definida positiva arbitraria, tal que la derivada 11 a lo largo de las trayvectorias de (5.93)
satisface (5.44) con v;=cz= A, (Qs) ¥ va= 0. es decir. ahi no la necesitamos para

verificar (5.46). Finalmente. el control compuesto resulta

wz.n. Ze) = u(z. z59) + uyp(n) (5.93)

Cuando este control compuesto es substituido dentro de Ia representacidn singularmente
perturbada del modelo del robot con articulacion flexible. uno obtiene el siguiente sistema

singularmente perturbado en lazo cerrado

‘%: fc(‘r' n"T.sd) s Qe(-'f- ‘rﬁd) '%sd: -"15-11 + Fl(l)f? T pa(o-l‘sn"- ';:sd) (39{))
- af! ] T
sn=gJlr.n.0) - ea Age = Fi{e)n + p(0. xg. .L‘u;)] (5.97)

3.6.2 Estimacién de las velocidades angulares del motor y el

eslabdén

El controlador disetiado en la subseccion 5.1 requicre de una medicién completa de las
posiciones angulares del eslabén v del eje del motor. Sin embargo. usualmente en la
practica. 1inicamente se puede disponer de las posiciones angulares. A fin de estimar las
velocidades angulares del eslabon v del eje del motor. un observador de alta ganancia
¢s disenado en esta subseccion: otra clase de observadores han sido diseniados para estos

manipuladores (Busawon et al 1998). Haciendo el siguiente cambio de coordenadas.

Qu=1I1. S2=T2 &3=7I1. =2 (5.98)

se puede escribir el sistema singularmente perturbado asociado para el manipulador en

la forma siguiente:
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§1= 92
Go= —%i sin(cy) ~ £ + my + m3cos(¢1) sin(s;)

L} P .
o= =2 sinfe) + 986, — 2 (4 )63 - Do

[»

[

LI =4

con ¢ = col(§1,<2.§3,§4) ¥

010 0
00 —% 0
Flyy=F =
600
000 0
0
mal -
— =L sin(g
Gls. u) = ! )
0

[ B
—=Fsinfy ) + 25

[3%)

—afl_ 1y, _B. _ =~
T (7t 3) s Fea—Su
U observador para la variable de estado < es de la forma

(1) = FX(t) + Gls.u)= S5 (9)CT1 — 61 (5.100)

e

donde Sp= ()56 (y). siendo Sg la solucion tinica de (56). v

100 0
010 O
Qy) = .
00 -7 0
000 ~xk
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De acuerdo al teorema 1. el origen e = 0 de la estimacién de la dindmica del error es un
punto de equilibrio exponencialmente estable. mas precisanente. la funcion candidata de

Lyapunov 1y(e (t}) -y (8)Sy e (t).con € {+) = Ny) N\gc(t). satisface

U, () < —pN[le] 7. (5.101)

ha
Hu—m—l'
Por supuesto. € se seleciona de tal forma gue j > 0.

donde py =8 — Q{czggl,gg + E_)] VN =

n=32 =2

5.6.3 Estabilidad en lazo cerrado

En esta aplicacion el sistema aumentado en lazo-cerrado singularmente perturbado (3.63)

resulta:

= feloonirg) + g (r.2.q) .I‘sd —g{e)Au(z. ..r.,rsd.i'qd). y = r].
s = g (r. 0.0+ ga{x)Auyfr. r;z?} 0.0)
—= () + (2) (22)] - (&) an
¢ (1) =¢ (1) = Q=Y y){A = S ICTCYUy)elt) = Glu().3(t)) — Glult).¢(t)

- ‘. . - A
donde _\us(:::..%..rsd..tsd) = ug(L T Lsa) — Us 2. Tot. Toq) ¥ Aug(2.0.2.5.0.0) = uf(.’;\c

0.0 = Aug(z.1.0.0).
De estas 1iltimas expresiones uno puede verificar ( despues de largos cdlculos). las

condiciones de Lipschitz (5.67) v las desigualdades (5.68).
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Asi las ecuaciones (5.69)-(5.72) se satisfacen. También. la diferenciabilidad continua
de h con respecto a sus argumentos y del mapeo ®. cuyas componentes son dadas por
(5.87} y (5.98). nos permiten sostener las desigualdades (5.73) (también a traves de largas

operaciones matemsticas). Las constantes {5.74) son dadas por:

o) = (c3—caby).

AT
0z = ?_ C4 (Eh_-(l + Ihr2 {qb) (Zf,? + 62) .
az = p.\'.
3] = C4!’fq+ Cy ('!h:l -+ Ihxg f’cp) [f-Tl‘
3, = cymgms,.

- 1 _ _ ~ ~

Byo= 4 {([‘*rn + z’*rzz‘i’) =i, | (mom, + Lyz,by) +  Gammamy Gy i, (Bobaky + k).
Fy = (I, +lhyla) ey by,

= i'a.

Los valores nominales de los pardmetros del robot con articulacion flexible fuerén

eseogidos como [16]
mgl = 0.8: a=713x 107" I =0.031

J =10.001: B =0.007. =101

tay

Con estos valores v la seleccion s; = 5. 52 = 10. I, = 200. 5;=0.1. 5,= 1.0. [y = 0.010.
8 = 2. la ecuacién (5.75) se satisface. ¥ el sistema en lazo cerrado (5.102) es finalmente

acotado.

9.6.4 Resultados de Simulacién

Nosotros mostramos ahora algunos resultados de simulacién cuando el esquema controlador-

observador es aplicado para el modelo del brazo robot con articulacién flexible. La sefial
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de referencia a seguir fue pﬁesta Como g4, = 0.5sin(t). Las condiciones iniciales de las
variables del robot. asi como para los estimados fuerén fijadas a los valores sigulentes:
1{0) = 0. 62(0) = 0. ¢3(0) = 0. <4(0) = 0. §,(0) = 0.2. T2(0) = 0.02. T,4(0) = 0.002.
<4(0) = 0.003.

Las graficas de tiempo del sistema en lazo-cerrado muestran el comportamiento dindmico
de la posicidén angular del eslabén. la sefial de referencia. la velocidad angular del eslabén.
la derivada de tiempo de la sefial de referencia son graficadas en las figuras 5.1 y 5.2.
mientras que los errores de estimacion e; v e, son dados en las figuras 5.3 v 5.4. Desde
estas grdficas. uno puede observar que un buen desempeifio en el seguimiento de la travec-
toria del brazo robot es obtenida. También la variable de control es conservada dentro

de ciertos limites de operacién. tal como se muestra en la figura 5.5 .

x1 eel
|

054 L1
h
N/
I Al A
0iy /’ ref
/
Q1=
i/
of

] 1 H 3 + E E 1 ] L]

Figura No.5.1 Grafica del estado x; y la senal de referencia z,.;
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5.7 Conclusiones

Una estructura no-lineal de control-observador. basada en una clase de sistemas no-
lineales singularmente perturbados, nos permitis descomponer el sistema original. en dos
subsistemas de menor dimensién, ambos descritos en diferentes escalas de tiempo. esta
técnica ha sido presentada y aplicada para el caso del modelo de un brazo robot de
un simple eslabon. el cual tiene flexibilidad en la articulacién. Un buen desempetio del
seguimiento de la trayectoria se puede apreciar en este método para tales dispositivos

mecanicos.
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Capitulo 6

Estudio Comparativo de las distintas

técnicas de Control empleadas.

6.0.1 Introduccidén

En este capitulo presentaremos un estudio comparativo. mediante resultados de simula-
cion. de las técnicas de control para la estabilizacion global de sistemas no-lineales con
aplicaciéon para el caso de robots manipuladores con Hexibilidad en la articulacién han
sido desarrollado en capitulos anteriores.

Considerando el modelo del brazo robot manipulador dado por

I .fj. +8B, f.I +myglsin(q) = kg — q)
‘ (6.1)
JOn B Oy +h(qn —q) =u

donde la primera ecuacion de (6.1) representa la dindmica del eslabdn y la segunda
ecuacién la dindmica del motor.

En este estudio se aplicarén las técnicas control para la estabilizacién v seguimiento
de la travectoria. las cuales se resumen en lo siguiente:

® Método Geométrico Diferencial

El disenio de un controlador para una clase de sistemas no-lineales feedback linealizante



mediante un observador de alta ganancia.

o Método Algebraico Diferencial

Un controlador dindmico linealizante por retroalimentacién de estado. basando en las
formas candnicas de observabilidad generalizada (FCOG) y de controlabilidad general-
izada (FCCG) de Fliess. Este controlador estd basado en la linealizacién del error de
seguimiento, la estabilidad del sistema. asi como el seguimiento de la trayectoria deseada
para el manipulador con articulacion flexible. La dinamica del error de seguimiento es
estimada por un observador con el sistema en lazo cerrado.

e Método basado en Perturbaciones Singulares

Un controlador basado en un observador para una cierta clase de sistenmias no-lineales
Singularmente Perturbados fue disefiado. Condiciones suficientes para garantizar la es-
tabilidad del esqueina de control basado en estimadores de estado con el sistema en lazo

cerrado fuerén cstablecidas.

6.0.2 Comparacion entre las técnicas de Control empleadas.

Resultados en simulacién

Ahora. mostramos una comparacion entre los csquemas de estos controladores. imple-
mentados para el modelo de un robot de un simple eslabdén. con articulacion flexible.

La simulaciénes se efectuaron como sigue: se considero a la senal de referencia deseada
Tr s = sin(t). como la senal a seguir por la posicién angular del motor x;.

En cada una de las estrategias de control se selecionaron los parametros de diserio
COMo sigue:

Para la ley de control basada en la teoria de perturbaciones singulares, asi como las
ganancias, fuerén seleccionadas. como sigue:

51=20; 52=25: f5=60: Sf1=12 Sf2=101 if=01

El pardmetro 6 en las ecuaciones del observador fue 8 = 20.

Las condiciones iniciales de las variables del robot, v los estimados. se seleccionaron

COG,
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z1(0) = 0, z2(0) = 0. z1(0) = 0. 2,(0) = 0. 1{0) = 0.2. Z,{0) = 0.02. Z,(0) = 0.002,
25(0) = 0.003.

Para la técnica basada en el enfoque geométrico diferencial. las condiciones iniciales
del sistema, asi como las del observador fueron las siguientes:

z1(0) = 1. 22(0) = 0.1. z3(0) = 1. 2,(0) = 0.1.

Z1(0) = 1. 75(0) = 0.3. 53(0) = 1. T4(0) = 1.

El pardmetro ¢ en las ecuaciones del observador. asi como sus ganancias. fueron
seleccionadas como:

=3k =21 ko =10. k3 = 15. ks = 10.

Por otra parte las ganancias del controlador se seleccionarén como: a; = 16. ay = 32,
a3y = 24. aq = 8.

En las Figura 6.1 se muestran la posicidn angular del eslabén. usando todos los
esquemnas de control. v la senal de referencia deseada. La velocidad angular del eslabon.
asf como la derivada de la senal de referencia se muestran en la Figura 6.2. A partir de
estas graficas. podemos observar. ol buen desemperio para el seguimiento de la travectoria
de cada una de las metodologias propuestas. Sin embargo. podeinos notar que el esquema
cle control basado en perturbaciones singulares presenta menos oscilaciones que los otros
esguemas de control.  Ademas. la accidn de control esta dentro de los limites fisicos.
Aunque ol control basado en la téenica geometrico diferencial. su aceién es aun menor ue
el basado en la téenica perturbaciones singulares. su desempeno no es muv adecuado. Mds
ati. el mérodo basado en la técnica del algebra diferencial presenté una alta oscilacidn

V una accién de control mas severa. estos son mostrados en la figura 6.3
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Figura 6.4 Gréfica de los controladores
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6.1 Andlisis ante perturbaciones o ruido

Un andlisis de la técnicas de control desarrolladas. ante la presencia de perturbaciones fue
implementada con una sefial de ruido gaussiano f(¢) = 0.05n0rm(¢).con media aritmética
cero, desviacion estandar 1, y magnitud de 5%. con respecto a la magnitud de la senal
de salida. La figura 6.5 muestra el comportamiento del estado T1.Zres v la senal de
ruido. mientras que la figura 6.6. nos muestra el comportamiento del estado Ty, v la
serial de ruido.mediante la técnica del método Geométrico Diferencial. La figura 6.7
muestra el comportamiento del estado T1.Z,e5. v la senal de ruido. la figura 6.8. nos
muestra el comportamiento del estado ;. v la sefial de ruido.mediante la técnica del
método Algebrdico Diferencial. v finalmente. Por otro lado. la figura 6.9 muestra el
comportamiento del estado r;. 7, v la sefial de ruido. v finalmente la figura 6.10. nos
muestra el comportamiento del estado ra. v la senal de ruido. mediante la téenica de

Perturbaciones Smgulares.

f

{

‘ |

ad '

.54

; 7 : ; : : : T . T t{seg)

Figura 6.5 Estado z;, Z,ef ¥ la senal de ruido
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Figura 6.6 Estado r; v la senal con ruido. Geométrico Diferencial
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Figura 6.7 Estado z, ¥ la senal de ruido. Algebrdico Diferencial

93



K
o 1 2 3 4 L & ? B El w

Figura 6.5 Estado x;v la senal de ruido. Peturbaciones Singulares

-, t(seg)

' z 3 H 5 & 7 s 5

Figura 6.9 El estado z, y la senal de ruido. Perturbaciones singulares
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Capitulo 7

Conclusiones

En el presente trabajo de tésis se presentaron tres técnicas de control basadas en un
observador. para la estabilidad v el seguimiento de la travectoria de un brazo robot de
un simple eslabdn con articulacién flexible.

En cada una de las estrategias de control estudiadas. se hizo uso de un observador no
lineal para estimar la parte del vector de estado no medible. permitiendo implementar
estas estrategias.

En todas las técnicas presentadas. un estudio de estabilidad del sistenia en lazo cerrado
fue presentado. es decir en cada uno de los casos. condiciones necesarias para garantizar
la estabilidad del sistema en lazo cerrado fueron presentadas. Ademas. resultados en
simulacion fueron mostrados para ilustrar el desempeiio de cada una de estas cstrategias
de control.

Un estudio comparativo de las técnicas estudiadas ha sido desarrollado para ilustrar
el desempefio de estas. siendo la metodologia basada en perturbaciones singulares la que
mejor resultados mostré.

Por otra parte. extension de estos resultados a el caso multivariable es un problema
abierto. siendo actualmente tema de investigacion. Asi como las aplicaciones a mode-
los de robots con multiples eslabones es también un tema de investigacion. De hecho.

aplicaciones a otro tipo de procesos puede ser realizada de manera similar.

96



En un andlisis desarrollado en las tres técnicas de control para robots manipuladores
con flexibilidad en la articulacién, se sometié el sistema ante la presencia de ruido en la
sefial de salida (perturbaciones en la salida}. obteniendose los siguientes resultados:

1.-En cada una de las tres técnicas. se sigue conservando la convergencia del estado
estimado, hacia la sefial de referencia deseada.

2.-El método basado en la metodologia Algebrdico Diferencial. resulta demasiado
lento en su respuesta

3.-La técnica basada en el enfoque Geométrico diferencial. resulta ser mejor com-
parado con el inétodo Algebriico Diferencial. en cuanto a rapidez de convergencia.

4.- El método basado en la técnica de Perturbaciones Singulares. resulté ser el mejor
cn osu respuesta de seguimiento de la travectoria. ante la presencia de ruido en la senal

de salida. presentando menos oscilaciones. con respecto a los otros dos métodos.

Por otra parte se efectud un andlisis. para determinar el desempeno del brazo ro-
bot manipulador con flexibilidacd en la articulacion. ante la presencia de incertidumbres
pardmetricas de la estructura del robot. teniendo como resultado lo signiente:

El observador basado en la técnica de modos deslizantes. resulté ser el tnico que

presenta mejor robustez. ante la presencia de incertidumbres pardmetricas.
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APENDICE A

0.1 Conceptos y definiciones

En este apéndice. se daran algunas conceptos v definiciones necesarias para la com-
prension de este trabajo. Para comenzar. daremos algunas definiciones de base sobre
la teoria de la observacion de sistemmas no lineales en tiempo continuo. A continuacion.
recordaremos algimos resultados sobre los observadores v su sintesis. Posteriormente. se
presentaran algunas definiciones v resultados dtiles referentes a la estabilidad v estabiliza-
cien de sistemas, v finalinente se anexan algunos resultados presentados en este trabajo
de Investigacion. gne fuerdn aceptados v presentados en Congresos Internacionales.

Primero. considereinos los sistemas no lineales de la forma:

(0.1)

donde e] estado 2 € M. una variedad analitica (C); la entrada v € U € R™: la salida
y € RP. Para toda v € U. f,(¢) = f(u.:) denota el campo vectorial (% sobre M v la
fincion b = (hy..... h,) es también ¢

Designaremos por x, (¢, 19) la =olucién de (2.1) a partir de la condicién inicial 2, (0. r¢) =

Ip.

0.2 Observabilidad de sistermas no lineales

La nocion de observabilidad puede ser formulada de varia maneras en ¢l contexto no

lineal. En este trabajo adoptaremos la formulacion dada por Hermann Krener que se



establece a partir de la nocién de distinguibilidad de estados.

Definicién 0.1 (Dist'énguz'bz’h’dad~fndistinguibz’!z’dad): Dos estados iniciales vy € ).
r1 € M, 29 # 11, son indistinguibles si para todo t > 0 y para toda entrada admisible
u : [0.t] = U las trayectorias correspondientes de (0.1) que resultan de zo. 1 son
tales que h{xz,(t,zp)) = h(z,(t.z1)). Reciprocamente, decimos gue dos estados iniciales
zo € M, z; € M, 2y # 1. son distinguibles si existe 1 > 0 y una entrada admisible

u: [0,t] = U tales que h(x,(t, z4)) # h{z,(t.z,)).

Definicion 0.2 (Observabilidud): Un sistema es observable en ro € M si para otro es-
tado 1y # xo es distinguible de ro. Un sistema es observable si es observable en todo

Lo € M.

Para los sistemas lincales. la observabilidad esta caracterizada por la famosa condicién

de rango:

Teorema 0.3: El sistema lineal estacionario :

*=Ar+ Bu
(0.2)
y=Cr rER" ueER™ ye R?
es observable s1 y solo st la matrz [CT ATCT ... A" YCT)T es de rango pleno.

La distinguabilidad es un concepto global. Sucede frecuentemente que para generar dos
trayectorias a partir de xp v de z;. se tiene uno que alejar lo suficientemente de oy 2.

Las dos definiciones que siguen son de naturaleza local.

Definicién 0.4 (Observabilidad local): Se dice que el sistema (0.1) es localmente ob-

servable en xq si para toda vecinded abierta V, de xq el conjunto de puntos que son
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indistinguibles de zo en Vi, vfa las trayectorias en Vi, €s el punto xy el mismo.

Cuando se trata de distinguir x4 de sus vecinos. podemos avistar la condicion de observ-

abilidad local. Desde este punto de vista, se tiene:

Definicién 0.5 (Observabilidad local débil): Se dice que el sistema (0.1) es localmente
débil observable en xy si existe una recindad abierta V., de g tal que para toda vecindad
abierta V; C Vg, el conjunto de puntos que son indistinguibles de zq en V,, tia las

trayectorias en V, es el punto xo el mismo.

De manera general. un sistema es localmente debilmente observable si todo estado g
puede ser instautdneamente distinguido de sus vecinos al utilizar las travectorias ¢ue
permanceen en una vecindad de .

La propiedad de observabilidad local debil es hmportante. puesto que ella puede ser
verificada por medio de wa simple condicién algebraica como en el caso lineal. Por lo

anterior. nos leva a definir el espacio de observacion.

Definicién 0.6 (Espuacio de observacion): Se llama espacio de observacién O el mas
prgiecno subespucio veetorial de funciones rcales de M oque contiene hy. .. .. hu. y que sea
cerrado por la derivacion de Lie con respecto a todos los camnpos vectorioles del tipo f,.

uel'. fijo.

Teorema 0.7: Sea dO el espacio de diferenciales de los elementos de O. Designemos

por dO(zy) la evaluacion de dQ en xg. Si:
dimdQ{xp) = n (0.3}

entonces el sisterna es localmente debilmente observable en xy.
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La condicién (0.3) se llama condicién de rango. Si la condicion (0.3) se verifica para todo

zo € M. se dice entonces que el sistema (2.1) es observable en el sentido del rango.

El teorema anterior da una condicién suficiente de observabilidad local débil. El siguiente

teorema sa una condicién necesaria:

Teorema 0.8: Supongamos que el sistema (0. 1) es localmente debilmente observable. En-
tonces la condicion (0.3) se cumple casi en todas partes en M. es decir. dim dQ(x) = n

en todo punto x que pertenece a un abierto denso M' en M.

0.3 Entradas universales

Notemos que la definicion de observabilidad dada anteriormente. no implica que toda
funcién de entrada distinga parejas de punto de M. En la practica. deseariamos cen-
trarmos en el caso donde la entrada u que siendo fija. toda parcja de estados distintos
den lugar a salidas diferentes. En efecto. este no es el caso en que se pueda reconocer el
estado inicial del sistema a partir de la informacién anterior sobre la entrada v la salida.

Esto no lleva a la nocidn de entrada universal.

Definicién 0.9 (Entrada universal): Una entrada admisible u : [0.T) — U es universal
para el sistema (2.1) sobre [0.T] si. pare toda pareja de estados diferentes distintos zqo y
x1. se tiene h(zy(t. x¢)) # h{z,(t.11)) en ol menos en un tiempo t € [0.7]. Una entrada

universal sobre R es universal.

Definicién 0.10 (Entrada singular): Una entrada no universal es una entrada singular.

El problema de la existencia de entradas universales ha sido estudiado por varios autores

(Sontag . Sussmamn). Ellos han demostrado que el conjunto de entradas universales es
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denso en el espacio de entradas admisibles con una topologia conveniente para los sis-

ternas localmente débilmente observables.

0.4 Los sistemas uniformemente observables

Consideremos el sistema (0.1). En general. existen entradas singulares u tales que el

sistema auténomo asociado:

&= fulx)
y = h{r)
10 sea observable.
La nocion de entrada universal penmite definir una clase intevesante de sisternas: los

sistemas uniformemente observables.

Definicion 0.11 (Sistemes uniformemente observables localmcnte uniformemente ob-
sereables): Un sistema en el cual todas las entradas son universales se llama uniforine-
mente observables. o simplemente. observable para toda entrada. Un sistema es {ocal-
mente uniformemente observable si y solo si para todo punto x € M eriste una vecindad

Vo de x tal que el sistema pcrmanecerd en esta vecinded es uniformemente observablie.

Los sistemas lineales observables son uniformemente observables.

El problema de la caracterizacion de estos sistenias en el caso mono-salida ha sido
abordado por Williamson (williamson) para los sistemas bilineales y por Gauthier et
Bornard (Gauthier-Bornard) para los sistemas afines en el control. estos resultados se

resumen en los dos teoremas siguientes:

Teorema 0.12 : Consideremos el sistema bilineal:
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T=Ar+uBx + Fu
{0.3)
y=Cz
dondez € R, u € R™. y € R; A, B, F, C son matrices de dimensiones apropiadas.
Una condicidn necesaria y suficiente para que el sistema (0. 5) sea uniformemente

observable es que pueda trasformarse por un cambio de coordenadas z = Tx. en:

t=Az+uBz+ Fu

- (0.6)
y=Cz
donde:
0 1 0 b 0
A=TAT' = | | B=TBTrt=| C=CT!=
0 0 1
43 . .y En] CE Bm:
.0..... 0].
Teorema 0.13 : Consideremos el sistema afin en el control:
= fle)y+ X7 g0y,
flx)+ 27 9.0x) 0.7)

y = h{r) e R".ue Rm.yeR.

['na condicién necesaria y suficiente para que el sistema (0.7} sea localmente uni-
formemente observable es que exista un sistema de coordenadas locales sobre R" tal que
(0.7) sea casi por todos lados localmente de la forma:

= Az +2(2) + T 82y, (0.8)

y=0Cz
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01 0

o Ce= T | e=no g
0 0 ?n(2)
(z1y)paraj=1...n:i=1....m.

Gy

donde A = (
y 9,02} =

La caracterizacién de estos sistemas en el caso multivariable es todavia un problema

abilerto.

0.5 Observadores

Un observador o reconstructor de estado es un sistema dindmico ¢ue permite obtener
una estimacion del valor instantdneo del estado no medible de un sistema a partir de

informaciones anteriores de las entradas del sistema original.

Definicion 0.14 {(Obsercador): Sea el sistema dindmico:

Se Nama observador de () un sistemu dindmico auxiliar (Q) cuyas entrads estan
constituidas por las entradas y las salidas del sistema (L} y cuyo vector de salida T es el

estado estimado :

) = flu.y.2)
F=h(uy. =
tal que |le(t)|| = (|&(t) — z(¢)|| — O cuando t — x.
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A
X
Observador |—

Figura 0-1: Esquema del observador

Cuando [[e(t)]| tiende exponencialmente hacia cero cnando ¢t — . se dice que el obser-

vador es exponencial. El esquema de un observador se muestra en la figura siguiente:

0.5.1 Sintesis de observadores

El estudio de la propiedad de observabilidad constitiive una primera etapa en la con-
struccidn de un observador. En efecto. para garantizar el buen funcionamiento de un
observador es necesario que el sistema permanezca “suficientemente observable ™ bajo
todas las entradas aplicadas.

Es entonces evidente que uno de los obstdculos para la construccion de observadores es
la presencia de entradas singulares. Este obstdculo no existe en los sistemas lincales
estacionarios observables. puesto que estos sistemas no tiene entradas singulares.[Z] ob-

servador mas connin para estos sistemas es el de Luenberger (luemberger).

¢ Sistemas lineales estacionarios

Sea el sistema lineal observable:
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= Az + Bu
(0.9)
y=Cz

donde z € R". u € R™. y € R? y las matrices A. B. C son de dimensiones apropiadas.

El sistema gobernado por:

i=Ai+Bu—K(Ci-y) (0.10)

donde la matriz A es selecionada tal que los valores propios de A — A'C tienen parte real

negativa. es un observador exponencial para el sistema (0.9).

e Sistema lineal variante en el tiempo
Para los sistemas lincales con pardmetros variantes en el tiempo. existe el observador de
Kahuanu bajo la hipotesis de la observabilidad completa uniforme:

™~

Definicidn 0.15 (Observabilidad completa winforme): El sistema:

() = Alt)e(t)
yift)y = ClH)r(t) re R ue M yeRr

{0.11)

¢s complctamente uniformemente observable si eviste T > 0. a0 > 0 yty > 0 tales (e,

pura todo t > 1o . se ficue:

Gt.t+T)= ft‘_r T (r.t)C(NTC(r)olr. t)dr > al

donde I es la motriz identidad y o(7.1) es la mutriz de transicion de la parte auténoma

de (0.11) definida por:



Es bien conocida la versién determinista del filtro de Kalman-Bucy (kalman-busy) que
proporciona un observador no inicializado para los sistenias lineales variantes en el tiempo
completamente observables. En efecto, se ha demostrado que si A(#) v C(t) son acotados

y si el sistema (0.11) es uniformemente completanmente observable. entonces el sistema:

2(t) = A()i(t) - S CH)TQC()(t) — y(t)
S(t) = ~8S(1) — A()TS(t) - SHAM) + CHTQC(t) (0.12)
S{0) = S,

donde 6 > 0 v Sy. Q que son matrices definidas positivas. es un observador exponencial

para (0.11).

e Sistema afin en el estado N

El resultado anterior puede ser extendido a los sistemas afnes en el estado:

£ = A{u)r + Blu)
y=Clu)r rc R ue R yeRP

(0.13)

Se puede apreciar que toda funcion ¢ fija genera un sistema lieal con pardmetros vari-
antes en ¢l tiempo. Por consecuencia. se puede definir el Gramiano de observabilidad

para estos sistemas. para u fija como sigue:
t~T - T
Glutt+T)= [ ol(r)CT(w(r)C(u(r)o, (7. t)dr

donde o, (7.¢) es la matriz de transicion definida por:

,%-Ou("-f) = A(u(7))o,(7. 1)
o ft.ty=1T

El sistema (0.13) puede tener varias entradas singulares. En (hamouri-De Leon) se de-
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muestra que las entradas universales no son suficientes para hacer funcionar un observador
para los sistemas que poseen entradas singulares. Esto proviene del hecho que una en-
trada universal trasladada en el tiempo no puede ser universal. Es por esto que la nocion
de entradas persistentes ha sido introducida para garantizar el funcionamiento del obser-

vador. sobre todo en presencia de ruido o de pertwbaciones. Ahora introduciremos la

nocion de entrada persistente,

Definicién 0.16 (Entrada regularmente persistente): Una funcion de entrada u es reg-
ularmente persistente para el sistema (0.13) si existe T > 0.0 >0 Y to > 0 tales que el

valor propio mas pequeiio de la matriz Glu.t.t =T) cs superior a a port > t,.

El siguicnte teorema permite garantizar la coustruccion de an observador ripo Kalman

extendido para los sistemas afines en el estado.

Teorema 0.17 :  Toda entrada i qularmente persistente aplicada a un sistema afin al
estado (0.13) genera un sistcma lineal con pardmetros varigntes en el tiempo completa-
mente uniformemente obsercable.

Por consccuencia . se obtiene el siguiente resultado: consideremos el sistema (0.13) con
matrices A(u). B{u) v Clu) wniformemente acotadas sobre el dominio de las entracdas

admisibles. Entonces. para toda entrada regularmente persistente para (0.13). el sistema

i = A+ Blu) — STC)TQC(u)d - y)
S=—05-A)TS - SA(u) + C(u1)TOC(u) (0.14)
5(0) = S

con # > 0 v Sy. Q matrices definidas positivas. es un observador exponencial para el

sistema {0.13).
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0.6 Estabilidad y estabilizacién

0.6.1 Estabilidad

El problema de estabilidad de un sistema corresponde al comportamiento de la travectoria
de este cuando su estado inicial esta proxime del punto de equilibrio. Esta idea es intuitiva
y resulta muy compleja para los sisteinas no lineales. Por consecuencia una larga lista
de definiciones han sido propuestos . FEl objetivo de la teoria de la estabilidad es de
poder obtener conclusiones sobre el comportamiento de un sistema sin tener que calcular
su solucién. Aqui presentaremos algunas definiciones que son las mas utilizadas en Ia
literatura principalmente sobre la estabilidad en el sentido de Lyapunov. la estabilidad
asintdtica v la estabilidad asintética uniforme.

Consideremos el sistema:

Ht) = flz(t).1) (0.15)

donde r € R* v f : R" x R™ — R es continua, Supongase también que la ecuacién
(0.15) posce una solucion vinica que corresponde a cada condicion inicial.
Esto es en el caso en que f es globalmente Lipschitz. Designemos por z(t..x4. 1) la

solucion al instante ¢ de (0.15) surgida de la condicion inicial x{ty. xp. tg) = ag.

Recordemos que un estado z, € B" es un punto de equilibrio para el sisteina (0.15) si:

f(xe.t) = 0.Vt > 0. Asumiendo que .z, es un punto de equilibrio de (0.15).

Definicién 0.18 (Estabilidad en el sentido de Lyapunov): El punto de equilibrio z. de
(0.15) es estable o estable en el sentido de Lyapunov si. para todo = > y para todo
to € R™. existe 6(c.tg) > 0 tal que: ||lzg — .| < § = la(t. zp. tp) — r|l < = para tode

t > tg.
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Puesto que todas las normas son sobre R" son topologicamente equivalentes.

Cuando ¢ depende solamente de =. se habla de estabilidad uniforme:

Définicion 0.19 (Estabilidad uniforme): El punto de equilibrio x, de (2.15) es uni-
formemente estable si para todo = > 0. eriste &) > 0 tal que llxg — z.|| < 6. ¥tg > 0

= |lx(t, o tg) — x| < 2. ¥t > .

Para los sistemas auténomos i(t) = f{z(t)). no hay distincidn entre estabilidad v esta-
bilidad uniforme.

El punto de equilibrio x, es inestable si z.no es estable.

La definicion precedente no garantiza que las soluciones convergen hacia el punto de
equilibrio. Definimos entonces la nocion de atractividad de un punto de equilibrio v de

ostabilidad asintotica: N

Definicién 0.20 (Atractividad): El punto de equilibrio x. de (2.13) es atractivo si. para
todo ty € R™. existe nfty) > 0 tal que : |log — x| < Ntg) = |r(ta + t 20 t)]] — .

cuando § — .

Notemos que las soluciones inicializadas en estados diferentes en Bty = {1z — x| <

N{to)} pueden aproximarse a x, a velocidades diferentes.

La siguiente definicién garantiza una convergencia uniforme hacia z,.

Definicion 0.21 (Atractividad uniforme): El punto de equilibrio x, es uniformemente
atractivo si eriste n > 0 tal que: [[xo — || < 7.¥ty > 0 = ||z(tg +1. 2. to)|| — z. cuando

t — x uniformemente en zy. to.
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De manera equivalente: El punto de z, es uniformemente atractire si ¥z > 0 existe

un tiempo T(¢) tal que : ||z, — T <npVtg > 0= lx(to +t. 20.t0) — .|| < =. vt > T(z).

Definicién 0.22 (Estabilidad aintstica y uniformemente asintética): El punto de equi-
librio z. de (2.15) es asintéticamente estable si es estable y atractivo. Es uniformemente

asintdticamente estadle si es uniformemente estable y unifermemente atractivo.

Notemos que la atractividad y Ia estabilidad son dos propiedades independientes. es decir
un punto de equilibrio puede ser atractivo sin ser estable. Sin embargo. no esta todavia
establecido si es posible para un punto de equilibrio ser uniformementente atractivo al
ser inestable.

Los conceptos de estabilidad introducidos anteriormente son de naturaleza local en el
sentido donde ellos describen ol compartamiento de las travectorias inicializadas proximas
al puntu de equilibrio. La definicion que sigue describe el compartamiento global de las
trayvectorias.

Definicién 0.23 (Estabilided asintética global): El punto de equilibrio z, de (0.13)
es globalmente asintdticamentc estable si este cs uniformemente estable. y si para un

nimero par de mimeros positivos M. = con X arbitrariamente grande y = arbitraria-

mante poqueno. eriste un ticmpo finito T(M.2) tal que : |z — rll < Mty >0 =

. .!'(fu + f..I'(].fu) - .I'eH <z Vi 2 T(.‘f =),

Dentro de la practica del estudio de la estabilidad se hace uso del segundo método de
Lyvapunov (6 método directo). Este consiste en definir una funcién de Lyapunov con
las caracteristicas apropiadas donde la existencia implica el tipo de estabilidad deseado.
Notemos también. que podemos considerar que. r, = 0. dado que siempre podemos re-
alizar un cambio de variable. tal que nosotros caemos siempre en este caso. Para lo

signiente supongamos que es efectivamente el caso.
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Definicion 0.23a (Estabilidad finalmente uniformemente acotada): Una solucidn r{t):
[to. ] — R" del sistema 1= f(x) con condicién inicial z(to) = xg es llamada finalmente
uniformemente acotada (uniformly ultimately bounded) con respecto a un comjunto S. si

existe una constante no negativa T{z,. S} tal que :

r(t) € Sparatodat > fp+ T (0.16)

Finalmente uniformemente acotada quiere decir que la travectoria solucién del sistema
[ ] . . .
z= f () comienza en zy en un tiempo £y v deberd finalmente entrar v permanecer dentro

del conjunto S.
Definicién 0.24 (Funcidn de Lyapunov): D manera general. se llama funcion de Lya-

punov para el sistema (0.15) una funcion real V{r. t) (e posee lus siguientes propiedades:

o) Vi(x.t) es de clase C' tal que V(0.1) = 0:

() V{(a.t) es defimda positica. 1.c. ervistc una Juncion real wontinua no decreciente a
tal que a(0) =0 y0 <ol 2f]) <V(a.t). Vi Yo = 0 con a(llell) — x crando || 7] — x.

iit) Existe una funcion real ~ tal que ~(0) = () v la dervada UV ode V- siquiendo lus
trayectorias de (0.13) es tal que: 1"(.:‘.?) <=l ]) <009 Yr £ 0.

iv) Eriste una funcidn real continua. no decreciente 3 tul gue 3(0) =0y

V(e t) < 3()r ). vt

El siguiente teorema de Lyapunov muestra la existencia e tal funcien 17 es una condicion

necesaria v suficiente para la estabilidad asintética uniforme.

Teorema 0.25: LV ongen del sistema (0.15). es un punto de equilibrio uniformemente

aintdticamente estable si y solo st (0.15) udmite una funcidn de Lyapunov V.
Las propiedades requeridas de 1" pueden ser suavizadas segin el tipo de estabilidad de-
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seada. Entonces se tiene el siguiente corolario:

Corolario 0.26: El origen del sistema (0.13). es un punto

a) Estable si y solo st (0.15) admite una funcién de Lyapunov V' que satisface las
condiciones i). i) y 1i%) : V(z.t) <0 para todo T yt.

b) uniformemente estable si y solo si (0.15) admite una funcidn de Lyapunov V que

satisface las condiciones i). i) iv) y ii%).

Corolario 0.27: Para un sistema dindmico rontinuo auténomo:

i=f{r): f0)=0 (0.17)

la estabilidad asintdtica estd asequrada para la existencia de una funcisn real Vir) de

clase C'. fal que V(D) =0 g

e
-V{(r) > 0 paru todo & # 0
- I.'(r) < 0 para tedo r # 0
- Vi) — x cuando ||z — x.
En el caso de sistemas lineales . & = Az. la estabilidad asintotica esta caracterizada

por la existencia de una forma cuadritica definida positiva Vie) = 2TPz tal que :

ATP 4+ PA=—~Q donde Q es una matriz definida positiva.

El siguiente teorema reciproco {inverso) es muy itil en el estudio de los sistemas dindmi-

COSs.

Teorema 0.28: Sea el sistema autdnomo (0.16). Si el punto de equilibrio 0 es asintdti-
camente estable entonces (0.16) admite una funcién de Lyapunov que es de clase O en

una vecindad de rg.
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0.6.2 Estabilizacién

Uno de los problemas del control consiste en la estabilizacién de sistemas. Aqui recordare-
mos algunos resultados sobre la estabilizacion por retroalimentacién de estado estético v
dindmico. La estabilizacion de un sistema no lineal es un tema muy complicado. Exis-
ten pocos resultados generales que conciernen a este punto. Al mismo tiempo es dificil
concluir sobre la estabilidad o la no estabilidad global asintética de un sistema no lineal

general.

Primeramente. recordemos que todo sistema lineal controlable es estabilizable por retroal-
imentacion de estado estdtica lineal. Esto no es en general cierto. para los sistenias no
lincales. En otros términos. existen sisteinas 1o lineales controlablos pero no estabiliz-
ables . De este hecho. un tema importante de estudio en la teoria del coutrol es la
caracterizacion e clases de sistemas que son estabilizables por retroalimentacion e es-

tado. «

.

Definicién 0.29 (Estabilizacidn): De manera general. se dice que el sistema : i = fla)+
glr)u es estabilizable en el origen si eriste una retroalimnentacion de estado u — u(z). al
meitos continua. tal que el sistema en lazo-cerrado & = f{r) + g(.r)u(r) admite el origen

como punto de equilibrio asintdticamente estable.

En lo que sigue. introduciremos algunas precisiones sobre las terminologias concernientes

a los tipos de retroalimentacién de estado utilizados en la préctica.

Definicién 0.30 (Retroalimentacion de estado estdtica) Se llama retroalimentacion de

estado estdtica regular para el sistema no lineal:
i=f(e)+glrly  zER.ueR™ (0.18)
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une funcidn u = a(z) + 3(z)r donde @ : R® — R™ y3: R — R™™ son funciones
regulares tales que la matriz 3(z) es invertible para todo x € R™ y v = (14..... Um) TEp-

resenta el nuevo vector de control.

Una variante importante de esta retroalimentacién regular es que solamente utiliza la

salida.

Definicién 0.31 (Retroalimentacion de estado estdtica de salida): Se llama retroali-

mentacion de estado estdtica de salida para el sistema no Iineal con salida:

i = f(0) + gla)u
y = hir TER uER" ye R

(0.19)

una funcion v = a(y) + .B’(y)z' donde & : R — R™ y 3: RP — R™*" son funciones
requlares tales que la matriz 3(;}) sea nvertible para todo y € RP y » = (ry..... Ui

representa el nuervo vector de control.

Puesto que y = /() la retroalimentacion de estado estitica do salida es un caso particular
de la retroalimentacion de estado estdtica anterior. Entonces. en general sclo se puede

esperar menos de las propiedades en el caso de una retroalimentacion de salida.

Definicién 0.32 (Retroalimentacién de estado dindmica): Una retroalimentacion de

estado dindmica para el sistema (0.17) es definida por la relacién:

donde z = (z;,.. .. 2) € R y7: RIXR" > R1.§: RIXR" — R™™ . RIxR" — R™

y 3¢ RIx R" — R™™ son funciones requlares y v = (v,... v,,) representa el nuevo
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vector de control.

De hecho, la retroalimentacién de estado dindmica puedes ser considerada como la com-

posicién de un sistema (0.17) con el sistema:

(0.20)

=g
il
ju
o
K
_|_
e
t2
=

donde # v @ son respectivamente relacionados con r y con u. FEl sistema (0.19) es
frecuentemente llamado compensador v esquemdticanlente se puede representar comno

sigue :

Definicién 0.33 (Retroalimentacion de estado dindmica de salida): Una retroal-
tmentucidn de estado dindmica de salida_para el sistema (0.18) esta difinidu por lu

relacion: e

-

f=r{zy) - ey
alz.y) + 3(z.y)

e

te

u
donde z = (z1..... ) €E R ey~ RIXRP — R & RIXRP — RY™ o - RINX P — R™
y 3 BT x RP — R™ ™ son funciones requlares y r = (ry..... U'm) represontan el nuervo

rector de control

0.7 El principio de separacién

La mayor parte de las leyes de control son funciones de estado del sistema. Cuando solo
se dispone de una parte del vector de estado. no se puede aplicar los algoritmos de control
diseriados. Una forma de evitar este problema es cerrar el lazo de control a trives de
un observador. es decir. una vez que se tiene un algoritmo de control para el sistema v

que un observador ha sido disenado para este ultimo. se procede a reemplazar el estado
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desconocido por el estado estimado en el algoritmo de control.

La pregunta que se plantea ahora es saber si la estabilidad del sistema en lazo cerraco se
preserva. El estudio de la estabilidad del sistema en lazo cerrado mediante un observador
se conoce como principio de separacion. Esta terminologia proviene del hecho de que
la sintesis tanto de la ley de control. asi como del observador se llevan al finalmente
unifoermemente acotadacabo separadamente.

Este problema es de cardcter muy especial. En general, se trata de encontrar un
comprormiso entre la velocidad de convergencia del observador v la velocidad de la accidu
de estabilizacion.

Para los sistemas lineales. el principio de separacién se verifica de que el sistema sea
coutrolable v observable. Esto se traduce mediante una descomposicion del espectro del
sistema en lazo cerrado con el estado estimado. el espectro del sistema con el del ob-
servador que permanece sin cambio. la estabilidad del sistema retroalimentado con el
observador depende entonces solo de la estabilidad del observador v del sistema retroali-

S
mentado sin observador.

En el contexto no lineal. existen muy pocos resultados concernientes al principio de
separacion. siendo actuahiente un problema abierto.

Notemos tambien de paso que la estrategia del principio de separacion es equivalente

a nna estabilizacion dindmica por retrealimentacion de salida.
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APENDICE B

En esta parte del apéndice se anexan algunos de los resultados presentados en este
trabajo y que fueron aceptados para su publicacion en C ongresos Internacionales

1.- A DYNAMICAL LINEARIZING FEEDBACK CONTROLLER FOR
ROBOTS WITH FLEXIBLE JOINT

Presentado en el evento Conference on Control Application CCA * 97 en Hartford,
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2.-  SPEED AND POSITION CONTROL OF A FLEXIBLE JOINT ROBOT
MANIPULATOR VIA A NONLINEAR CONTROL-OBSERVER SCHEME

Presentado en ¢l evento Conference on ControkApplication CCA * 97 en Hartford,
CT, USA

3.- A COMPARATIVE STUDY OF SPEED AND POSITION CONTROL OF A
FLEXIBLE JOINT ROBOT MANIPULATOR

Presentado en el evento 1998 IEEE RSJ INTERNATIONAL CONFERENCE Victoria
Conference Centre, B.C., CANADA

4.- OBSERVED-BASED CONTROLLER FOR A FLEXIBLE JOINT ROBOT
MANIPULATOR

Presentado en el evento 37th IEEE CONFERENCE ON DECISION AND
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ABSTRACT

Techniques of differential algebra are used to derive an
observer-based controller applied to a flexible manipuls-
tor. A dynamical linearizing feedback controller is de-
rived on the basis of Fliess' Generalized Observability
Canonical Form (GOCF). Our controller actually achives
both stability and tracking by linearizing the tracking
error. The controller is then of error-driven type; the
dynamics of the error is estimated by an observer in the
closed- loop. An analysis of the stability of the closed-
loop system is given. Simulation results are presented for
ilustrating the performance of this observed based con-
troller scheme, when is applied to 2 mathematical model
of a robot with flexible joints.

1.- INTRODUCTION

Several controller design techniques have been pro-
posed, from different perspectives, for the stabilization
of nonlinear systems. Recently, a considerable number of
works have studied the problem of the control of robots
manipulators with joint flexibility. This problem hes a
practical and theoretical interest. Because, from a prac-
tical point of view, we must be consider the effect of the
elasticity in the robot to design the control laws; and
from theoretical point of view, the number of degree of
freedom is twice the number of control actions, and the
matching property between nonlinearities and inputs is
lost [8, 9].

In the litersture, we can find different control schemes
for nonlinear systems. Most of these schemes make use
of the static feedback control schemes. The design of
these static feedback are based on Adaptive control,
Singular perturbations, Nonlinear cootrol theory, and
Energy-based Lyapunov control schemes, or mere re-
cently, Decoupling-based schemes, Backstepping-based
schemes, or Passivity-based schemes [8, 9]. Further-

0-7803-3876-6/97 $10.00 © 1997 |IEEE

more, a considereble number of researchers have studied
the stability and output tr'ac.king problems of dynami-
cally systems using the commonest mathematical tool in
nonlinear control theory of today: differenticl geometry.
However, if the nonlinearities involved are ali polynomial
there are methods form differential algebra that can be
used instead. Jt has been showed by M. Fliess that the
differential bra is a natural mathematical too! for
dezling with polynomial systems.

We treat the stability and output tracking problems
for noalinear systems from the dynamically feedback er-
ror linearization strategy. The approach is based on
Fliess’ generalized observability canonical form (GOCF)
and the generelized controller canonical form {GCCF)
which are easy consequences of the differential primitive
element theorem (2, 3, 5]. Recall that, from the external
behavior of the system, the Fliess’ GOCF is a general-
ized state description of the system where, in general,
the state dynamics equations are control-dependent, in-
cluding a finite number of the control time derivatives.

The controller we propose is obtained by means of ex-
act linearization of the tracking error dynamics. This
controller is a function of tracking error vector which
is, in general, partially measurable, then it is necessary
to estimate it. A variety of approaches have been pro-
posed in the synthesis of nonlinear observers to over-
come this difficulty. For that a high gain observer is
used to estimate the tracking error in order to imple-
ment our controller. Finally, to guarantee the stability
of the closed-loop system using the proposed observer-
based controller, an enalysis of the stability of the system
in closed loop is given.

This note is organized as follows: In section 2, we
introduce the generalized observability and controller
canonical forms. The stabilization and output tracking

306



problems by means of an exponential observer, using the
differential algebraic approach, are dealt in section 3. In
section 4, we introduce a mathematical model which de-
scribes the behavior of a robot manipulator with joint
fleability. And simulation results are presented using
our observer-based contrcller scheme. Some concluding
remarks and proposals for further work will close the
paper.

2.- GENERALIZED OBSERVABILITY AND
CONTROLLER CANONICAL FORMS.

According to the theorem of the differential primitive
element there exist an element £ € G such that G =
K(u,£). The Transcendence degree n of G/K () [2, 3],
which is equal to the dimension of the system (1) , and is

ar
the smallest integer such that F{ is K (u)-algebraically

- T -1z

E: %{t 17 ':.%F}
dence basis of G/K(u) (2, 3]. Defining the following
change of variable of the form £, = dl—.-_lf,l <i<n It
is clear that {£;}]_; is a transcendence basis of G/K (u)

too. Hence, a nonlinear generalization of the controller
canonical form is given by

dependent on which is a transcen-

iﬁ—m; 1<='5n—1
(Ea): .o 4w} g (1)
dr.'E‘ 'dt' T
vuhe*u:D(‘n Eu =E= --,‘2:‘) is 2 polynomia! with co-

eficients in K. If one can locally solve for 15;’* in the sec-
ond equation (1), one obtains an explicit system of first
order differential equations, known as the Generalized
Controller Canonical Form (GCCF).

L S=g,1<i<n-1
(EGCCF) ) { 12{2 = Lc (Elul 'd&%v“' t %)
for v a strictly positive integer. Now, let y be the scalar
cutput and let 1 be the smallest integer such that ¥ 2
is algebraically dependent on
dy d-ly du  d'u
{ylzl-..IF!u'El'-. v }

that means
vy ... &y du D
d" - dt’ 'dtﬂ_l,u’d' !dI.I

Defining the following change of variable 5; = £¥; for
1 <1 < n, then one can write a local state space rep-
resentation which has the special form of a Generalized
Cbservability Canonical Form (GOCF):

1<i<n—1

r — T+l
"' ) @

__L ("L 'dtl Tty
y—m

(Zcocr) :
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for i & strictly positive integer.

3.- A DIFFERENTIAL ALGEBRAIC AP-
PROACH TO ASYMPTOTIC STABILIZA-
TION AND OUTPUT TRACKING.

Consider the following Nonlinear System
=1z
(Ewe): { y = A(z,u) 3)

wherez = (1;,--- ,Zn) E R*, U E R™, ¥y € R, fand hare
assumed to be polynomial in their arguments. Systems
(Znp) are assumed to be universally observable (see (2,
3]) with external behavior described by equatuons of the
form.

ﬂ__L ( dy

- dt: * ‘El——l‘ula‘”

& ly  du du
dtﬂ

&

where L, is 2 polynomial of its arguments.

By defining locally n; = ‘—:-F, 1 <1< n, weobtainan
explicit GOCF ofsystems (Em,) as fol]o“s W= 11,1l <
i<n; 7= -Lo(mu &,..., &0 % }for some v > 0.

Now, let yg(t) be a prescribed reference output func-
tion which is differentiable at least n times. The asymp-
totic output tracking problem consists in finding a dy-
namical controller described by a time-verying scalar or-
dinary differential equation, which is possible implicit,
and which has as input:

a) The output reference signal yg(t), together with a
finit number of its time derivatives

by
—&%'1<:<ﬂ.

dtt
and b) The state coordinates 7; of the system.

The controller is supposed to produce a scalar fune-
tion u, which locally forees y to asymptotically converge
towards yg(?). Define an output tracking error function
e(t) as

e(t) = y(t) - yalt) ()

By definition, ), is equal to the ({ —1)-th time derivative
of y(t), that is m; = %{‘; for 1 < i< n. Then, we have

de(t) _ _ _ dyr(t),
F +1 = i
d“e(t) - i’?_ﬂ._ - dﬂyﬂ(t) (6)
dr- dat dan
Let p(s) = s" + "0 a:is* be Hurwitz polynomial. By

requiring a linear time-invariant autonotnous dynamics
for the tracking error function:

:1<i<n—1  (5)

de(t) = die(t) _



it follows from (5) and (6), that —(-'4’) may be rewTitten as

dn.  dyalt &= lyn(t
- S e (- 23280 o g
that is
. d'u d"ya(f) _ dye(t)
.-Lo (ﬂ.u. 'dtv) ; =1 ( %"

(9)

Remark 1. The scalar time-varying differential equa-
tion (9) implicitly defines u, which accomplishes asymp-
totic stabilization to zero for the tracking error, in a
manner entirely prescribed by the set of constant design
coefficients {ag, a1, **,8n-1}

Let ¢; = %{ﬂ, for 1 £t < n, be the components
of an error vector e = Col (ey,€2,---,en). We obtain

% = Fe (10)
where
d*u 4
=L, ('J’R(i)-i'e,u,"',@') yH Zﬂx 16i
(11)
with reference signals vector given by
dy d*~lyg
ﬂ)R(f)=Cof (yR' &R"") drn-1 :
and
0 ) 0]
F=l 9 o ... 1
—d0 —@ —Qn-1

The origin, e = 0, is an equilibrium point for the track-
ing error dynamics (10). We assume that the solution
u of (11) is defined for all time, and is bounded for
all bounded functions yg(t) which also exhibit bounded
derivatives. Note that the dynamical feedback controller
depends on the state vector of the tracking error dynam-
ics, which should be estimated by means of an observer.

Now, writing the system (10) as {ollows:
dvu
? du

dyr d'yp du
where the elements of the matrix E are given by

TN TA

_—=

P Eet4p (e.wz.z. -

1 ifizji—1

Eij =61 = { 0 everywhere
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and
d“yR u d*u
w16 YR, PN ? div
( 0 e O _LG (‘:’R(t) + e, U, e, %) - dqd::‘ (

Then, the estimation of the tracking error e(t) = y{t)~
vr(t) is given by an exponential nonlinear observer (O)
of the form:

E=Fi- AQK'[CB(:) —e1(t)]
CR

where Ag = diag (9,92,.. ; ,9“) forsome § > 0and K =
(K1, Kz2,...,Ka)T, K is chosen suchthat o (A - KC) C
R~ (See 6, 7] for more details).

Let

du
lul‘--lF

o(uz, yr(t),€)

_LO (wﬂ(t) + é|u$ Ty T

and u: be the observer-based control resulting from

O’( Ue, yR(t):é(t)) =

The dynamics of é(t) and ea(t) = &(t) — (), (the es-
timate tracking error and the observation error, respec-
tively), are given by:

£ = E&(t) — ApK[CE(t) — e, (t))

(e(t)’yRs ’%E"B,ucl ) ’dd
e — (B~ AKC) eot) + 62 (e(t), €(1))
which becomes
L8 = Fée— 10K ¢
(Erorar) 1§ 42 =8(E-KC) & (1)
+A7180(As €0 (1), 6(1))
where
€ = Aj'ey, A;'Efg=0E, Cis=4C,
A;Y = diag (6-1,8°2, 8™
and
. . d d'ug
5®(e0,8) = go(e(t),yn,-“,jégz,ué.“', d;)
d" d¥ug
-—<p(e(t),yg,---,ﬁ?,ﬂe.'”:?t:')
ASSUMPTIONS:



Al.- 8%(Ao € (1),(2)) is globally Lipschitzian in R
with respect to Ao €p (t) and uniformly with respect to
é(t) .

(A2.- The signals u; and its derivatjves up to n at Jeast
are bounded,

THEOREM 1: Consider u; the linearizing dynamic
state feedback which is solution of o(é(t),ue,yr(t)) =0
. Suppose that assumptions A1 and A2 are satisfied.
Then the closed loop system (Zro7ar) with control u;
is globally asymptotically stable.

4- OBSERVER-BASED CONTROLLER OF
FLEXIBLE JOINT MANIPULATORS.

In this section, we apply the results obtained in the
above sections to deal with the estimation and tracking
problems of a single-link flexible joint manipulator [§].

MATHEMATICAL MODEL

Based on Lagrangian dynamics considerations, the dy-
namical system describing the behavior of a single-link
flexible joint robot is obtained.

The dynamical system (£,,) describing the motion of
the robot is given by

(Zh): { T= D"f‘. Im -!TB"‘ Im +Ks{gm - g)
0= D9 +B9+mglsin(q) — Ki(gn ~ q)
(12)
where ¢ denote the angular pesition of the link of
lergth § and mass m and let 9m be the angular posi-
tion of the motor, D denotes the inertia of the link, D
denotes the motor inertia, K, is the flexible joint stiff-
ness coelficient, B is the motor viscous damping, and
B denotes the link viscous damping, and g is the grav-
itational acceleration; and 7 is the vector of actuators
torques.

Let us define ,{_3‘2 = 5=, which is not to be considered
as a small constant related to the singular perturbation
techniques. Defining the following change of coordinztes:
Z1 = gm, the angular position of motor; 23 =4, the an-
gular velocity of motor; z; = K.(q — ¢,.), the elastic

foree; 2, := &5'722, the elastic velocity variation. Then,

the dynamical model () represented in the new co-
ordinates results as follows

j:l'_-_ 22
T2= —ksTo + kyT3 + +hyu
Ty= -’-;!-

£o= {~kpkysin(B ks + 2,) — kez3 — Kz
—kefzy — k;u}/ﬁ

(13)
Fhere by = i ky = Liky = mgl K = ky + ky;

=B k= Rikr=ks—ksu=t
Remark 2: The system {Z)) has different relative
degree, when the system output ¥ is considered as the
fiotor position z, insted of the link position z = z,+f13.

(EM) :

On the other hand, an operation point of the system
can be achived when a torque input u = u° constant is
applied, that is

u=1u 7,() =50 + sz'n"(f;); )
z3(u°) = —u% 7, («®) = 0; () = sin-

12y, (19

When we consider the linearized system in the oper-
ating point, the zero dynamic follows to be minimum
phase. However, this zero dynamic ’s property is a func-
tion of the parameter 8. The fact that B # 0 is crucial
for the flexible robot to be a minimum phase. If B = 0,
this technique can not to be applied, and the zero dy-
namic becomes oscilatory. In practice, this condition
is verified for most mechanical manipulators. The fol-
lowing coordinate transformation depending on the in-
put which allows us to obtain a generalized observability
canonical form (GOCF). For that, we have:

Lazd 1
e o

Y= Th =23

Y= ™= —kszy + kyz3 +ku

=-1

V= 1= (ks)?z; — ky[ksz3 + B To+ksu+ €

(15)

{y,?,ﬁ,‘ﬁ} 15 a frenscendence basis of R{u, v} /R (u)
which represents the nonlinear dynamices given in (13).
The transcendence degree of (u,¥) /R {u) is given by
tr (R{u,y} /R () = 4 and its corresponding inverse
transformation.

T1=m
i=m
T3 = (M + ks — kyu) /Ky
Iy = ﬁ[r}‘ - (k5)212 + kyksTs3 — kiksu — kl%J/kE )
16
The Jacobian matrix of the state coordinate transofrma-
tion (15) is given by

1 0 0 )
1] 1 0 0
0 —k & 0
0 (ks)? —kyks KB

which is clearly no singular if § is different to zero. Then
the (GOCF) of (13) is given by

J =

f N=1m

7-?2="}3
Ta= ™

J U= —krkaks " sin(B"[ksmz — kyut (17)
+millky + ) - E-z{klkv + kyks}m
-{-55& +kske}ms — {ks + ke }nq

~ S (ke = Kbyt k22 4k, iy
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And finally, the external behavior of the system is given
by

a:' +{‘I‘5+ “"‘5} o + { =t + k5k€}d¢_:¥
+8 {klkar + k(ks} at
+hyhoksfB sm(ﬁ [k_c,
—5 (k= Ju— ki

(18)

—!‘ o k:“]/kz +v)
=0

Now, let y(t) be a desired output reference trajectory
of the angular position. Deriving the desired output ref-
erence yr(t) up to fourth time-derivative, we can apply
the dynamical controller

Lo (e )=

withn=4and y=2.

d'u

L] 1] d-’

(‘_. der-1

Defining the tracking error as et} = z; — ya(t), one
obtains the system of differential equations describing
the tracking error dynamics as

d“yR(t) —Z _

f=]

dva du d*u
' dr‘ 'iu’ dt 1 iz

é )

(19)
with output yr = e). Since system (19) is observable we
propose the following noalinear exponential observer for

the estimation of the tracking error [6]:

=Ee+‘p(ell"':e4lle'°°

de

= E€— AgK |CE(2) — £y (1)]

w(ér:).yg,---

(20)

)(21)

Exact linearization of the tracking error dynamics can
be now accomplished by equating the last differential of
the system (19) to a linear time invariant expression in
tke error coordinetes:

dlyr du- d

L] a‘ L] 1‘?’ d diz

(UR(t) +eu, ¥ ,?:T) _5%(12 Ef—‘l ai.18;
= —kik2kafS sm(B ki lks{ez + 222 )+—¢5&
—kju + e3] + yr(t))
—B sy 4 kaks) (ke — by )+ ky ke 8

2
Hhdy - (ks + ko) — (B + 1) G
-3-2 (k1kr + kiks) %% R O L

(22)
Then, writing in the original coordinates the equation
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of the dynamical controller, it lollows that
2
G +(0s = k)&t o+ (M oo -
knoy

_(%} _.L+_=_z+_a 38
+ %+%—E‘)I4+—5ﬁsm(zl+ﬂ I3)

+ (S + 0 G + 02 DB + 01 %8 + aoya) (k1)

(23)

and the desired dynamic perfomance can be obtained by
choosing suitable ay, a2, a3, a4-

However, this controller depends on all state which is
unmeasurable. To overcome this difficulty we will re-
place the state estimated by the observer. To achieve
this goal we take into account that the inverse transfor-
mation is given by ( ec.16), and written in terms of the
tracking error, we obtain

—-2

k8

2

I, =¢e+¥r

Iz=82+m

:3—{83+—§’¥‘+k5(63+ q") klu}/kl
T = {ec+ G + ks(es + ) — ki %)k /B

Now, replacing the states estimated given by the ob-
server (20, 21) we get

£1=21 +YR

%:22 +£§'F

Za= (€3 + 518 + ks (&2 +28) — kyu}/ky
Zo= {60 +5H8 + ks (63 +538) — k%) 5/ Ky

Then, the dynamical controller as a function of the esti-
mates is given by

G + kel — L (k- ki Jue = —kak; Bsin(B s + 3]
==2
-B '1‘{"‘1*7 + kks} 2, —A{ﬁﬁ + ksks} z-
ks e} B~ S 50 (B s k) 4 S

ky

Remark 3: The above dynamical controller does not
exhibit any singularities if 8 # 0. However, by consider-
ing & more general systems, the synthesis of a dynamical
copntroller could be introduce some difficulties which are
related to impasse points, nonminimum phase regions
and others( further details can be found in [§]).

5.- SIMULATION RESULTS

Now, we will show how the observer-based dynamical
controller scheme is implemented to & model of a flexible
joint robot. The simulation were performed with the
following parameters

ky = 3.33 (m®Kg)~1; ky =
Nm; ky =4.33 (m?Kg)~!

ks =0333 s M kg=015"1k;=-02335"; K, =
100 Nf(m rad™?).

1

1.0 (m?Kg)™!; k3 = 5.0



All initial conditions, for the system and the dynam-
ical controller were chosen to be zero. The desired ref-
erence trayectory yg(t) for the motor position was set
yr(t) = 0.5sint. The first task for the proposed observer-
based controller was to track a desired reference. Figure
1 shows the state x; and the desired reference trajec-
tories. We can see, in figure 1, that the trajectory z,
converges towards the desired reference trajectory yg{t).
In figure 2 shows the state z; and the desired reference
yr(t). Finally, the figure 3 depicts the obtained controller
applied to the system using this techrnique observed-
based controller.

6.- CONCLUDING REMARKS

An observer-based controller has been propased for a
class of nonlinear systems. In particular, sufficient con-
ditions have been given to guarantee the stability of the
closed-loop system including the observer. A connection
between the gain of the observer and the gain of the con-
troller in order have the origin globally asymptotically
stable was obtained.

Concerning the multi-variable case, this technique can
be extended to a class of multi-variable systems with a
suitable cancnical form.
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Figure 3
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Abstract

A noxlinear control-observer structure for a class of non-
linear singularly perturbed systems, based on a two-time
scale sliding-mode technique and & high gain estimator,
is presented. The structure is applied to the model of a
single-link flexible joint robot manipulator.

1. Introduction.

During the last few years, considerable research efforts
have been directed toward the control problem of fexi-
ble joint robots (see, for example, [3] and the references
therein). On the other hand, the observer problem for
Bexible joint meanipulators is an important one in robot
control theory and of great practical importance. In
fact, many control techniques for these robots require the
knowledge of four variables for each joint, which may be
either positions and velocities of the motors and of the
links or positions, velocities, accelerations and jerks of the
links. Some interesting results on the observer problem
for these robots are reported in [8).

In this paper, & control law based on the sliding mode tech-
nique for a class of nonlinear singularly perturbed systems,
recently reported in [1] and [5), is epplied to the model of
8 single-link flexdble joint robot manipulater. In addition,
a nonlinear high gain observer, based on the one proposed

"Work supported in part by CONACYT, Mexico, under Grant
# 4417-A0406.

0-7803-3876-6/97 $10.00 © 1997 IEEE

in [4], is designed for that class of systems and slso applied
to the robot manipulator model.

2. Model of the Manipulator.

In this work, a single-link flexible joint robot manipulator
directly actuated by a direct current electrical motor (hub
motor) and whose rotor is elastically coupled 1o the link
is considered (see Fig. 1). The mathematical model for
the manipulator is given by the following equations (see
[7) for a detailed derivation of the model)

1g1 + mglsin(g,) + k{g; — g2) = 0

Ji2 + Bl - kg — g) = @

where g; and ¢, are the angular positions of the link and
the hub motor, respectively, while u is the input force from
the actuator {motor torque). [ is the inertia of the arm, J
denotes the motor inertia, B is the motor viscous friction,
mgl is the nominal load in the arm and k is the fiexible
joint stifness coefficient. The model considered does not
take into account the inertia of the actuator about the
three independent axes, However, it has been shown that
it adequately represents the manipulator dynamics and it
is suitable for contro| design [7).
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Figure 1: Single-link flexible joint robot manipulator.

3. Two-Time Scale $liding Mode Control.

Let us consider the following class of nonlinear singularly
perturbed systems 3

t=fi{z) + A(z)z+ g1(2)u, z(to) =20, (2)

¢2=fo(z}+ Fa(z)s + ga(x)u. 2(tg) =2  13)

vherefp 2 0, x € IR" is the slow state, z € JR™ is the fast
state, ¥ € [R" is the control input, ¢ is a small positive
parameter such that € € [0.1), and f;, f», the cclumns of
the matrices 3, Fu, g1 and g» are assumed to be bounded
aelytical real vector fields. Fp(r) is assumed to be non-
sngular for all z € R™. In addition, it is supossed that
L{0) = f2{0) =0 and, for v = 0, the origin is an isolated
equilibrium state.

31. The Singular Perturbation Methodology.

The singular perturbation methodology permnits to decom-
pose the original system in two subsystems of lower dimen-
sion, both described in different time scales. The slow re-
tuced system is found by making e = Oin (2)-(3), resulting
i the following reduced n — th order slow system

is = I(I,J +g(zs)u5: IS(tO) = IOI (4)

2, = h(z,) :== ~F; Y (z,)[fo(z,) +o2(z)u]  (5)

sere , € R™, z, € R™ and u, € R" denote the slow
“mponents of the original variables z, z and u, respec-
iely, and

ff-'ft) = f1(1',)—F;(r,)F{l(r,)fg(z:,), {6)

9(z,) = g,(..":,)—Fl(z,)f"';l(z,)gg(::,]. (7

Then the slow manifold can be defined as M, ;= {z €
"iz= k(z)}, and the so-called manifold condition

8
'é‘glfx(r) + Fi(z)z + g1 (z)y] = f2(z) + F2(z)z + 9a2(2)u

be satisfied for M, to be an invariant manifold [6].

¢ fast dynamics (also named boundary loyer system) is
“ited by transforming the (slow) time scale ¢ to the

(fast) time scale r := (t - t5)/¢ and making the change
of variables 77 := z — h(z,¢). The original system (2)-(3)
then becomes

22 = <@ + F(2) [1 + k(D) + g1 (0],

= () + B@) [ + (@) + ga(@)u - 2hiddd

(8)
where 2(7) := z(er + tg), with 3(0) = zo, and 7)==
z(er + tg), with £(0) = 70. u = v, + uys is the compos-
ite control for the full order system where u; and uy de-
notes the slow and fast controls, respectively. If € is small
enough, # remains relatively constant with respect to the
fast time 7. Besides, if u, and 0h(£)/8z are bounded,
then the term [0h(2)/8%]-|d%/d7] can be neglected. Since
the second equation in (8) defines the fast reduced subsys-
tem. an O(¢) approximation for this subsystem can be ob-
tained from equation (5) and setting € = 0 in (8), namely
dijfdr = Fp(2)+g2(2)uy, with #(0) = 29 - h(zo), being 7
an O(¢} approximation of 7 In the initial boundary layer.

3.2. Sliding-Mode Control Design.

The sliding-mode control for the complete system is de-
signed in two stages. First, the slow control us(x,;) €
R is “designed. To do this, let us consider a
slow nonlinear switching surface defined by o, {r,) =
col{as,{2s),....05.(x:}) = 0 where all the slow switch-
ing surfaces o, (z,), i = 1,..,r, are assumed to be |o-
cally Lipschitz-continuous functions for all Ts in R™. The
equivalent control method (9] is used to determine the slow
reduced system motion restricted to the slow switching
surface o,(x,) = 0, obtaining the so-called slow equiva-
lent control

us, = —([80,/01.)g(2,)) " B0, /02,0 f(z,) (9

where, of course, the matrix {8¢, / 8z,]-g(z,) is assumed to
be nonsingular for 2ll z, € R™. Substitution of the slow
equivalent control in (4) yields the following slow sliding-
mode equation

-1
T, = [In - 9{(z;) [%:_:9(1':)] g“::f] flzs) = fe(z) .
(10)

where I, denotesthe nxn identity matrix. If one wants to
guarantee the local stability of system (10), the nonlinear
function o, (x,) should be chosen such that

Re.\{gﬁ} -g,<0, Vr,eR" (11)

gz,
is satisfied, where A(-), denotes the (n — r) nonzero eigen-
values of the linear approximation of (10). Obviously, in
order to satisfy the above condition, the stabilization of
the linear approximation of the slow reduced system is
necessary. The following control law (9] can be used to
complete the design of the slow control

ul‘ = u8¢ + u;n

(12)




where u,, is the slow equivalent control given in {9),
which acts when the slow reduced system is restricted to
o,(z¢) = 0, while u,, is the discontinuous part of the
slow control u, acting when o,(z,) # 0. In this work the
control u,,, is selected as a nonlinear feedback law of the

type

wn(Z) = = (190,/82,) - 9(2:)) 7 Li(z)ou(z,)  (13)
where L,(Z;) is a positive-definite matrix of dimension
rxr, whose elements are bounded nonlinear real functions
of z,. Hence, the following equation is cbtained

o,(z,) = |00,/0z,) 2, = —Li{z)o,(z,). (14)
The stability of the slow reduced system in the sliding
surface is assured if condition (11) is fulfilled.

The fast sliding-mode control can be obtained in a'similar
vay than the one used for the slow sliding-mode control.
This contro] law is given by

8oy 1 '[0os . ... sy .
y=-|Ghe)]| | FER@+ L] 09)
vhere 04(7) = 0 is the switching surface and L;(7) is a
psitive matrix of dimension r x r. The fast sliding mode
dynamics is given by

30'_r

5. = ~Li(ios(2), (16)

ind the same arguments used for the slow subsystem can
be applied to the boundary layer system to carry out its
iebility analysis [1].

The composite control for the original nonlinear singularly

perturbed system (2)-(3) can then be expressed by (6]
U= Ug +uy. (17)

e asympotitic stability properties of the closed-loop sys-

m nonlinear singularly perturbed system are studied in
[| and [5).

4. A High Gain Nonlinear Observer.

hen all the inputs applied to a nonlinear system do not
et its observability, these are called universal inputs
dthe state estimators or observers designed are referred
tniform observers. In the literature, many observers
% been proposed for nonlinear systems (see, for ex-
Me, [2] and the references therein). In this paper, a
form observer which allows to estimate the states of a
tlinear system is developed. Let us suppose that the
fularly perturbed system (2)-(3) can be written, after

a (possible) state coordinate transformation ¢ = &(z, 2),
in the form [4)

L P+ Glug)

% {18)
together with a single output y € R ,
y=0C¢ (19)

where { € R™™, u € R" is the control input, C =
[1,0,0,...,0,0] and

0 Aly) O .- 0
0 0 fiy) --- 0
Fly)=1 . . : ,
0 o 0 o fasmar(®)
0 0 0 0
@iy, 6)
g2(u, 1, (2)
G(u,¢) = b

gﬂ+m—1(u: CI: C2s LR |Cn+m—1)

Qﬂ-inm(us ¢, (21 co v Gnaemo ,<n+m)
It is also assumed that the functions f;,i=1,. .., n+m-—
1, are of class C7, r > 1, with respect to y and that the
functions gy, i =1,...,n + m, are globally Lipschitz with
respect to ¢ and uniformly with respect to u. In addition,
one assumes there is a class of bounded controls &/ ¢ R”,
a compact set X C R"*™ and constants a and 3 such
that, for each u € I/ and each output y associated u and
the initial condition ¢(0) € X,

e< fily) <8, i=1....

Let us define the system

ntm-1, (20)

% = F)é + 6w, d) - & (CTICE - o

where 55 = Q(y)SeQy) with
0 0

Hi{y) 0
0 fily)faly)

(21)

OO e
QO o

0 o o - AW
and Ss being a symmetric positive definite matrix which
is the unique solution of the algebraic equation
0Se + ATSs + S3A~CTC =0 (22)

where the matrix A4 is in the Brunovsky canonical form.
In addition, one also assumes that ) is bounded.

Let y(¢) be the output of system (18) associated to the
initial state ¢(0} € K and the input u € i. From (20), it
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follows that Q(y) is invertible ‘and, when premultiplying
both sides of (22) by 0, one obtains

856 + FT(y)5s + SFly)~CTC =0

where one can verify that F(y)
CAy) = C. Let eft) =

error, then

: = 2°4y)AQ(y) and
¢(t) — () be the estimation

€= F(v) - 57 ()CTCle + |G(u. {) - Gu, ¢)].

If one defines the
diagonal matrix Ay =: diag(l,]/a,...,1/9’”"’"1), it is
possible to show that S5 = (1/8)A5 5,25 where S, is the
unique solution to equation (22) with 8 = 1. If the change
of variable € = O{y)Age is now introduced, one has

de -1 AT 2+ Q10 (112
7 = 0A-STICTCIE+ Q) AGs (u,¢. ) + Q) ()2
where AGe(1,(, () = Ae{Glu.¢) ~ G(u.¢)], and the Lya-
punov candidate function

V.(€) = €7 5,2

can be used to prove the following result via stability Lyva-
puncv methods.

Theorem 4.1 Consider the system (18). Then there er-
15 6o > 0 such that for ¢!l @ > bg, for all u € 4 and Jor
e/l ¢ 0) and {(0) that belong to K, the system (21) 1s an
¢zponential observer for system (15) uwath arbitmarly decay
exponeitial mte.

The ctability of the closed-loep system when a composite
control (17) is used and the state is replaced by its esti-
mate (21) can be carried out {ollowing the same lines of

Bl

5. Application to the Model of the Manipulator.
5.1. Control Law Design.

By means of the assignment z = col(gy,§1), 2 = col(k(g) ~
%), €k(g1 — §2)) where ¢ € [0,1), it is possible to write the

model (1) in the standard singularly perturbed form (2)-
(3} with

Iz
f1(1)=[ —%ﬂsin(z,) ].

0 0
1“1(1’)=[ —1/I 0 ]

0
f?('r):[ _72.0”1 {sin(I])-‘-%B—:z J'

0 1
F2(1)=[ _a{l +J) __E_JQ }-

gi1(z) =0, 92(:)=[ —r.(»]/J ]

where @ = ke?, this is the flexible Joint stifness coefficient
is assumed to be a O(1/¢?) for the parameter ¢ [7]. The
slow reduced system then takes the form (4) with

Ty
i) = f . B '
iz [ “TEnente) - iy, J

0
g(x.) = —1
{+J)
while the O(¢) approximation of the exact fast subsystem
has the form .
7 .
— = B 2
o .4273 + Bauy (23)
where

0 1 0
"12'_'[ all +J eB Js BZ=[ J ]
.__77_2 2 -a/

The approxdmation (23) is stable since the eigenvalues of
the matrix .4, have all negative real parts.

Since it is desired that the rotor position tracks a reference
signal, the following slow switching function 1s chosen:

(24)

where sy and Sz are constant real coefficients, and I, is
the reference signal. It is also assumed that z,(t) and
,(t) are bounded for all ¢ 2 0. The choice (24) leads, in
accordance to section 3, to the slow contre] {12} with

O,(I,) = 51(131 - Ir) +SQ(I,2 - i)

Use = mglsin(z, ) + (B - -sii_iﬂ)zq‘ (23)
2
Uswy = “Wg\jles(Il)(In - I") (26)

(I + JIL, (I.)(I,:, - ,)

where L,(z,) has been selected, for simplicity, as a strictly
positive constant, i.e, Li(z,) = €, > 0. After substity.
tion of the slow contro! in the slow reduced system one
can easily verify that the closed-loop slow sliding-mode
equation is stable if the constants sy, s; and £, are che-
sen in such a way that all the roots of the polynomial
S +s(sy /sy 4+ 2,) + (s12:/s7) = 0 are in the strictly left.
half complex plane. On the other hand, from ¢, = -{0,
one has that there exists a slow sliding manifold.

For the fast subsystem, one chooses the fast switching
function

as(%) = 51 + B2ty (27)
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where 5; and 52 are also constant real coefficients. In
accordance to equation (15), one obtains the fast contral

_LE _ J L IE B Ly(3)),.
uy = | ass (I+1JJm+lQ§2 =t lr:)
(2

where, again, for simplicity, L;(7) is chosen as a strictly
positive constant, fe. Ly(4) = & > 0. In the same
manner, and after substitution of this control into (23)
one has that the closed-loop fast sliding-mode equation is
asymptotically stable whenever the constants %), &3, and
£y are chosen such that the polynomial $2+5(5,/5, +&7)+
(81€;/32) = 0 has all roots strictly in the left-half complex
plane. In the same way, from 87,/8r = ={;0;, there also
exists a fast sliding manifold.

5.2. Estimation of the Link and Hub Motor An-
gular Speeds, )

The controller designed in subsection 5.1 requires a full
measurement of the link and hub motor angular paositions
and speeds. However, only angular positicn measurements
are usually available in practice. In order to estimate the
angular speeds of the link and the hub motor, a high gain
observer is designed in this subsection; other kinds of ob-
servers have been designed for this type of manipulators
[8]. By making the coordinate transformation $y = 14,
G2 = 12, {3 = z; and (¢ = 27 one can write the singu-
larly perturbed system associated to the manipulator in
the form (18) with { = col((;, ¢2.¢3,¢) and

0 1 0 0
0 0 -1/f 0
Fii=| 0 0 e |
00 0 0
0
Giewy= | B sin(cr)
0
G3(¢, u)
where
Galéw) = ~Efhsin(c) + 28 o - 2E Iy,
‘g'(-t—ﬁu.

A high gain observer for the state variable ¢ that has the
form (21} is then proposed where S; is the unique solution
of equation (22).

5.3. Simulation Results.

The single-link flexible joint robot manipulator described
by equations (1) was simulated together with the con-
troller and observer designed in subsections 5.1 and 5.2,
and using the nominal values / = 0.031, J = 0004,
8 = 0007, ¥k = 713 and mgl = 0.8, together with
€= 00001 (ie. @ =713 x1078) [7]. The control law

gains were chosen as s; = 20, ¢, = 25, £, =60, 5, =1,
52 = 10 and €; = 0.1. Such a selection guarantees the
stability of the slow and fast sliding-mode equations and
the existence of the corresponding sliding modes. The pa-
rameter ¢ in the observer equations was chosen as 8 = 20.
From this choice, a solution to equation (20) was found.
The initiel conditions of the manipulator variables and the
estimates were fixed to ¢;(0) = 0, ¢, (0) = 0, ¢2(0) = 0,
42(0) = 0, (:(0) = 0.2, {,(0) = 0.01, (3(0) = 0.002
and {4(0) = 0.003. The reference signal considered was
zr(t) = 0.5sin(t). The time closed-loop plots showing the
dynamic behavior of the link angular position, the refer-
ence signal, the link angular speed, the time derivative
of the reference signal, and the estimation errors e; and
€2 are given in figures 2 and 3. From these plots, one
can notice that a good tracking performance is obtained.
Also, the control variable is kept within practical limits of
operation.

6. Conclusions.

A nonlinear control-observer structure based on a class of
nonlinear singularly perturbed systems and canonical rep-
resentations has been presented and applied 1o the model
of a single-link flexible joint robot manipulator. A good
trajectory tracking performance is obtained for the link
angular position when the structure is used, thus making
it a promising approach for the control of such electrome-
chanical devices.
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ABSTRACT

During the last few years, considerable research efforts
have been directed toward the control problem of a flex-
ible joint robots. In this paper we investigate two tech-
niques for position and speed control of a single fexible
Joint robot manipulator. The connection between the
two controllers are studied and compared using a flexi-
tle joint robot model.

Keywords: Flexible Joint Robots, Singular Pertur-
bations, Differential Algebra, Observers.

1 INTRODUCTION

During the last few years, considerable research eforts
Lave been directed toward the control problem of flexible
joint robots. In this paper we propose a coztroller hased
on an observer which is designed using two methodolo-
gies. Singular Perturbations Theory and Diferential Al
gebra. On the other hand, the observer problem for fex-
ible joint robots is an important one in robot eontrol
theory and the great practical importance. In fact many
tontrol techniques for these robots require the knowl-
edge of four variables for each joint, which may be ei-
ther positions and velocities of the motors and of the
links or positions, velocities, accelerations and Jjerks of
the links. Some interesting results on the observer prob-
lera for these robots are given for each controller.
Several controller design techniques have been pro-
Posed, from different perspectives, for the stabilization
of nonlinear systems [1, 8, 12). Recently, & considerable
humber of works have studied the robot control problem
¥ith joint flexibility. From a practical point of view, the
tfect of the elasticity in the robot must be considered in
the control design. Moreover, the number of degree of
feedom is twice the number of control actions, and the
il:ttch.ing property between ponlinearities and inputs is
(1]. -
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Two-time scale sliding Mode control based on singu-
larly perturbed theory for a class of nonlinear svsiems
is proposed. Moreover, a dynamical feedback error lin-
earization strategy based on Fliess' generalized observ-
ebility canonical form (GOCF) and the generslized con-
troller canonical form {GCCF) js given (see 14,8,10)).

On the other hand, the controllers designed here, re-
quire the knowledge of the whole vector state to be im-
plemented. It is possible to substitute the urkoown ine
formation by means of an auxiliary system called ¢b-
server. In this paper, a high gain observers are used to
estimate the state of the system for each methodology
in order to implement ours controllers [2, 3].

This paper is organized as follows, a control Jaw based
on the sliding mode technique for a class of nonlinear
singularly perturbed systems, as well as an observer is
proposed in section 2. In section 3, using techriques of
the differential algebra, a controller based on 2n observer
is designed. Numerical simulations of these tvo schemes
of control are given and compared. Fipally, some con-
clusions close this paper.

2 Two-TIME SCALE SLIDING MODE
CONTROL

Let us consider the following class of nonlinesr singularly
perturbed systems

{ i? H(z) + A (z)z+ ¢ (z),
£ 2= f2(z) + F3(z)z + gs(z)v,

Z{to) = 20,50 2 0
2(to) = z
(1)

where € R™ is the slow stete, 2 € R™ is the fast
state, v € R" is the control input, € is 8 small positive
perameter such that € € [0,1), and f,, f2, the columns of
the matrices Fy, F3, g18nd g; are assumed to be bounded
analytical real vector fields. In addition, it is supposed
that, f1(0) = f2(0) = 0 and, for u = 0, the origin is an
isolated equilibrium state. Moreover F3(z1) is assumed
to be nonsingular for all z € B,, where B; denote the
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ball centered in z = 0.

2.1 TBRE SINGULAR PERTURBATION

METHEODOLOGY
The singular perturbation methodology permits to de-
compose the original system in two subsystems of lower
dimension, both described in different time scales {7, 8.
The slow reduced system is found by making £ = 0 in
(1), resulting in the following reduced n — th order slow
system

5:,=f(::,)+9(x,)u,, :l(to)‘_'zﬂ (2)

with I, = J‘l(I,) = _F;](Il)[f2(:l) + 92(Il)u:]| and
Z, € B, z, € R™ and u, € R denote the slow
components of the original variables z, z and u, re-
spectively, and f(z,) = fi{(z,) - A (z:) Fy (z) folz,);
9(z.) = 01(z,) - F (2.)F5 '(z.)92(z,). The fast dynam-

A
s is £ = F(3) 7?-!-92 (Z) us; 7 (0) = 20 — k{20, 0), be-

A
ing 7 an Of€) approximation of 7 in the initial boundary
laver and Z(7) = z(e7 + to), 7 = (t ~ tg).

2.2 SLIDING-MobeE CoNTROL DESIGN

2.2.1 THE Srow SUBSYSTEM

The equivalent control methad [3] is used to determine
the slow reduced svstem motion restricted to the slow
switching surface o,(z,) = Col(o,,(z,), 0 (L)) =
0, where all the slow switching surfaces o, (z,), i =
l,...,r; are assumed to be locally Lipschitz-continuous
functions for all z, € R™, obtaining the so-called slow
eguivalent control

Use = —[s,(z,)g(:r,)]'15,(2,)]'(2,) i (3)
where 5,(z,) = 2—:* and the metrix s,(z,)g(z,) is as-

sumed nonsingular ¥ zr, € R™.

Obviously, in order to satisfy the above condition, the
stebilization of the linear approximation of the slow re-
duced system is necessary. The following control law can
be used to complete the design of the slow control

Uy = Upe + Uy (4)

where u,. is the slow equivalent control given by (3),
which acts when the slow reduced system is restricted to
o.(z,) = 0, while u,n is the discontinuous part of the
control u, acting when 0,(z,) # 0 (see [3]). In this work
the control u,y is selected as & nonlinear feedback law
of the type

U, N = —[s, (z,)g(z,)]-l.ﬂ,(:,)o'.(z.) (5)

where L,(2,) is a positive definite matrix of dimension
TXrVz, € B., whose elements are bounded nonlinear
real functions of z,.
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The complete slow control law for the slow reduce sub-
system is follows

u,(z,) = _[51(3-)9(13)]-1 {s, (In)f(za) + Li(z,)e, (:r(,))}
B

2.2.2 THE FAST SUBSYSTEM
Cousider the fast nonlinear switching surface defned by

oy (n) = Col(cy, (M), -- ,07.(7)) = 0, where all the slow
A
switching surfaces oy, (%), § = 1,...,7; are assumed to be

locally Lipschitz-continuous functions for 2]l iz R™. By
using the equivalent control method for restricting the

I

motion of the fast subsystem on the fast surface oi(n) =
0, then the fast equivalent control is given by

un, () = (s Me2(D) s, MRE S (1)

i 3 A . =y,
where 5,(7) = -351_{- 7}, angd the matrix s,(r o;(T) is
noosingular. In a similar way, the discontintous fact

control uy, (;}\) has the following form
A A o~ A *
MO R PTG TNG S P SIS

where Ly is a positive definite matrix and s;(‘: »(3) is
ponsingular (see [13]). Then the complete fzst control
law for the fast reduce subsystem is follows

us(z) = = {s(2)02(2)} " {s(m) Fale)m + L, (- o1y

9

The compeosite control for the original norlinesr sin-
gularly perturbed system (1) can be expressed by

U=y, +uy. (10)

However, the above control was obtained in function of

A .
the variables z, and 7. ln order to express this composite
control in fonction of the original variables £ and z, we

replace z, by z, and '3 by z — k(z) in such a way the
compasite controller is given by

—{&(@)9(2)} " {s,(2) /() + L.(z)o,(z)} (11)
—{57(2)92(2)} " {7 (m) Fa(z)n + Ly (m)oy ()}

u =

2.3 A HIGH GAIN NONLINEAR OBSERVER
Let us suppose that the singularly perturbed system (1)
can be written, after a state coordinate transformation
¢ = $(z,z2), in the following lorm {2):

{ < (1) = Flw®)s(t) + Glut), < (2)) (12)

v = C(t)



-

wheec€ R v e R, ye R C=(1 0
. LMy() di=j-1

Fly() 0 ) everywhere ° Glx.s)

Col{g1(u, 1), 92(%,61,62), .., g1, 61,.0160))

It is also assumed that the functions fivt=1,...,
n— 1, are of class C", r > 1, with respect to y and that
the functions g;, i = 1,... n are globally Lipschitz with
respect to ¢ and uniformly with respect to u. In addition,
one assume there is a class of bounded controls U ¢ R,
and a compact set X' C R™, and constants a and B,such
that for each u € U and each output y(t) associated u
and the initial condition ¢(0) e K, 0<a < Alv(t) <
Bi=1,...,n—1. Let us define the system

0),

by ==1 ~
{#0 = From + ct.s)- ' ctice-y
(23)
with Qy) = Diag{1, /i(y). /i(¥)f2(¥), - [Tiey A1)},
Se= Q) SsQy), and assume that the time derivative
of f(y) is bounded. Sy is a symmetric positive defizite
matrix which is the unique solution of the algebraic Lya-
punov: 88 + ATSy + Se4 — CTC =0; with 8 > 0,and
_c 1 fe=45-1
Ay =l = 0 everywhere °

2.4 APPLICATION TO THE MNODEL OF TEE

FLEXIBLE ROBOT
In this work, we consider a single-link fexible joint ro-
bot directly actuated by a direct currest electrical motor
(hub motor) whose rotor is elastically coupled to the link
{1,10,11). The mathematical model for the manipulator
is given by

e Ll .
I ¢y +B, gy +mglsin(q) + k{g1 = g3) =0

. . (14)
JI2+B 9 k(g —g)=u

where ¢; and g¢; are the angular positions of the link and
the Lhub motor, respectively, while u is the input foree
from the actuator (motor torque). [ is the inertia of
the arm, J denotes the motor inertia, B is the motor
viscous damping. B, is the link viscous damping, mgl
is the nominal load in the arm and k is the flexible joint
stiffness coefficient.,
By means of the assignment

L =q1, T2 ='51, zy = k(g — q2), 22 = ek(q1 — G2),

where k = — and ¢ € [1,0), it is possible to write the
model (14) in the standard singularly perturbed form

()~ Coponyo) (3 3

0 0

zy
20

L ]
Iz

z3z
sin(z;) - -‘%“22

b4 |
z

5 )= (rrm e
£ 23 28z, — =2l gin(z,)
—af{i+3}) o0 21 0
+( 0 -2 J\m JF -5 )
(1)

where a = k&2, this is the flexible joint stiffness coeS-
cient which is assumed to be a O(;’-;) for the parameter
£.

Since it is desired that the rotor position tracks a ref-
erence signal, the following slow switching function is
chosen

[ ]

Ty = 51 (T) = Tees) + $2{T2— Zrey) (16)
where 5, and s, are constant real coefficients, and Zres
is the relerence signal. It is also assumed that z,., and
5,.,; are bounded for all ¢t > 0. Then, the slow control

(3 _a I+)-L(I+ J)) zg + mglsin(x,)
2

u,
_(I+ ']) Ils_l(rl _Irej)
82

where L,(z,) =1, > 0.
For the fest subsystem, one chooses the fast switching
A A
function oy = ¢y, M +0y, Nz where are also constent
rea] coefficients. In accordance to equation (0}, one ob-
tains the fast control

= (L) meiady Lo, Tk
K I & .l;‘f,.:zr'*2 a'shm‘ a ?
A
and Ly(1) =y > 0 and se(m) = (sp, 5s,).

By making the following change of coordinates
Iy, €2 =127,&3 = 71, §; = 2p,we cbtain:

’ §1= §2
§2= — 2 sin(g) - %‘&—-}—Ea
- |
b= =2t snle) + 462 + )6 - §6u- 3
LY =6

A high gain observer for the state varizble that has
the form

{?(1) = Fly(0)() + Gu0), &)~ 5, ()CTICE-y)

)-herc Se= Qy)SeN(y),



._} .
0
0
0
—nd Si-ﬂ(glJ - &g

F(y(z)) = ' G(zsu) =

(=Nl ele)
[= I o I o W
Oap O O

—5F ein(6) + 286 - 2 (} + 1) 6 - Be - Su

3 A DIFFERENTIAL ALGEBRAIC AP-

PROACH
Consider the following Nonlinear System

= j'(z1 u)
y = k(z,u)

(Exe): { (17)
wherez = (z;,---,z,) E R™, u & R™y€ER fandhare
essumed to be polynomial in their arguments. Systems
(Exy) are assumed to be universally obsenable (see [4,
6, 7]} with external behavior described by equations of

the form.
'y dy "y du d'u
G __La (yaa-f 'W’U’E' "|d£...r

where L, is a polynomial of its erguments. By defining
[ |

locally n; = -i—l-;:?,l S 1 £ n, we obtain an explicit

GOCF of systems (Eni) as follows

du d’u
T

(18)
for some ¥ > 0. Now, let yx(t) be & prescribed reference
output function which is diferentiable at Jeast n times,
-"%ii,ﬁ;l <t £ n. The controller is supposed to produce
& scalar function u, which locally forces ¥ to asymptoti.
cally converge towards yz(t). Define an output tracking
error function e(t) as e(t) = y(t) — Yx(t). By definition,
T is equal to the (i — 1}-the time derivative of y(t), that
isn = f—u}'}'; for 1 £t < n. Then, we bave

die(t)

. .
=N+l 8180 ,==L, (q,u,

dyr(?)

s o Misr — a0 I Sisn—1; (19)
d"e(t) _dn.  d"ya(t)
@~ T dt an

Let p(s) = 3“"‘2?:01 a;s' be Hurwitz polynomial and

U= (u.,- .., %:,‘1) By requiring & linear time-invariant
autonomous dynamics for the tracking error function:

n=1

d"e(?) de(t) _
Tt % =0

Let e; = %ﬂ. for 1 i< n, bethe components of
the aror vector e = Col (e, €3, -, €,), then we obtain

I

de . . .
E = 0 0 L 1 e= Fe (20)

—4g -—a; —Gn-1
where
- d'u Syr(t) _ b
_La ("’R(t) +e,u, F) - dn - _ga\-lei

(21)

with ¥g(t) = Col (yg, 555, ey %..—.’i‘). reference sig-

nels vector, and Yg= (VR, éff,' Ty %‘1‘3) Now, writ-
ing the system (19) as follows:

%zEe-l—p(e,}-'f.%,ﬁ,%) (22)
where the elements of the matrix
E are given by E;j=6i;1= é i'ir?xfh:ri and
g(e,f’g,%ﬂ,ﬁ,%) =
Col (0 . 0 —L,(va(t)+e,d &) - €2z )

Then, the estimation of the tracking error €(t) = y{t) ~
¥r(1) is given by an exponential nonlinear observer (O)
of the form [9):

(O):{ @

where Ag = diag (8, 6%,....0") forsome 6> 0and K =
Col (ky,...,ks), K is chosen such that e{4-KC) C
R Let o(ug,yr(t),8) = —£palld 4 5 o 8
Lo (‘{,i:n(t) + €, 1, %)and u; be the observer-based con-
trol resulting from o(ue, y&(2), £(t)) =0.

=Eé - AgK[CE(1) — e1(2)]

¥y

n o g 23
+90 (e(t)ile d_d?;ﬂl ui v ( )

3.1 CONTROL BASED ON DIFFERENTIAL
ALGEBRA
From the dynamicsl system (2) which describing the
motion of the robot, the parameter B, must be different
to zero because if B, = 0, this technique can not be
epplied, and the zero dynamies becomes oscillstory (see
[10])). Now let us define 3 = }, which is not to be
considered as a small constant related to the singular
perturbation techniques. Defining the following change
of coordinates:

(41 - 52).
B

Iy =gz, T3 =0y, 23 = kg —@); 24 =

€82



Then, the dynamical model (35) represented in the new
coordinates results zs follows

El= 2 .
:’-2= ~ksza + kyz3 + kju
z4={—kakssin(Bks + z;) - kyzs — k72
—keBzy -~ kyu}/B
24)
where ky = Jiky = §; ks = mgl ko = ky+ky; ks = B,
ks = B ky = kg — ks.
The following coordinate transformation depending on
the input which allows us to obtain a generalized observ-
ability canonical form (GOCF). For that, we have:

Y=Th =4, 5"—‘ th =7z, '37= M = —ksza+kz3+ku,

LR

=-1 du.
V== (ks) 12 = ky[ksz3 + 3 Zatksu+ —]
arnd its corresponding inverse transformation is

I| =1, I2=T1R, 13=(’?3+k'5m-k1u)/kh

- du
2o =3[ — (ks)?z2 + Ky ksza — kyksu — kla']/kl-

Then the (GOCF) of (24) is given by

;}1= 2 fh: T, 7?3= T4y
. —_——2 , =2
Ng== —Z;lkgk;;,ﬁ' sin(3° [ksmp — kyu + +m)/ky + )
=3 kK + koks)m — {-g—% +ksks}n
2
—{ks + ke}ng - %}{"-‘4 —kl}u+k13¢6% +h Sy
(23)
Now, let yr(t) be a desired output reference trajec-
tory of the angular position. Defining the tracking error
8s e(t) = 1y ~ yr(t), then the tracking error dynam-
5 ‘T-' U 2“
fes is ':':' = Ee+ @ (e;,---,ehyg,---,d?r-;ﬁ,u, %{;%’ET t
¥ith output yr = e;. Then, the following system is
& nonlinear exponential Rbsen'e: for the estimation of
the tracking error [9): 2% = E&— AgK [CE(t) — ey (t)]
du~ dlun~

+‘r‘:(‘€(t)syﬂl"'l%st‘:‘v#!# .
Then, the dynamical controller is given by

€3+ (a3 - ko)L + (*%-ksas—kxﬁ-z) v=-g5n

3 i _k k a
“(Fogermedoin)ac(fey-9)=

Eoky - 2 o 4 a=!
+”§T‘ sin (Il +3 23) + (Txf? +z.—.10;_111—,¥—_§‘-{ﬂ) i‘]l-

ind the desired dynamic performance can be obtained by
thoosing suitable a,,ay,as,aq. However, this controller
ltpends on all state which is unmeasurable, then we will

Sl

-

- ——

5
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<
N
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S

Figure 1 — Time response of the link angular posi-
tion x;ps and x1p4 the estimate 51 and the reference

signal X,

replace the state estimated by the observer. Then, the
dynamical controller as a function of the estimates is
given by '
4%y SN-L '!k . _k.-Q_-_zA.A
o + ke —-‘3'{ 4= ke = ~kok7?Bein(3" 73 + 1;)
-_—2 A A
-3 %{k1k7+k‘k5}x2—kll{%g + kskg) T

A F.3 =1
—{ks + k) Zo = T, S5H{E + L) + L L

A A A A A A 3 A

where ) =€ +yg, To=¢; +£}P1 Ty= {e3 +§-,-f.—’" +ks{esn
d A A d’ M . d=

+3E) — kiul/ky, 2= {eg +52R + k(e +558) -

; at*
ky % }3/k1, is the inverse transformation in terms of the

estimated tracking error.

4  SIMULATION RESULTS

Now, we will show how the controllers scheme are im-
plemented to a model of a flexible joint robot. The
simulation were performed with the following parame-
ters ky = 3.33(m?Kg) Yk, = LO(mIKg)™ " k3 =
5.0Nm; k¢ = 4.33(m?Kg)~?, ks = 0.333s7); kg =
0.1, &k =-0233s") k= 100N/ (mrad=?). All ini-
tial conditions, for the system and the dynamical con-
troller based on Differential Algebraic Approach were
chosen to be zero,

The control law based on the Singularly Perturba-
tion Theory, the gains were chosen as follows: 5 = 20,
s2 = 251, = 60; 5y = 1; s = 10; Iy = 0.1.
Such a selection guarantees the stability of the slow and
fast sliding modes systems and the existence of the cor-
responding sliding modes. The parameter 8 in the ob-
server equations was chosen as @ = 20. From this initial
conditions of the robot variables and the estimates were
fixed to I](O) = 0, 32(0) = 0, 2'1(0) =0, 2/2(0) =0,
71(0) = 0.2, £;(0) = 0.02, %,(0) = 0.002, 22(0) = 0.003.
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t
Figure 2 — Time response of the link angular speed
Xz:5p and Xap4, the estimate ‘2: and time derivative
of the reference signal 5",

The reference signal considered was z,.; = 0.5sin(t).
The time closed-loop plots showing the dynamic behav-
for of the link angular position using both schemes, the
estimated and the desired reference signal, is plotted in
figure 8.1. The link angular speed using Singular Pertur-
bation Theory and Differential Algebra, the estimated
and the time derivative of the reference signal are plot-
ted in Figure 8.2. From these plots, one can notice that
a good tracking performance is obtained.

Finally, the Figure 8.3 depicts the obtained controller
applied to the system using these techniques. From fig-
ure 8.3, we can say that the control designed using singu-
lar perturbation theery is more robust and requires less
energy to execute the control action than this designed
by differentiz] algebra. On the other kand, in both cases,
the estimates converge to the state of the system.

9 CONCLUSIONS

Two controllers based on an observer were presented us-
ing the singular perturbation theory and based on differ-
ential algebra. A comparative study was done showing
the performance of each controller, taking into account
the design simplicity, and performance. High gain ob-
servers are given in order to estimate the unmeasurable

state of the robot in each control scheme. Simulation .

results were given where these schemes are implemented
to & mathematical model of a flexible robot.
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ABSTRACT
In: *kis paper, nbserver-hased controllers are lleqigroﬁ -
[rr' Q-rrmul‘n- Dprlur'ul‘wne Thmr} ard Ty ’Ernnt al AJ_
gébra. for position and speed conttal of a single Gexible
Joint robot manipulator, Both scheines are compared in
sizulation.

1. Two-Time Scale Sliding Mode Con-
trol

Let us cansider the following ¢zss of nonlinear sipgu-
larly perturbed (SP) systems (see [2))

.

J.'T'.fu} = :1'—3.1:’-;3 - G
\ : =

Sl_tg) = Iy

r= fi{a;+ A{ziz gz,
{ £ 2= fols) — Fa{z)2 + gala)o.
! :;
where ¢ € K™ i the slow swete, 2 € A" is the fﬂ.‘ft
siate, v £ 7 ic the inpur, € v 2 smwell pesitive purame-
ter aitch that € € [0,1), and fi, fa. the columns of the
wwatrices Fi. Fp, gvand go wre assumed to he hounded
analytical rea) vector ficlds. We essune that f;(0) =
f2(0} = 0 and, for v = 0, the origin is an isolated
equilibrium state. Fo{z) is assnmed to e nowsingular
for all ¥ € B3,. where B, denote the ball centered in
= (0. The stow reduced system fs fornd by making
£ =0iu (1), we oblein &= Sl )+ g{zma)ms, 7.t} = 7
wirh 2 = Pizs) = —Fy N{Ta)F2l2a) — Go(Ta)h}, auid
T, € R, 2, € R™ and u, € K" denote the slow
CU!.lllO.Ut‘inT'v of the origital varables z, z and ¥, te
spectively. and f.‘:ca) = fi(z.) ~ Fi(zs Fz I(I,‘afn(ms},
#lz,) = gdr Y= By (T ) EY 1(7 Vap(r,). The feet dynem-

a ny
ics is ﬂ = Fy(T) 3} g2 (B ug M 7 (0) = 2 — h{zy,0), be-

ing A an O(e€) approximation of 9 in the inizial bowrdary
layer and F(r} = z{e7 + o), 7 = (t — lo)-

2. Shiding-Mode Control Design

The equivalent conlrol method is used to detertine
the sipw reduced svstemn jnotion restricted to the slow
switching surface o,(x,) = col{os, {zs)." - e (T)) =
Oy whete oy (wg);, @ = Ly.gr o asmursxl w be
locally Lipschitz<ontinnwous functions for V Z. €

R, Theu &
—{5s(xs9{z:)}
the matry 2. (
. The slow t.ontrol is given by u; = Uge — dgy
whare 7. is the slow equivalent coatrol. which acts
when the slow reduced system is restricted o 7.(7,) =
0, while u,x is» the diseomtinmous part of the cootro.
i, arting when a.(z;} # 1. Then, we gel woy =
—{8.(zg(za)) L (x ) (7,) where Flry) € R

Le slow eguivalont control B @, =
p)

lssfa*, {:",} where 8,(zs) = f‘,an

is assumed novsineunlar ¥ 1 £

¥ r, € B.. The complete slow control law is follows

ue = —{a,{w)glz T Yo (k) F(w) + L(x)o2,)}
The {sst nonlinear Gwifc"u"tg surface defined by O'_f(é

\

grnffn r”ﬂ\ -5 (n\\ —-H “l-ararrr ."n\ § =1 ™~

_— el A N

;n mat.med to be ]Gc,al ¥ Ldachltz-q.un.muo ¥ fune-
tions L all ‘-".E Fia
—{s:{;“igg(r)} 15;('})}-‘2(;8) i, where
oy }m, and S;(r)gq(:rl i= nnnqmgular The

e fast z,.ln calendt .Jo, =) is
given by uy, {%) =
s} =
ciscont innous Id.bu runtrol is given by 1y, I_'-""l = —{q,r- r}

) (T)} YL, ( }Jf\T‘}, wiere Ly is a positive dednite ma-
triv. Then the romplete fast control lawe s

up = —{s; (@) (=)}~ ;s (m R(zin+ Lyn)osn}}

The compagite contral for the original nonlinear sin-
gularly perturbed system (1) can be expressed by

U=, +uy.

3. A High Gain Nonlinear Observer

Ip order to implemnent the shove conirolier we design
au observer, Let us suppose that the SP system (1) can
be written in the [olowing fortn {see [1]):

$= F(y)s + Glu.q), y =%,

wheres € RN uE€ R, ye R C=(1 0 .- 0},
Fly)s = fily) Hi=j—1 else Fy)y =0;CGu) =
col{gi(u,1), ..., galti, 61 oon ). We assume that, the
funetions fi, i = 1....,n— 1, aro ol class (", r > 1,
w. r. t. ¢ and that the functions g;,{ = 1,....n; are
alobully Tipechitz wa. t. ¢ and wnifermivw. r ¢ w In
addition, one assume there are constanus v sud 3.such
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that for each # € U and cach output y(t} associated u
and the initial condition ¢(0) € K,0 < a £ fi(y(?)) < 5,
i=1,. can= i. Let o define »lxenys*m
$= Fy)e+ Clug)- 85 (y)CT (€S-l

with @ = Diag{l, fily),... [Tc) £ily}}, So= 11560,
and assume that Lhe time denval.we of £ is bounded.
Sy = 57 > U is the unique solutivn of #54 + A5y +
SgA—C’-"C'=0-, With!'i>0,andfi.-,- = i j_fi:j—]_
ele Ay =0,

A Differential Algebraic Approach
Now, we consider the followirg noulinear system
(2.'\".5) ' = j(zs u): ¥= f‘(z’u)

wvhere z € R*, v € 8™, p € R, § aud h are
assumed to be polynomial in their arguinents (see
34}, Systans (Tyi) are asowred to be umve:s.a...y
obwrw.ble with external behavior described by T dt” =
—Lo{y. d,_:“':jﬂT:g,u,%'f, -y ::.’,'}v-’zmre- L, b a pouly-
potoial of its a.rgu,umns By ddm.ng = ‘:p 1<«
n, we obiain an exp.icit G UCF oi srstem (Z NL) as ful-
0WS Th= a1, L SR Tn= —Lo(n w8, :'fz:?
for sowe 4 > 0. Now, 'lc.-. yg Le a prescribed sefer-
ence output function which is differentinble at ieasi n
tines. Define an culpwt tracking ervor function g 25
e=y—ygr Lelt g = %;Tf, for 1£:i<n,betheco
ponstis of the error vectar € = ot {ey, €4, 8n), Ya=
(yR,---'E;—:‘;?F),ﬁ,'R = rol 98 and ﬁ'-_- (u,"'.%%:l—:);
then we obtein

Tup = g
= Ee+ e, R,-—#Fu-‘i—’)
whege the elemeats of the mawix £ are ghven by
E; = 1 Hfi=j—~1 ebse E; = 0, und ¢(e, ¥z,
2 22 i, ':;:;.‘ = wl{0, ....0, —L,{¥r + &, 1. %t—f}} Wa

fssume ,hat .,c is Lt }Jsch:tz w. T, 'r ¢ aud uniformly w.
r.t ¥, ¢ 4 8 ax 4 =2 =2. Then, an exporertial nonlinear
uhscrver ol the above system is given by
2 = Fé— A KICE ~ €] 'I—;:ue Y. _m BT} “]
where Ap = diag (6,6%,...,67) for some 8 > 0
and ¥ = col(ky.....ka). K is chosen suck that
c(A—KC)C R, Lct
mlusyg.8) = — L2 + T 4k
~L fvﬁ 4+ ¢, ?ﬁ*)
and vz be the observer-based coulml resulting from
#{ua.yr,€} =
5. Application to the Flexlble Robot
In order o compsare both schemes, we cob-
sider the following model of the flexible robot
1§, +8B, @, +mglain(q) + ki ~ @) =0
J 4 +B 4 —k(th —p)=u
where ¢y , gg ¢ the angulsr positions of the link and
the hub motor, % : the input [orec from the actuator. I
: the arm incriia, o @ tlhe motor inevvia, B i the pwior
visvous damping. By : the link viscous dampiug, gl :

WpP14-3 16:40
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Figure 1 - Time m&n&écﬁ' the link ansular positlon
XiPs s X1n4 » the estimate 9:1 and the refearence x..t

Figure 2 — Time response of the control uzp and upa

the nominal load in the arm and & : the joint stiflness.
The reicrencs signal concidered was 2., ; — 0.5t}
The time closed-loop plovs showing the dyndmic belisv-
ior of the lirk angular pesition using botk schemes. the
estimnatod and the desired reference signal, s plotied in
figure 1. From this plot, ore c¢ua notice thnt a good
tracking perforiance is obtained. Finally, the fignve 2
depicts the ubtained coutreller applied to the sysicm us-
ing these tectniques. From figure 2, we car say that the
control designed using SP is more robust and requires
lesa crergy 10 execute the control action than Lhis de
lgr_mﬁad by Dﬂferentml Alechra.
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