

CHANGES OF TERMS.

92 The Terms may be changed both in value and in sign.

Priv. 1. Multiplying the dividend or dividing the divisor mul-

tiplies the quotient,
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Thus abed+ab=cd. Multiplying the dividead by €, we have

¢ abede~+ ab=cde, which is the quotient, ed, multiplied by e. Dividing

the divisor by b, we have abed + a=0cd, which is ¢d multiplied by b,
Therefore, ete.

Priv. 2. Dividing the dividend or multiplying the divisor
divides the quotient.

Thus, abed + ab =cd. Dividing the dividend by d, we have
ahe -+ ab=c, which equals the quotient, cd, divided by . Multiplying
the divisor by ¢, we have abed + abe=d, which also equals ¢d divided
by ¢. Therefore, ete.

Prin. 3. Multiplying or dividing both dividend and divisor by
the same quantity does not change the quotient,

For, multiplying the dividend multiplies the quotient, and multiplying
the divisor divides the quotient; hence, multiplying both dividend and
divisor by the same quantity both multiplies and divides the quotient by
that quantity, and hence does not change its value, Therefore, ete.

Priw. 4. Changing the sign of either dividend or divisor
changes the sign of the quotient.

If two terms have like signs, the quotient is positive; and if the sign of
either term be changed, they will have unlike signs; hence the quotient
will be changed from plus to minus.

If two terms have unlike signs, the quotient is negative; and if the sign
of either term be ehanged, they will have like signs;-hence the quotient
will be changed from minus to plus. Therefore, etc.

Priw. 5. Changing the sign of both dividend and divisor does
not change the sign of the quotient.

For, if the signs of the terms are alike, when both are changed they
will still be alike, and the quotient will remain plus. If the signs are
unlike, when both are changed they will still be unlike, and the quotient
will remain minus.

ZERO AND NEGATIVE EXPONENTS.

93%. A Zero Exponent originates in dividing a quantity
with any exponent by the same quantity with the same expo-
nent. Thus, ¢! divided by «* equals ¢*~*, or o'

Prin. 1. Any quantity whose exponent 8 zero 1w equal to
unity.

DIVISION. 53

For, a*+a*=a’, by subtracting the exponents; bul GPERATION.
at+a*=1, since any quantity divided by itself equals at+at=a
unity ; henee, since @2 and 1 are both equal {o gt + gt they a*+ai=1
are equal to each other. Therefore, a?=1. soat=1

Nore.—When a quantity whose exponent is zero is a factor of an alge-
braic expression, it may be omitted without changing the value of the ex
pression, since its value is 1. It is sometimes retained to indicate the
process by whieh the result was obtained.

94, A Negative Exponent originates in subtracting expo-
nents when the exponent of the divisor is greafer than the
exponent of the dividend. Thus, ¢*+a®=0a*"° or ¢

Priv. 2. Any quantity with a negative exponent is equal to the
veciprocal of the quantity with the sign of its exponent changed.

L ".‘ . . .
For a*+ al=a~%; but a*+a’=—:, or, dividing
at : OPERATION,

5 1 : A b — =2
both terms by @, is equal to —; and since @~2 and @ F*'=¢
(47

4
atrat=2 -2

1 6 1
— are both equal to @*=af they are equal to each “j a
a* |
ot
1 il

. R : 3
other, Therefore, a2 : (2

L2

Priv. 3. Any quantity is equal to the reciprocal of itself with
the sign of its exponent changed.

: 1 o
To prove this we must show that ¢®»=——. By Prin.2 OFERATION.
il ¥
hav -n 1 is . " a=t=—
we have a=n=— multiplying by a®, we have ar*xa-" ar
4 arxa =1
e 1
=1; dividing by a—", we have a*=—— an =

= G

Nore—It has already been seen that a positive quantity signifies ad-

Tition, and a negaiive quantity subtraction. From the above principles it ia

also seen that a positive exponent implies multiplication, and a negatwe expo-

nent implies division. Hence, a negative sign always denotes the opposite
of a positive sign.

EXAMPLES.
1. Show by dividing &® by o’ that «®=1.

2. Bhow by dividing ¢" by «” that ®=1.

el -
3. Prove that a* = o 4. Prove that l — a5,
a a’

e
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-

n

a

5. Prove that ™=

. i
. a

. Find the value of a’¢™® Ans. —
G
abx™

’ b
Find the value of a—4 Ans. —
e

cr—

. 1
8. Reduce to an integer — Ans. a'=",
-

i : 1
. Reduce to an integer Ans. ol

C"”—?.‘l
2
. Multiply ¢ ®b*c® by a’d~% Ans, —-
ac

be?

11. Divide 18a-%%* by 8a 'b" Ans. 6—-
a

12. Divide a=**— 0" by a™"—b™. Ans. o™ +a b 157,

Nore.—The pupil will readily infer that negative exponents may be used
in operations in the same way as positive exponents ; a generalization which
is rigidly demonstrated in the Zheory of Exponents.

TSI L]
REVIEW QUESTIONS.

Nore—These REVIEW QUESTIONS are simply suggestive to the teacher,
who can extend them as fully as is deemed desirable.

Define Addition. Sum. State the principles. The cases. The rule
for each. Is the sum of two quantities ever less than the greater? When?

Define Subtraction. Minuend. Subtrahend. Remainder. State the
principles of Subtraction. The cases. The rule for each. The princi-
ples of the parenthests. Is the difference ever greater than the minuend?
‘When ?

Define Multiplication. Multiplicand. Multiplier. Product. State
ihe principles of Multiplication. The cases. The rule for each. What
's meant by expanding expressions? Why do we add exponents in multi-
plying? Why does plus into minus give minus? Why does minus into
minus give plus ?

Define Division. Dividend. Divisor. Remainder. State the prinei-
ples. The cases. The rules. Why do we subtract exponents? ~ Why
does plus divided by minus give minus? Why does minus divided by
minus give plus?

State the principles of the Changes of Terms. Of Zero exponent. Of
Negative exponent. Origin of a Zero exponent. Of a Negative exponent.

SECTION IIIL.
COMPOSITION AND FACTORING.

95, Composition is the process of forming composite quan-

fities.

96. A Composite Quantity is one that is formed Ly the
product of two or more quantities.

97. The Square of a quantity is the product obtained by
using the quantity twice as a factor.

Chmposite quantities may be formed by actual multiplication,
or, in several cases, by means of the following theorems.

Nore.—In the fundamental operations each synthetic process has its
corresponding analytic process. Thus, Addition is synthetic; Subtraction
is analytic; Multiplication is synthetic; Division is analytic. It follows,
therefore, that there should be a synthetic process corresponding to the
analytic process of Factoring. This process I have called Composition.
This new generalization, and the term applied to it, will, I trust, meet the
approval of teachers and mathematicians.

THEOREM 1.

The square of the sum of two quantities equals the square of the
first, plus twice the product of the first and second, plus the square
of the second.

Let @ represent one of the guantities, and b the other; OPERATION.
then a+b will represent their sum. Now, (a+0)* equals
{a+b) (a+b), which we find by multiplying equals a*
+2ab+0% @ is the square of the first; 2ab is twice the
product of the first and second; and &? is the square of the ah+ bt
third. Therefore, etc. @A+ 20+ b

EXAMPLES,
. Square z . Ans. 2+ 2ay+1

2. Square m+n. Ans. m'+2mn+n’.

Ans. da*+12ab+90%

AF

3. Square 2q +35.




