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NEW

CHAPTER L

It is the object of this work to fully dis-
cuss the stability of all forms of the arch,
flexible or rigid, by means of the equili-
brium polygon—the now well recognized
instrument for graphical investigation.
One or two other constructions of inter-
may be added in the sequel.
The discussion will pre-suppose an ele-

est also

mentary knowledee of the properties of
the equilibrium polygon, and its accom-
Iltl'\'i‘l' ]

panying polygon, for parallel

£ -
forces

As ordinarily used in the diseussion of
M:‘ i |
equilibrium polygon has an entirely arti-
ficial relation to the problem in hand,
and the particular horizontal stress as-

simple or continuous eirder, the

sumed is a matter of no consequence ;
but not so with respect to the areh. As
will be seen, there is a special equili-
brium polygon appertaining to a given
arch and load, and in this particular
polygon the horizontal stress is the ac-
tual horizontal thrust of the arch. When
this thrust has been found in any given
case, it permits an immediate determ-
ination of all other questions respecting
This thrust has to be de-
termined differently in arches of differ-
ent kinds, the method being dependent
upon the number, kind, and position of
the joints in the arch.

The methods we shall use depend upon
our ability to separate the stresses in-
duced by the loading into two parts; one

the stresses,

CONSTRIUCTIONS

part i:-lirtf_* sustained in virtue of the re-
action of the arch in the same manner as
an inverted suspension cable (Z.e., as an
equilibrated linear arch), and the remain-
der in virtue of its reaction as a girder,
These two ways in which the loading is
sustained are to be considered somewhat
apart from To this end it
ry to restate and discuss,

each l!!]ll‘l'.
.'i]\]'t‘.l]'\ necess h
in certain aspects, the well-known equa-
tions applicable to elastic girders acted
on by vertical pressures due to the load
and the resistances of the supports.

Let Prepresent any one of the various
!ll'-‘\*'[]'l"i, /’.‘ f’ j’:;- :lll!»}]"ll 1o Hll.‘
girder.

Consider an ideal cross section of the
girder at any point O.

Let aa=the horizontal distance from 0
to the force V2

Let R=the radius of curvature of the
girder at O,

At the cross section O, the equations
just mentioned become :—
N— )
Moment of flexure, M=2= (Px)

] M _

Shearing stress,

Carvature, =

R

Total bending, B=23(P')=

Deflection, D = = (P'a) =
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in which E is the modulus of elasticity
of the material, and 7 is the moment of
inertia of the girder; and as is well
known, the summation is to be extended
from the point O to a free end of the
girder, or, if not to a free end, the sum-
mation expresses the effect only of the

quantities included in the summation.

Let a number of points be taken at
equal distances along the girder, and let
the values of P, 8, M, B, D be com-
puted for these points by taking O at
these points successively, and also erect
ordinates at these points \\'}](JS}'I]\‘TLS_f"Llw
are proportional to the quantities com-
puted. First, suppose I is the same at
each of the points chosen, then the
values of these ordinates may be ex-
pressed as follows, if a, b, e, ete., are any
real constants whatever :

YD =B T . (1)
Ys = b. .._([)J . . (.’)
Ym= C. Z(Pr)y=c. M., (_21:]
yh = d.2Z(M (4)
ya=¢.2 (5)

If 7 is not the same at the different
cross sections, let P=M=-1; then the
last three equations must be replaced
by the following:

i i o A _
w'=g.2(F) . (")
ya '= h.2(P). (3")

Ym =

The ordinates ym and ym ' are not
equal, but can be obtained one from the
other when we know the ratio of the
moments of inertia at the different cross
sections.

Equation (1) expresses the loading,
and yp may be considered to be the
depth of some uniform n.].‘\ti'kl'l:il as
earth, shot or masonry constituting t]w‘
load.. Lines joining the extremities of
these ordinates will form a polygon, or
approximately a curve which is the up-
per surface of such a load. \‘\ hen the
load is uniform the surface is a hori-
zontal line.

For the purposes of our investiga-
tion, a distributed load whose upper

surface is the polygon or curve, above
described, is considered to have the
same effect as a series of concentrated
loads proportional to the 01'_(11117:&@5
yp acting at the assumed points of
division. If the points of division be
assumed sufficiently near to each other,
the assumption is sufficiently accurate.

If a polygon be drawn in a similar
manner by joining the extremities of the
ordinates ym computed from equation
(3), it is known that this polygon 1s an
equilibrinm polygon for the applied
weights P, and it can also be construct-
ed directly without computation by the
help of a force polygon having some as-
sumed horizontal stress.

Now, it is seen by inspection that
equations (3) and (5), or (3") and (5%),
have the same relationship to each other
that equations (1) and (3) have. 'l‘h.e re-
lationship may be stated thus :—-H‘the
ordinates ym (or ym') be regarded as
the depth of some species of loading, so
that the polygonal part of the _‘"l‘”]"
brium polygon is the surface of such
load, then a second equilibrium polygon
constructed for this loading will have for
its ordinates proportional to yd. DBut
these last are proportional to the actual
deflections of the girder.

Hence a second equilibrium polygon,
so constructed, might be called the de-
flection polygon, as it shows on an ex-
aggerated scale the shape of the neuntral
axis of the deflected girder.

The first equilibrium polygon having
the ordinates ¥m may be called the mo-
ment polygon,

It may be useful to consider the physi-
cal significance of equations (3), (4), (5),
or (37), (4), (3').

According to the aceepted theory of
perfectly elastic material, the sharpness
of the curvature of a uniform girder is
directly proportional to the moment of
the applied forces, and for different
girders or different portions of the same
girder, it is in\':-rwl_\' }!I'l'l])(_]]‘[in'ﬂ:ll to the
resistance which the girder can afford.

Now this resistance varies directly as 1

varies, hence curvature varies as M= 17,
which is t‘rlll:I!_L(stl (3) or l_‘5'§‘).

Now curvature, or bending at a point,
is expressed by the acute angle between
two tangents to the curve at the distance
of a unit from each other; and the total
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bending, i.c. the angle between the tan-
gent at O, and that at some distant point
A is the sum of all such angles between
0 and the point 4. Hence the total
bending is proportional to =(M-=-T),
the summation being extended from O
to the point A, which is equation (4) or
(4.

Again, if bending occurs at a point
distant from 0, as 4, and the tangent at
A be considered as fixed, then O is de-
flected from this tangent, and the
amount of such deflection depends both
upon the amount of the bending at A,
and upon its distance from 0. Hence
the deflection from the tangent at 4 is
proportional to X (Mx=-/) which is
equation (5) or (5').

It will be useful to state explicitly
several propositions, some of which are
implied in the foregoing equations. The
importance and applicability of some of
them has not, perhaps, been sufficiently
recognized in this connection.

Prop. I. Any girder (straight or other-
wise) to which vertical forces alone are
applied (é¢.e., there is no horizontal
thrust) sustains at any cross-section the

stress due to the load, solely by develop-

ing one internal resistance equal and op-
posed to the shearing, and another equal
and opposed to the moment of the applied
forces.

Prop. II. But any flexible cable or
arch with hinge joints can offer no re-
sistance at these joints to the moment
of the applied forces, and their moment
is sustained by the horizontal thrust de-
veloped at the supports and by the ten-
sion or compression directly along the
zable or arch.

It is well known that the equilibrinm
polygon receives its name from its being
the shape which such a flexible cable, or
equilibrated arch, assumes under the
action of the forces. In this case we
may say for brevity, that the forces are
sustained by the eable or arch in virtue
of its being an equilibrinm polygon.

Prop. IIL. .If an arch not entirely flexi-
ble is supported by abutments against
which it can exert a thrust having a
horizontal component, then the moment

due to the forces applied to the arch will
be sustained at those points which are
not flexible, partly in virtue of its being
approximately an equilibrium polygon,
and partly in virtue of its resistance as a
girder.,

It is evident from the nature of the
equilibrium polygon that it is possible
with any given systemof loading to make
an arch of such form (viz., that of an equi-
librium polygon) as to require no bracing
whatever, since in that case there will
be no tendency to bend at any point.
Also it is evident that any deviation of
part of the arch from this equilibrium
polygon would need to be braced. As,
for example, in case two distant points
be joined by a straight girder, it must
be braced to take the place of part of
the arch. Furthermore, the greater the
deviation the greater the bending mo-
ment to be sustained in this manner,
Hence appears the general truth stated
in the proposition.

It will be noticed that the moment
('.'11]:-11'111111:lrtio]l,:tl.:ln_\']mintn!':lntr;light
girder, depends not only on the applied
forces which furnish the polygonal part
of the equilibrium polygon, but also on
the resistance which the girder is capa-
ble of sustaining at joints or supports, or
the like. For example, if the girder
rests freely on its end-supports, the mo-
ment of resistance vanishes at the ends,
and the “closing line” of the polygon
joins the extremities of the polygonal
part. If however the ends are fixed
horizontally and there are two free
(hinge) joints at other points of the oir-
der, the polygonal part will be as before,
but the closing line would be drawn so
that the moments at those two points
vanish. Similarly in every case (though
the conditions may be more complicated
thanin the examples used forillustration)
the position of the closing line is fixed
by the joints or manner of support of
the girders, for these furnish the condi-
tions which the moments (7. ¢.. the ordi-
nates of the equilibrinm p'ul_\'_gnn} nust
fulfill. For example, in a straight uni-
form girder without joints and fixed
horizontally at the ends, the conditions
are evidently these; the total bendine
vanishes when taken from end to end
and the deflection of one end below the
tangent at the other end also vanishes,
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Prop. IV. If in any arch that equilibrinm
polygon (due to the weights) be construct-
ed which has the same horizontal thrust
as the arch actually exerts; and if its
closing line be drawn from consideration
of the conditions imposed by the supports,
ete.: and if furthermore the curve of the
arch itself be regarded as another equilib-
rinm polygon dueto some system of load-
ine not eiven, and its elosing line be also
found from the same considerations re-
specting supports, ete., then, when these
two polygons are ]s];:r-.-': so that these
r}.(ui-_' lines coincide and their areas
partially cover ¢ wech other, the ordinates
intercepted between these two pelygons
are ]n‘n[m]'[ima:il to the real bending mo-
ments acting in the arch.

Suppose that an equilibrium polygon
rlu. to the weights be drawn having the
same horizontal thrust as the arch. We
are in fact unable to do this at the out-
set as the horizontal thrust is unknown,
We only suppose it drawn for the pur-
pose of discussing its properties. Let
also the closing line be drawn, which
may he ( :}* will be seen hereafter.
(all the area between the closing line
and the ‘|.'- on, A. Draw the clogine
1i f curve of the arch itseld

an equilibrium polygon)

same }:l'.\'_

curve

a polyeon whose ordinates represent the
! F .

nts bending the arch, and

‘1!'.'1\‘\'!5 on the same “l'.i"' a8 ! :l'\l‘] 4-]

actual mom

Since the supports ete., must inflnence
the position of the closing line of this
!"‘i:»"‘_“lll in the ~'ll 1e manner as that of
A, we have by Prop. III not only

A=A"4+ 4"

which applies to the entire areas, but
also

‘.; ,;‘f.,' - iy

as the relation between the ordinates of
these polygons at any of the points of
division before mentioned, from which
the trath of the p 1‘up<w:'|n 1 appears.
This demonstration in its general form
mayv seem obscure since the conditions
imposed by the supports, ete., are quite

various, and so cannot be considered in
a general demonstiration. The obscurity,
however, will disappear after the treat-
ment of some particular cases, where we
shall take pains to render the truth of
the proposition evident. We may, how-
ever, make a statement which will pos-
sibly put the matter in a clearer light by
saying that A’ is a figure easily lmmd
and we, therefore, un;:lu) it to assist in
the determination of A’ which is un-
known, and of A which partially un-
known. And we arrive at the peculiar
propertyof A, thatitsclosing line isfound
in the same manner as that of 4, by no-
ticing that the positions of the (1u‘~|1|€"
lines of 4 and A’ are both determined
in the same manner 1.\'?1!0:~111»}n't1‘1.~'¢, ete. ;
for the same law would hold when the
rise of the arch is nothing as when it
has any other value. But A" is the dif-
ference of 4 and A’. Henece what is
true of 4 and A’ separately is true of
their difference A", the law spoken of
being a mere matter of summation.

From this proposition it isalso seen that
the curve of the arch itself may be re-
garded as the curved closing line of the
polygon whose ordinates are the actual
'mn-'lin::‘ moments, and the polygon it-
self is the polygonal part of the equili-
brium |ml\~n|| due to the weights.

It is believed thu Prop. IV contains
an im;.-urtdn. addition to our previous
knowledge as to the bending moments in
an arch, and that it supplies the basis
for the heretofore ]1|i-—\i!1_'_:' method of
obtaining aphically the true equili-
brinm polygon for the various kinds of
I:!'i'i!t‘\, - ;

Prop. V. If bendin

on a uniform inclined ¢

o moments M act

girder at horizon-
tal distances 22 from U,1In- amount of the
vertical deflection %d will be the same
as that of a horizontal girder of the
same cross section, and having the same
horizontal span, upon which the same
moments M act at the same horizontal
distances from Q. Also, if bending
moments M act as before, the amount of
the horizontal deflection, say @ will be
the same as that of a vertical girder of
the same cross section, and having the
same height, upon which the same mo-
ments M act at the same heights.

IN GRAPHIC

T.et the moment M act at A, produe-
ine according to equation (5) the deflec-

tion _
0(0=e¢. Jf. A0

whose vertical and horizontal compo- |

nents are

o = OF and o = OF

For the small deflections occurring in a

girder or arch, 4 0C=90"
A0 08 0C;: CE
00
A0
M= "e. Mz
AF

00
-—— AF—e¢. M.

AO

P e Oy .1{-’/

e M. OF

The same may be proved of any other
moments at other points; hence a simi-
lar result is troe of their sum: which

le

in \
the
admitted by all auth
the eurvature is exactly ]
the bending moment.
We might in this proposition substi-
tute 1. M=+TI for e.M, and prove a
similar but more general proposition re-

AL '-T\.III. 8.

specting deflections, which the reader

can casily enunciate for himself.

Before entering upon the particular
discussions and constructions we have in
view, a word or two on the general
| question as to the mmme in which the
problem of the arch presents itself, will
| perhaps render apparent the relations
[ between this and certain previous inves-
tigations. The problem proposed by
| Rankine, Yvon-Villarceaux, and other
analytic investigators of the arch, has
| been this:—Given the vertical loading,
| what must be the form of an arch, and
what must be the resistances of the
spandrils and abutments, when the
weights produce no bending moments
[ whatever? DBy the solution of this ques-
[ tion they obtain the equation and prop-
erties of the particular equilibritm poly-
gon which wonld sustain the given
weights. Our graphical process com-
pletely solves this question by at once
constructing this equilibrium polygon.
It may be remarked in this connection,
that the analytic process is of too com-
plicated a nature to be effected in any,
except a few, of the more simple cases
while the :‘1';11-515(':!1 process treats al
cases with .ul‘mi

But the kind of wnll‘li(r' just noticed,
18 a  very Uuut|:|»]eu solution of the
problem presented in actual i
for, any moving load disturbs

tribution -~1‘ load for which :E;~-

i

the egnilibrium 1"'1\“nr‘ and introduces
bending moments. r similar reasons
it is necessary to A Suspensi
bridge. The arch must then be p
tioned 1 these moments.

| 1 it 1 " no particul:

consequence tna e form :Lli~']-‘= d

introducti excessive bending mo-
ments at certain points. The considera-
tions set forth furnish a guide to a new
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assumption which shall be more sunitable,

it being necessary to make the form of

the arch conform more closely to that of
the equilibrinm polygon for the given
loading,

The question may be regarded as one
£
construection, analogous to that of the
truss bridege. In this latter case, con-
structors have long since abandoned any
idea of making bridges in which the
inclination of the ties and posts should
be such as to require theoretically the
minimum amount of material. Indeed,
the amount of material in the case of a
theoretic minimum, differs by such an

inconsiderable quantity from that in|

cases in which the ties and posts have a
very different inclination, that the attain-
ment of the minimum is of no practical
consequence.

Similar considerations
arch, lead us to the conclusion that the
form adopted can in every case be

composed of segments of one or more|
circles, and that for the purpose of con- |

struction every requirement will then be
met as fully as by the more complicated
transcendental curves found by the

writers previously mentioned. If con-|

siderations of an artistic nature render
it =]L‘.-it';1}l]t' 10 :lllll]'!I :s:‘:_'nlwlllh' of para-
]ul}:h‘, l’”i}'.‘l'\' or ll‘lEIt'I' H‘-':l]\. lI. \\"1“ llé‘ a
matter of no more conse thlq-Hu than is
the particular style of truss adopted by
rival bridee builders.

We can also readily treat the problem
in an inverse manner, viz:—find the
system of loading, of which the assumed
curve of the arch is the equilibrium
polygon. From this it will be known
how to load a given arch so that there
shall be no bending moments in it.
This, as may be seen, is often a very
useful item of information ; for, by leav-
ing open spaces in the masonry of the
spandrils, or by properly loading the
crown to a small extent, we may fre-
quently render a desirable form entire ly |
stable and practicable.

CHAPTER 11,

FHE ARCH RIB WITH FIXED ENDS,

LET us take, as the particular case to |
be treated, that of the St. Louis Bridge,
which is a steel arch in the form of the

of economy of material, and ease of

:llr]'vlil_"d to the |

\arc of a circle ; having a chord or span
of 518 feet and a versed sine or rise of
one-tenth the span, 7. e 51.8 feet. The
arch rib is firmly inserted in the im-
| mense skew-backs which form part of
the upper portion of the abutments. It

will be assumed that the abutments do

not yield to either the thrust or weight
»f the arch and its load, which was also
assumed in the published computations
upon which the arch was actually con-
structed. Further, we shall for the
present assume the cross section of the
rib to have the same moment of iner-
tia, £, at all points, and shall here only
consider the stresses induced by an
assumed load. The stresses due to
changes in the length of the arch itself,
due to its being shortened by the load-
ing, and to the variations of temperature,
are readily treated by a method similar
to the one which will be used in this
article, and will be treated in a subse-
quent chapter.

Let b, @ b, in Fig. 2, be the neutral
axis of the arch of which the rise is one-
tenth the span. Tet @ 2 ¥ z be the area
| representing the los ud on the left half of
the arch, and @ &’ 3’ 2’ that on the right,
50 thll yp=a . P=wzy on the left, ‘and
yp==a'y’ on I]w right.

Divide the span into sixteen equal
parts /,},‘_, bb', ete, and consider that the
load, which is re: ally uniformly dis-
tributed, is applied to the arch at the
points rf, a, a', ete., in the verticals
through &, b, ', ete.; so that the equal
veights P are -11‘1.|i.--‘1 at each of the
points on the left of @ and the equal
weights 3 P at each pnlin on the right
of a, while § Pis applied at a.

Take b as the ]mh of a force Iu‘ll\‘n‘(\n
for these weights, and lay off the weights
which are ap p]lml at the left of @ on the
vertical through 2, viz., b, w,—3 P—the
weight coming to a from the left;
W, 1 ‘:/"-llu weight 1};]1111 at a,
= P—the w t'l"]li. I]J]H]l data,, (1(‘

Ul sing b still as the ]mix. lay off 3, w '=
l./'---t1l<’ we 1-‘l\i coming to a from {]lc
l'!‘,_f}lf': w," w,"=4 P=the we ight applied
at a ', ete, llm amounts to the same
ihmu as if all the weights were laid off
in the same vertical. Part are put at
the left and part at the right for con-
venience of construction. Now draw
b, until it intersects the vertical 1 at €3
then draw ¢ €, || b, ; and c,c, |l g,y;“

b}
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ete. In the same manner draw bu,’ to
¢’ then ¢ ¢ |l bw,/, etc. Then the
broken linejf’ar:;. .. ¢, 18 the equilibrium
polygon due to the weights on the left
of @, and be...c/ is “that due to the
weights on t]ne right. Had the polygon
been constructed for the uniformly dis-
tributed load (not considered as‘concen-
trated). on the left we should have a
parabola passing through the points
be, . . .e, and another parabola on the
richt through b&e/...¢ ', From the
properties of this par: abola it is easily
seen that e, must bisect v w,, as ¢, must
also bisect w,’ w.” + which fact serves to
test the accuracy of our construction.
This test is not so simple
more irregular loading.

The equilibrium polygon ¢, b ¢’ is that
due to the :l]:thd \\'l'if_’!lt*, but if these
weights act on a straight girder with
fixed ends, this manner of sup ;mrt re-
quires that the total bending be zero,
when the sum is taken of the hvmlm'f
at the various points along the entire
girder ; for, the position of the ends
does not 11| ange under the ac tion of the
weights, hence the pmmu must cancel
the negative bending. To express this
by our equations :

.J/E,:‘_ ;:‘[__]1]:!' Pt .\._(J[):["

cases of

This is one of two conditions which
are to enable us to fix the position of the
true closing line /A, /A," in this case. The
other condition results fmm the fact
that the algebraic sum of all the deflec-
tions of this straight girder must be
zero if the ends are fixed horizontally.

This is evident from the fact that
when one end of a girder is built in, if
a tangent be drawn to its neutral axis
at that end, the tangent is unmoved
whatever deflections may be given to
the girder; and if the other end be also

xed, its position with reference to this
tangent is likewise unchanged by any
deflections which may be given to the
girder. To express this by our equations:

ya=f. 2 (Mx)=0 .. 2 (Mx)=0

The method of introducing these con-
ditions is due to Mohr. Consider the
area included between the straight line
¢, ¢’ and the polygon ¢, b ¢! as some
species of plus loading ; we wish to find
what minus loading will fulfill the above
two conditions. Evidently the whole

negative loading must be equal numeric-
ally to the w hole positive loading, if we

are to have = (M)=0. Next, as the
closing line 1s to be straight, the nega-
tive load ¢, ¢.” kA may be considered
in two 1»1tt~ viz., the two triangles,
e.e’ h, and e’ A h'. Let the whole
span be trisected at ¢ and 7, then the
total negative loading may be considered
to be .l][ lied in t]li' verticals ﬂlluuﬁh
¢t and #', since the centers of grs Wity of
the triangles fall in these “verticals.
Again, the positive loading we shall find
it convenient to distribute in this man-
ner : viz.. the triangle ¢, & ¢,” applied in
the vertical through &, the }m! abolic area
be ...c in the \ll!]:"t] 4 which con-
tains its center of gravity, and the para-
bolic area be.”. . .¢. in 4/,

Now these areas must be reduced to
equivalent triangles or rectangles, with
a common base, in order that we may
compare the loads they represent. Let
the common base be half the span : then
bb,=pp" is the ]rrwmw load due to the
Unnu]u Cy b ’2 ; and % ©, 6, =PP, and
3¢/ c'=p'p, are the positive loads due
to the pamlmllc areas.

Now assume any pmm g as a pole
for the load line p, p," and find the center
of gravity of the positive loading by

| drawing the w[mlli-rmm polygon, w vhose

sides are parallel to the lines of this
force polygon : viz., use ¢gp, and gp as
the 1st and ‘mlwhw and make pq’ || ¢p',
and ¢'q, |l ¢p, The first and h-t sides
intersect at '/‘, therefore the center of
gravity of the positive loads must lie in
the vertical through ¢,.

Now the negative loading must have
its center of gravity in the ‘-.i.llie\l‘llll al,
in order that the condition = (Ma W*E)
may be satisfied, for it is the numerator
of the general l\mt“lcm for finding
the center of gravity of the In‘hlmn‘
The question then assumes this form :
what negative loads must be applied in
the verticals through #and ¢" that their
sum may be p, p/, and that they may
have their center of gravity in the verti-
cal through ¢..

The shortest way to obtain these tw
segments of p, ,u' is to join 7 andr
which are in the horizontals through
p, and p/, and draw an horizontal
Jn'mlrfh q,, which is the intersection of
r ' with the vertical through ¢, ; then

r,and 7', are the required segments
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of the negative load. For, let 7r,=p,'p
and take ' as 1Em poln of the [E ad 77,
then, since . g Ml 7" and ¢, #' || r
have the uimhlnrmm polygon 7, ¢
filling the required conditions.
Now these two negative loads »
r,'v and r7, are t}lu required hcwhtwrl
lh(‘ l]L:il”‘~ 8¢ 1]1_ C, .l!lll C "_' h."; there-
fore l: ay off ¢ }t = ‘;—_ mul ¢ '_ -:.r‘J',.
The ¢lu~m-r line % k. ean then be |t
drawn, and the moments bending the
straight girder \\11[ then be ;:1rn]mr11rnn al

we intend to make bet“wn the poly-
gons cand d (as we may brie fly Ju .
> nate the poly gons ¢, be'and d d d’), le
us notice the sionificance of certain u]:ll-
ations which are of use in the construe-
tion before us. One of these is the
multiplication of the ordinates of the
polygon or curve @ to obtain those of .
If ¢ was inverted, certain weights might
be hung at the jnm*l\ a,, a,, ete. such
that the curve would he in ;mh}c equi-
librium, even though there are flexible

toh c, k ; the points of inflexion joints at these points. Equilibrinm
hmn‘r where tiw :]mmrr line intersects would still exist in the present upright
the lilli_\_““[].. If the construction has ]:mmm under Ihue same applied
been correctly made, the area above the ! w eights, though it would be u:l]}rll ble.
closing line is t'Jilll to that below, a test | If now, radiating fl'{)m any ]mlnr we
e: l‘i\ Etn apply : i Iy draw lines, one ]--'"n"ll]ul to each of the
«#t us now turn to the consideration  sides aa.a a. . aa’ >

of the curve of the arch itself. and treat liJ}:J m\‘ \111‘1({ tlf ]‘Ilnttj ;II:I“ M.i’“l\”“ll
¢ { rsecting this
it as an ujm]:}mnm polygon. Since the penc il of radi: ating lines will be Lll[ by it
rise of the arch is such a small fraction in secments, which represent the relativ

of the span, the curve itself is rather flat | weichts neede d to make
for our purposes, and we shall 3 e
multiply its ordinates ab, «

: rri]un-mh bri-
um polygon. By drawing the vertical line
at a proper distance from the pole, its
r'l.'.L! len : . €., the total load on the

made of any amonnt we

horizontal line from the
: i al will be the wl-i:;-ﬂ
a1t will be rizontal thrust of

Gu: rfin st I the arch measured
ipse, of which ¢ 18 the on the same scale as the load. I!‘ 4 like
'IlLi"'f axis. encil «

1: 1 1
ilili"i De drawn paral-

any number conve tmm for our purpose:
1 this case, say, }h . We ‘.511'!‘(‘1:5\' get
a I-i-‘._\uun d.dd’ such that d ="
d,6=3db, etc. If a curve be

4 curve

losing line L.k | lel to tl

| 1Y 1 ' 0 1
L load be 1e sme as that we had sup-

game | posed up«
! !

" © !"':I‘r'.ll r"’|l‘ I| l}L(
make
I is at once

@ an seen that the le distance for
. " . L3 P 4
18 symmetri- | third of

three

d is one
, every line in &
easily.
about
of ora f th O : T - > 1:

ho onta hrouch & 1 - 1 ' ; 1 ordainates,

corre-

pole distance

bel
the |
area a
ing the
very
Casae 3
equal 1en , i- |0 rizontal B
ST B i 1 ) f ‘.Iu'w

\\-g‘ 1!;1,\ i ;s} t

» moved 3
No wve

: and the | ni T any such dimensi

h
norizontal throngh

GIU\'EW; line

required ygon corresponding

R RIe. s e : . . the new position of the pole be differ-

Before effecting the comparison which |ent from that in the polygon corr
C Y S AOITe-
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<[1u"-ii. ¢ to the first ]n\\llmn of the pole;

the direction of the l_.]llhlfli_f line, how-
ever, is changed. Thus we see that the

determining the pole distance of the
polygon e, which is one-third of the
actual thrust of the arch 1l:c:1<:n'w.i on

..-\

closing line of any equilibriam polygon the scale of the weights w, 2, ete. he

can be made to coincide with any line
not vertiecal, and that its ordinates will
be unchanged by the operation. It is
unnecessary to draw the force polygon
to effect this change.

Now to make clear the relationship
between the }JLI\ vons ¢ and o, let us
suppose, for the instant, that the poly-
gon ¢ has been drawn by some means
as yet unknown, so that its l'!-lllllu'-
from d, viz., arf—«; e,d, =Y., eto., al
;m-pm.:wun to the actual moments M,
which tend to bend the arch.

'rhv ('n!ll~1'l['!ull\ \\']J:u'!l !iwli hold re-
HEII'{'T"“]!' these moments Me. are three:—

=2 (Me)=0, Z (Mex)=0, .:kl-.lfr_’z"' -0,

The first condition exists because the
total bending from end to end is zero
when the ends are fixed. The second
and third a
flection is zero both vertically :z'.nl hﬂl‘l-
zontally, since the span is unvariable as

e true, because the total de

well as the position of the tangents
the ends. These results are 1

e with |)]‘w]|, \ Now bv |',sn»

8¢ moments Ur are the 1]]11 rences ol
the moments of {
the arch itself ; hence the p rOnl ¢
simply the polygon ¢ in a new position
and with a new pole distance.
moments are unchanged by such trai
formations, let us denote these moments

by M. e have before seen that

( Mex)

This last condition we shall use

physical significance of tlm condition
may be stated according to Prop. Vi
thus : if the moments Mg are .{]'lnlul to
a uniform vertical girder 4d at the points
b, 0", 0", b7, ete.,, at the same height
with f'J, d., ete., they will canse the same
total deflection 2d—=¢. = (May) as will
the moments Me when applied at the
same points. Hence if My are used as
a species of loading, we can obtain the
deflection by an equilibrium polygon.
Suppose the load at ¢ is d, &, and that
at . is d. %k, etc., then that at b, 1is
This 'l]:l»l’u\im;lliull is Rllﬁi-'it‘lll!}'
acen e for H!;i lelr}naum

Now lay off on I 1" as a load line
v-’uf_Z' ,r“ 1",‘, T, 4_—‘”" ,.' m_m —d f
ete. The dl!!\T ion of these li!iwi lllll'~l
be changed when they fall on the other

side of the line % "._fJ.. e, m _._f’. (A
[f this process be continued Hllu ['f| I}li
entire arch ».” (not drawn) will fall as
far to the ri rhit of !f as . does
left, and the last load will just
to o : uan. This 18 a test of the cor-
rectness with which the position of
k_ %" has been found. Now usii
as b for a Ilw..n'.il]‘:t‘.\' bm
£ by, £ | b,
Il!l\‘- -"\..L‘_'-_'
\ rder r'r-r’, i
[ that part
the left i.t“
Mai on ]
qual girder
n O, an

._‘l to tl

suppose these vertical

are bent insteat

o L

as before, con-
urves &g and bg'.
ions, viz.,
+ ] . hi
to be the same, this




