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Capitulo 9

Aplicacién de Herramientas Graficas

al Analisis de la Maquina Sincrona

9.1 Introduccién

La méquina sincrona opera como un generador de corriente alterna impulsado por una
turbina y convierte la energia mecdnica en eléctrica. Esta mdaquina es la principal fuente de gen-
eracion de potencia eléctrica en el mundo y representa el elemento bédsico en el comportamiento
dindmico de un sistema eléctrico. Por lo anterior, es muy importante conocer el comportamiento
de la maquina sincrona en el andlisis de estado estacionario, estado transitorio y de estabilidad
[53].

En el presente capitulo, se aplican las herramientas presentadas del capftulo 3 al 7 son
aplicadas a un sisterna fisico, indicdndose las ventajas de trabajar en el dominio fisico. Prirner-
amente, se obtiene una grafo lineal de la méquina sincrona, a partir del modelo representado
en Bond Graph en el capftulo 8. Después, se obtiene la representacion en espacio de estade
aplicando los procedimientos presentados en el capfiulo 3. Posteriormente, se determinan las
condiciones de estabilidad de este modelo de la mdquina, utilizando los resultados del capftulo
4. Los valores de estado estacionario de la méquina se obtienen aplicando los resultados del
capitulo 6. También, se realiza un control por retroalimentacién de estados estimados en el
dominio fisico utilizando los resultados presentados en el capftulo 5 y finalmente se aplican los

resultados del capitulo 7 para encontrar el modelo linealizado de la mdquina sincrona.
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9.2 Obtencién Directa de una Representacién en Espacio de Es-
tado

Se considera la maquina sincrona descrita en el capftuio 8, a la velocidad constante ¥
despreciando los devanados de amortiguamiento. El Bond Graph se obtiene a partir del Bond

Graph de la figura 8.6, eliminando sus bonds 4, 8, 9 y 10, cémo se muestra en la figura 9.1.
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Figura 9.1 Modelo de la méquina sfncrona & velocidad constante y sin devanados de amortiguamiento.

Los vectores clave del Bond Graph de la figura 9.1 son:

ps(t) | 20 £ (2)
x{t) = ps(t) | 2= es(t) |5z =1| fs(2)
pu (8) | e (t) fu ()
1 e (t)
f2 (2) e2 (1) '
Dalt) = | fo(®) |5 Deu®= | ext) |5 900 = [ 75 @) } Cuy = | =V
Fia () eys (t) T (@) iz (t)
- fis(t)
con relaciones constitutivas:
L = diag{ry, rr, 74} (9.1)
F~' = diag{Lyp, Lg} (9.2)
La matriz de Estructura de Unién estd dada por (2.25) donde:
Sz = [ Iawg T ] 0 Sy = |: {IJ g 2 j| ; S12 = —Isx3 (93)

A qT
Sno= 522=523:332=533=0;T=[—Aq(t) 0 /\d(t)]
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Considerando fig = wp como una constante que rnultiplica a los estados correspondi-
entes y no como una entrada, el vector nuevo de entrada ahora es: u, (t) = [ e1(t) es(t) e (¢} J :
Asi mismo, sustituyendo Aq (t) = Lgia (t) + Mopip (8) v Ay (8} = Lgig () en T, tenemos:

0 0 *quo
STy = 0 0 0 ; ST = I3xs (9.4)

Lgwy Mypuwg 1]

En sistemas eléctricos de potencia y en especial en maquinas eléctricas es cormin y mds
préctico utilizar Ia representacion de espacio de estado en términos de co-energfa [53). Asi, de

(3.9) £ = I dado que S14 = 0. Entonces de (2.22), (2.24) y (2.25), se tiene:

Z(t) S S 83 z (1)
Din(t) | = | Sn Sy S Dy (t) (9.5}
y () Ss1 Szy  Sag tn (¢}
donde
S 2FSY; 522 FSplL; S13 2 FSh (9.6)
Para el Bond Graph de la figura 8.1, se ticne:;
[ ] -—Lq.woL:i
o 02x2 ”
S11 = -—quonF
deoL;:l MdeoLEI g
[ D, —rEM )
» e fF O2x1 Si=F
512 = —?‘dM&F —TFLF ;. w " (97)
. Sa9 =593 =0
donde
F = diag {Lip, L7} (9.1
L M
siendo L}, = L;‘Pl, 2 :ﬂ fF .
Map Lp

Obteniendo la grafo lineal de la figura 9.1, en términos de co-energia, de acuerdo a

(8.46) se tiene la figura 9.2.
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Figura 9.2 Grafo lineal de la mdquina sincrona de la figura 9.1.

Los procedimientos presentados en el capitulo 3, pueden ser aplicados a la formulacién
de co-energia en espacio de estado dada por {8.44), con una estructura de unién dada por (9.6),
sin requerir modificacién alguna, excepto la notacién. Esto se debe a que dichos procedimientos

parten de una grafo lineal, la cual refieja los cambios en la interconexién de las ramas y los
valores de las transmitancias de las ramas.

Asi, utilizando el procedimiento del capftulo 3, seccién 3.5, en términos de co-energia

y notando que de (9.8) Sh, =0, dando P =T de (3.13), por lo tanto se tiene, de (3.15):

0 —quOL&
pr _ 2x2 7qu0MéF (gg) .
deoLgl MdpwoLgl 0
de (3.16) tenemos:
3 (A}d) 11 (“}d) 12 Dax1 9.10
Apg = (Ad)Ql (Ad)n ) (9-10)
01)(2 (Ad) a3

En este caso, $,, = 0 entonces dz = 1, de ésta manera, para (lepd) 117
6 = —'rdL"d; d3 =1 (9'11)
Sustituyendo (9.11) en (3.17),

e 2
(Apa),, = —rall (9.12)



Para (fipd)m,
&1 = —T‘FLE.I; i3=1

Sustituyendo {9.13) en (3.17)

(A_‘pd)zg = _TFL’F‘

Para (Apg)a,
6 = —qung 3 =1
Sustituyendo (9.15) en (3.17} se tiene:
(Apd)ss = _T‘?Lq_l
y pera (Apg),,
= —rpMip b3=1
sustituyendo (9.17) en (3.17)
(Apa) \, = —TPMyp
¥ para (Apa) 217
by = —rgMyr 63=1

sustituyendo (9.19) en (3.17) da:

(Apa) gy = —raMap
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(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

{9.20)

Sustituyendo (9.12), (9.14), (9.16) , (9.18) y (9.20) en (9.10) y (9.9) y (9.10) en (3.14),

la matriz Ap queda determinada por:

—Trd 0 _quo

Ap=F| 0 ~TF

Lawo Mgrpwy  —7q

(9.21)

De una manera similar, tenemos para By, en éste caso, de (3.22) Byg =0y de (3.20)

By = By, la cual esta dada por:

Bp = Flzys

(9.22)
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La salida del sistema se obtiene de (3.28), considerando la méquina sincrona como

generador, Cpq = 0, por lo tanto, de (3.26)

épzép,::[l 0 O} {9.23)

y de (3.32) D, = 0.

El modelo dindmico de la mdquina sincrona a velocidad constante y despreciando los

devanados de amortiguamiento, se obtiene de (9.21) y (9.22), el cudl estd dado por:

rd 0 Lgwy fa(t) Ly Mpr O fa(t) ey (1)

0 TR 0 sty |+ | Mpr Lr 0 7 fs () = | es(t)

~Lgwg ~Mgrwg 1y fui () 0 0 Ly S () ern (t)
(9.24)

En la siguiente seccidn, se determinan las condiciones de estabilidad para la mdquina

sincrona considerada en ésta seccidén, aplicando los resultados del capitulo 4.

8.3 Obtencion de las Condiciones de Estabilidad Utilizando una
Grafica Lineal

Se considera la méaquina sincrona operando a veiocidad constante y sin considerar los

devanados de amortiguamiento, tal como se muestra en la figura 9.1.

La determinacion de las condiciones de estabilidad de la mdquina sincrona, se realiza
aplicando los resultados obtenidos del capitulo 4, de ésta manera se obtiene la gréfica lineal para
&nalisis de estabilidad a partir de la grafica lineal de la figura 9.2 sin considerar los nodos de
entrada y de salida, ni las ramas asociadas a ellos. La grafica resultante se muestra en la figura
9.3.
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Figura 9.3 Gréfica lineal de la maquina sincrona para dnalisis de estabilidad.

De (4.3) el polinomio caracteristico de la gréfica lineal de la figura 9.3 estd dado por:

det (AT — Ac) = X® + 012\ + ag) + a3 (9.25)

A continuacién, se obtienen de (4.3) los coeficentes de (9.25) , utilizando 1a grafica lineal
de la figura 9.3.

La figura 9.4 muestra los factores-1 para a;.

@) @)

. - 1+l
A TrL¥ ‘akq

Figura 9.4 Factores-1 para a;.

o =T, (9.26)
donde

Ty & J";_i (9.27)

Tp & ;_1; (9.28)

T, & %’q— (9.29)

A= 1—% (9.30)

El coeficiente ao, se obtiene de la figura 9.5,
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Tl "FLF fdly il FIF 'dlq
'TFM;?]F quo ]'_,’d Mde Lq
G B . G & &
TYMHF Ldﬁso L'.]:l Lquy Myp
Figura 9.5 Factores-1 para as.
1 9 woMap \
as = — |TyTp +wi+ T, (IF + T, M, - 9.31
2 A[dF+ 5+ 1g(Tr +Ty)| + dF(LdLF) (9.31)

Finalmente, az, se obtiene de la figura 9.6,

_____________ 4MHF
-LqmoL’d LdmuL-:]
G mE)
o iy 0 (B) &) A1)
" . -MIF Lo Mgp

Figura 9.6 Factores-1 para as.

TiTxT, Tr |
=4 — 9.32

i3 A + Lg I ( )

Utilizando el Procedimiento 4.1, se obtiene la grafica de Coates de estabilidad, que se

ilustra en la figura 9.7.

Figura 9.7 Grafica de estabilidad de Coates.

Los determinantes de Hurwitz se encuentran por medio del Procedimiento 4.2, asi,

utilizando la figura 9.8, se encuentra Dy,

P, B, By O B

Figura 9.8 Determinante de Hurwitz Ds.
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D3 = a§ — a1as4a3 (9.33)

asf mismo, para Dy, de la figura 9.9 se tiene:
a
% % g
1
a
Figura 9.9 Determinante de Hurwitz Dy.

Ds =a1a: — ag (9.34)

Finalmente, para [; de la figura 9.10 se obtiene:

O

Figura §.10 Determinante de Hurwitz ).

1

Dy =a (9.35)

Las condiciones de estabilidad de la méquina sincrena considerada son:

Ta+Tr

3 TT>0 (9.36)

Ty+ T M, | My
( i+ F_) {TdTF +wg +Tq (Td +TF) + Md_p (wo dF)] - TF |:TdTQ (LdLF + —A@) +wg:'

A LaLlp
(9.37)

M2 2 M2 Ty+T,
Tr [Tqu (Lde + —K’f‘i) + wg] > [Tqu (LdLF + EF) + wg] (% + Tq) (9.38)

2 wpMar 2
+ [ TgTr + wp + Tq (Td + TF) + Mg E-ﬁ)

LyLp

En la siguiente seccion se obtienen los valores de estado estacionario de las variables

de estado de co-energia de la miquina sincrona aplicando los resultados del capitulo 6.
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9.4 Obtencién del Estado Estacionario de la Maquina Sincrona
utilizando Bond Graph

Como se estudio en el capitulo 6, un modelo representado en Bond Graph permite
la obtencién de la respuesta de estado estacionario de las variables de estado de un sistema
utilizando el Bond Graph en causalidad derivativa. -

El Bond Graph en causalidad derivativa de la méaquina sincrona a velocidad constante
se obtiene de la figura 8.4, y se muestra en la figura 9.11.

R, Msto, R,

TZ )iq Es 1‘* —F3 1

2
MSeV;— A1 HZ> MGY 1S, MGY A1 ke,

: !

I:MdDF;Q“_u_“j]R;ID Mg,
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I — Rt 1
I !
MBe:V R‘.IQ

Figura 9.11 Bond Graph de la médquina sincrona en causalidad derivativa y a velocidad constante.

Los vectores clave que cambian, respecto a (8.40), dicionales para el Bond Graph en
causalidad derivativa de la figura 9.11 son:

Dia) = [et) ert) eslt) ea(t) ews(t) ] (9.39)

Dua(®) = [ £ F® KO SO A0 (9-40)
. 1 1 1 1 1

Ly = di‘a‘g{ai ;;J ;;: %7 T_q} (941)

La matriz de estructura de unién es:

(100 0 0] (1.0 0 XA (t) |
00100 010 O
J12= 01000,J23:OOU 0
00010 000 0
(0000 1| 000 1 -x(t) |

Jiio= 0 Jiz=0; Jup=0 (9-42)
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Sustituyendo las ecuaciones de (9.39) a (9.42) en (6.14), (6.17) ¥ (6.22) obtenemos los
valores de estado-estacionario de la variables de estado de co-energia:

r 7 [ ie + i)\ wo |
szs 4 1ss g gsst'0
féss 1 0
Soss = EEGSS . (9-43)
flOss 0
1
L Frass - —€12ss — — Adss0
L T’q Tq ]

Resolviendo el sistema anterior (9.43) de ecuaciones algebraicas para fass ¥ f11ss, con

las relaciones constitutivas para Adgss = Lqfass + Myr fsss ¥ Agss = Lgf11ss de (8.26) a (3.29) se
tiene el estado cstacionario:

[ €1ssTF + qug [81233 - WOMdeﬁss] i
Tgrq + Lquw%
0
Zgs = ;1;6533 (944)
0
€12ss  wolg woMayr
- fﬂss - fSSs
| Tq Tq g J

En la siguiente seccién, se obtiene un control por retroalimentacion de estados estima-
dos aplicando los resultados del capitulo 5.

9.5 Control de una Mdquina Sincrona por Retroalimentacion de
Estados Estimados

Fl observador de estados y la retroalimentacién de estados estimados de una maquina
sincrona, despreciando los devanados de amortiguamiento a velocidad constante, se obtienen

aplicando los Procedimientos 5.1 y 5.2, respectivamente, a partir del Bond Graph de la figura
9.1, resultando el Bond Graph de la figura 9.12,
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Figura 9.12 Observador de Estados de una Méquina Sincrona.

La estructura de unién para el sistema en lazo cerrado se obtiene de acuerdo al Lema
5.1 y estd dada por:

0 0 —Lgwo
100
Su = 0 0 0 ; S31 =
0 01
Lawg  Marwo 0
S12 = —I3x3=-S13; Se2 = Sa3 = Saz =533 =0 (9-45)
La estructura de unién del observador reflejada al sistema es:
Ko Kgz 0
S = 0 0 0 ; 591 =831 =0 (9.46)
0 0 Kes

(Obteniendo una representacién en espacio de estado més conveniente para miaquinsas
eléctricas, en términos de co-energfa, se tiene de (2.22) y (5.6):

5(t) = Apz(t) — ApZ () + Bpw (2)

(9.47)
y(t) = Cpz(t)— Cpz(t) + Dpw (t)

-
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donde
A, = FAJF™! (9.48)
B, = FB, (9.49)
Ap = FAF™ (9.50)
Cp = CpF ! (9.51)
Cp = C,F™* (9.52)

una representacién alterna y muy utilizada en sistemas eléctricos de potencia se obtiene a partir
de (9.47), se tiene:

Fa(t) = F 1A,z (1) — FTYALZ (1) + F1Bow (£) (9.53)

El término F~!A,, se obtiene del caso 1 del Lema 5.1, donde E = I, entonces de (5.18)
;1; = 511F v (9.50) se obtiene:

A, = F8u (9.54)

asl mismo, Ap y B, estan dadas en (9.21) y (9.22) respectivamente, por otro lado del caso 1 del
Lema 5.1 6‘;; =0, ya que 5‘;1 = (, y de (9.23) se tiene C'p, con D, = 0. Por lo tanto el modelo

de la méquina sincrona en lazo cerrado estd dado por:

Ly Mgr O f3 () [ 7 0 —Lgwo f3 (i)
Map Lr 0 || fs(t) = 0 —rp 0 5@ |- (9.55)
0 0 L fa(t) _de"o Mapwo —7q fi1 (8)
[ K1 Keo O 3 (1) el (t)
0 0 0 s @ |+ | est®)
I 0 0 Kga fu () e12 (t)
s fs ()
1 00
y() = 00 1 fs (%)
- fu ()

La estructura de unidn en lazo cerrado del observador se obtiene del Lema 5.2 y estd
dada por:

~Kg1 —He1 —Kea —Lgtwg Hyn 00
—
S, = —Heo 0 0 7 S1=| Hgz 0 O
Lawy Mgpwy ~Kez — Hes 0 0 Hgs
—_— ——— - f = f —— ———— ——
S = -8 =—Isxs; S;m =8m =8 =5 = §1,=0; 551 = Sm (9.56)
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Obteniendo la representacién de espacio de estado en términos de co-energia, de (2.22)

y (5.9) se tiene:

2 = Azt + Bpw(t) + Az (1) (9.57)
§() = Cp2(t)+Dpw(®)
donde
A, = FAF! _ (9.58)
By, = FB, (9.59)
Cp = GpF™ (9.61)

Utilizando el Lema 5.2, de (9.45), (9.46) y (9.56) a (9.61), se obtiene el modelo del
observador en lazo cerrado de la méquina sincrona:

Ly Mgr 0O :}% (t] —rg-- Kag, — HG:. ‘KGz _L'IWD .?1;: (t)
Magp Lp 0 E (t) = —Hg, ~rp 0 5 ()
0 0 I i (8 Lawo Mypwo —ry— Kg, — Hg, Fu1 ()
HGJ. 0 f3 (t) €1 (t)
2x2
-| Hg, fs@) |+ 1 es(t)
0 0 Heg, fui (#) e12 (1)
fa (t)
1 0 0 ~
gt) = [ } s (2) (9.62)
0 01 g
fu1 (t)

En la préxima seccién, se aplican los resultados del capftulo 7 para encontrar el modelo

linealizado de la médquina sincrona en el dominio fisico.

9.6 Modelo Lineal de la Mdquina Sincrona utilizando Bond Graph

Cuando un sistema de potencia estd sujeto a un “pequno” cambio de pequena carga,
tiende a adquirir un nueva estado de operacidon. Durante la transicién entre el estado inicial y el
nuevo sstado, el comportamientc del sistema es oscilatorio. Silos dos estados =on tales que todas
las variables de estado cambian suavemente, el sistema estd operando cerca del estado inicial. El
estado inicial puede ser considerado como una condicidn de operacidn cuasi-estacionaria para
el sistema [53].
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Para examinar el comportamiento del sistema, cuando es perturbado tal que el estado

de equilibrio nuevo y viejo son cercanamente iguales, las ecuaciones del sistema son linealizadas
sobre la condicién de operacién cuasi-estacionaria.

Considerar el modelo de Bond Graph d-g de la maquina sincrona de la figura 8.4,

despreciando el coeficiente de amortiguamiento DD y de acuerdo al Procedimiento 7.1, se obtiene
el Bond Graph linealizado de la méquina que se muestra en la figura 9.13.

MSf o,
4

woMGY 21 ey 2

Ay Ay

MSe:VF

Figura 9.13 Bond Graph linealizado de la mdquina sincrona.

Utilizando el Lema 7.1, la estructura de unién para el sistema est4 dade por (7.17} v
(7.18) . El modelo de la maquina sincrona estd formado por seis ecuaciones diferenciales de las

cuales tres ecuaciones son lineales { f4 {t), fs(t) y fio(t)) y solo tres (f3 (), fu1{?) y fig (t))se
linealizan por las siguientes trayectorias:

Para I MdDF{S_lg_]-?_lS
Para I : Mp,{11-14-15-18

17 —-19 —
Paral : J; 18 7 9-3
18 —-15—-14 - 11

donde:

Sthi=Sm=Sa=0P=[) 0 00 i, | (9.63)

Oses —PT @ 0Oq 1
§h = Sty = 0= 9.64
11 [ P O } 13 [ 031;1 132:3 ] Q 0 ( )



-1 0 0 0 o0
a 0 -1 0 o0
Spp = 0 -1 0 0 0 s
0 0 -1 0
0 0o 0 -1
Q 0 0

~A (&) 0 0
0 0 0
0 0 0
0 0 0
@0 0
|0 A A ()
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(9.65)

Es muy comun en sistemas eléctricos de potencia usar la corriente eléctrica como vari-

able de estado y de manera especial para maquinas eléctricas la representacién siguiente

Bpsus (t) = —ApsF 125 (t) + F 145 (8)
De (7.24) y (9.65) se tiene,

[ 0 000 —w 0]

6 000 0 0

) 0 000 0 0

813=

g 000 0 0

wp 0 0 0 0 0

[ —ige 00 0 iy 0

De (7.19), (8.42), (9.63), (9.64), (9.65) y (9.67) tenernos:

—f,pr woNpy Nis
ApsFt = | —wpNas

Ng;
donde

H O T
Nig = Fly N = Nig = Ao | Nog = 0
O2z2 H, 021 | A

Repr = diag {rq4,7p,7r};

o = [ Lg Mgp My
N3y = ig0H) — Nlié

el

v finalmente, de (7.20), (9.63) a (9.65) se obtiene:

oo o o O

o S e B e T © N e B e

~Rgq —Nag

N3g 0

dp
Ry, = diag {rg,r4}

= [ Myg Ly ]
'N32 = Ngé - 't':dQH2

oo o o o o
- o o o o o

(9.66)

(9.67)

(9.68)

(9.69)

(9.70)

(9.71)

(9.72)
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Notar que, de (9.68) y (9.72) el modelo lineal de la méquina sincrona obtenido por

Bond Graph es el mismo que en [57], siendo una metodologia sencilla para este tipo de sistemas.

En el siguiente capitulo se dan las conclusiones generales de este trabajo de investi-

gacidn.

9.7 Conclusiones

En este capitulo se aplicaron las herramientas gréficas presentadas en los capitulos 3

al 7 se aplican al modelo de una médquina sfncrona en el dominio ffsico.

Se obtiene una realizacién en espacio de estado de una maquina sincrona modelada en

Bond Graph a partir de su grifica lineal.

Se presentan condiciones de estabilidad de una mdquina sincrons en términos de los

parametros de la maquina.

Se obtienen las condiciones de estado estacionario de una mdéquina sfucrona en el do-

minio fisico.

Se presenta un control por retroalimentacién de estado estimado de una méiquina sin-
crona en Bond Graph.

Se propone un modelo linealizado de una maguina sincrona en Bond Graph.
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Capitulo 10

Conclusiones y Trabajos Futuros

10.1 Conclusiones
Las conclusiones generales de este trabajo de investigacion son las siguientes:

s Todos lo resultados de la presente tesis permiten considerar diferentes tipos de energia,
no requieren conocer la funcion de transferencia o su realizacién (Ap, By, Cp, Dp) v las

expresiones obtenidas son simbdlicas, no numeéricas.

» Se presenta un grafo de Coates modificado que representa un Bond Graph, lo cual permite
la aplicacidn de herramientas de Teorfa de Grafos, tales como cdlculo de determinante, poli-
nomio caracterfstico, inversa de matrices y reduccion de grafos. Basade en este grafo se
presenta un procedimiento grafico para la determinacién de las matrices (A, Bp, Cp, Dp)
de un sistema LTI MIMO. Ademss, se propone la representacién del Criterio de Hurwitz
mediante un grafo. Basado en este grafo se propone un procedimiento grafico para deter-
minar las condiciones de estabilidad de un sistema fisico LTT MIMO modelado en Bond

> (raph. Estos resultados pueden ser aplicades a sistemas fisicos en lazo abierto o lazo cerra-
do. Larealizacién (A,, By, Cp, Dp) mediante un grafo del sisterna fisico, permite conocer
la influencia de cada elemento del sistema en la realizacién obtenida y/o utilizar esta in-
formacion para diserio del sistema. Finalmente, las condiciones de estabilidad mediante el

procedimiento grafico utiliza el minimo mimero de términos para su célculo.

¢ Se presenta un control par retroalimentacion de estadoe estimado para sistemas LTI MIMO,
es decir, se propone una metodologia para obtener el sistema completo en lazo cerrado
incluyendo el observador v retroalimentacion directamente a partir del Bond Graph en
lazo abierto y de estructuras propuestas, garantizando que el control y el observador sean

fisicamente realizables.
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Se presenta un procedimiento grafico directo para obtener los valores de estado estacionario
de las seniales del error, del estado v de la salida de un sistema fisico LTI MIMO, cn lazo

abierto o con retroalimentacién de salida en Bond Graph.

Se presenta un procedimiento grafico utilizando Bond Graph para la linealizacién de sis-
temas nolineales de producto de estados. El sistema y linealizacién son determinados en el
dominio fisico. Esta metodologia no requiere conocer las ecuaciones diferenciales ordinarias

nolineales. !

Un modelo en Bond Graph de la miquina sincrona dado por [23] se analiza y modifica
para obtener ¢l mismo modelo matemético dado por [53]. Asi, se obtienen de una manera
sisternatica y directa los modelos simplificados de la méaquina sincrona en Bond Graph,
lograndose presentar la determinacién de las constantes de tiempo de la maquina por medio

de modelos simplificados en Bond Graph.

Las herramientas graficas anteriores se aplican al modelo de la maquina sfncrona en el
dominio fisico, es decir, se obtiene una realizacién en espacio de estado de una maquina
sincrona modelada en Bond Graph a partir de su gréfica lineal. Se presentan condiciones
de estabilidad de una méquina sincrona en términos de los parametros de la méquina. Se
obtienen las condiciones de estado estacionario de una maquina sincrona en el dominio
fisico. Se presenta um control por retroalimentacidn de estado estimado de una méquina
sincrona en Bond Graph y se propone un modele linealizado de una méquina sincrona en
Bond Graph.

10.2 Trabajos Futuros

La herramienta de Bond Graph en el modelado de sisternas ffsicos tiene un amplio

potencial en el desarrollo del entorno cientifico de modelado y control. Asi, se considera que la

metodologia de Bond Graph puede aplicarse al modelado y control de: Equipo Eléctrico de Gen-

eradores, Lineas de Transmisién, Interruptores y Cargas Eléctricas, Modelado de Elementos de

Electrénica de Potencia, Sistemas Fléctricos de Potencia, Sistemas Singularmente Perturbados,

Sistemas Nolineales, Sistemas con Incertidumbres, Robots y Sistemas Subactuados.

Los problemas inmediatos a resolver son:

o Determinacién de los Valores de Estado Estacionario de las Variables de Estado mediante

Trayectorias Causales en un Bond Graph.

e Componentes Simétricas en Bond Graph.
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Modelado de Fallas en un Sistema Eléctrico de Potencia utilizando Bond Graph.

Determinacion de los Valores de Estado Estacionario con Elementos Almacenadores de

Energia en Causalidad Derivativa en un Bond Graph.

Determinacién de Propiedades de Energia de la Fstructura de Unidén de un Bond Graph

con Bonds Activos.

Determinacién del Error de Estado Estacionario para sisternas con un Control PID, en

Cascada o por Retroalimentacidn de Estados en Bond Graph.

Flujos de Carga de un sistema eléctrico de potencia en gréfos y/o Bond Graph.
Transformaciones de similaridad en un Bond Graph.

Técnicas de reduccién de circuitos utilizando Bond Graph.

Cambios de estructuras del modelo de un sistema fisico en Bond Graph.

Obtencién de propiedades de sistemas lineales variantes en el tiempo en el dominio fisico,

Determinaciéon de Funciones de Sensibilidad.
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Apéndice A

Analisis de las Propiedades
Estructurales del Modelado en Bond
Graph

A.1 Introduccién [29]

Uno de los pasos mas dificiles del modelado es la identificacién de los pardmetros. Las
propiedades estructurales son algunas propiedades que solamente dependen de la arquitectura
del modelo y del tipo de fendémeno fisico, tan importante en la fase del modelado, y no en los
valores numeéricos de los pardmetros involucrados en sus leyes caracteristicas. Por un ejemplo,
el polinomic p(s) = s [s + (a1 — ag)] tiene dos zeros nulos estructuralmente y un zero no-nulo

estructuralmente (excepto para el valor numérico a; = ap).

La Estructura de Unién de un Bond Graph contiene informacién energética en los tipos
de elementos, que constituyen al sistema, y en como ellos estdn interconectados, para cualquier

valor numeérico de los pardmetros.
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A.2 Presentacién de Herramientas Algebraicas y Graficas [29]

A.2.1 Definicién de la Estructura de )

Considerar el sistema continuo Lineal Invariante en el Tiempo (LIT) de dimensidn
finita Y :

2 (t) = Az (t) + Bu (t) + Ed (1)
Z { y (1) = Cxz (t) + Du (t) (A1)

donde: A € R*>7*: B € R»*P; C € R™; D ¢ RI*F; E ¢ prxm

Definicién A.1. Dos sistemas >, = (Ap, By, Cp, Dp) v >y = (A1, B1,C1, D) son

estructuralmente equivalentes 0 tienen la misma estructura si:

1. Las matrices (A, B,C, D) de ambos sistemas tienen la misma dimensicn.

2. Existe una matriz P con Az = PA;PT, By = PBy, Cy = C; PT y Dy = Dy, tal que todos
los valores cero de Ay, By, Co y )9 son mapeados en los valores cero de Ag, By, Cg v Dy

¥y viceversa.

La estructura de 3, estd definida por la clase de equivalencia [y ] de sistemas estruc-
turalmente equivalentes. Resultados estructurales son obviamente siempre verdaderos para los

sistemas que pertenecen a la clase de equivalencia [} ], 7.e.,que tienen la misma estructura.

A.2.2 Controlabilidad/Observabilidad Estructural

Un sistema LTI es completamente controlable en el estado si y sélo si

Rango P = Rango |B,AB, ..., A" 'B] =n (A.2)

Definicién A.2. El sistema [A, B es llamado estructuraimente controloble en el estado

si existe un sistema completamente controlable en el estado de la misma estructura.

Definicién A.3. El sistema [4,C) es llamado estructuralmente observable en el estado

si existe un sistema completamente observable en ¢l estado de la misma estructura.

Las definiciones dadas anteriormente estdn en un sentido cldsico de sistemas lineales
[69], sin embargo, a continuacion se describen propiedades fundamentales de éste tipo de sistemas

en un enfoque de Bond Graph.
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A.3 Rango Estructural [29]

Una definicién de rango precisa y su determinacién directa a partir de un Bond Graph

es la siguiente:
Propiedad A.1

E! orden n de un models es igual al niimero de elementos { y C' en causalidad integral

cuando una causalidad integral predefinida es asignada al modelo de Bond Graph.

Propiedad A.2

& El rango-Bond Graph (Rango-BG) ¢ de la matriz A de espacio de estado deducida a partir
del Bond Graph es igual al nimero de elementos I v C' en causalidad derivativa cuando

una cousalidad derivativa predefinida es asignada al modelo de Bond Graph.

o El mimero k& = n—g de modos nulos estructuralmente es igual al nimero de elementos [ y C
los cuales permanecen en causalidad integral cuando una causalidad derivativa predefinida

es asignada al modelo de Bond Graph.

» FEl rango-Bond Graph de la matriz 4 es igual al rango de la matriz [S11, Sis] definida en
(2.25).

La primer parte de la Propiedad A.2 significa que, el modelo matems&tico asociado con
el Bond Graph estd dado por:
¢ = A7V — A7 Bu— ATYEd (A.3)
y = CA Y& —CA'Bu-—CA'Ed+ Du

Si alguno de los elementos I ¥y C no aceptan una asignacion de causalidad derivativa
sin crear un conilicto de causalidad en las uniones, significa que la matriz A no es invertible,

i.e., 6 es de rango pleno,

El rango g es llamado Rango-BG debido a que es un rango estructural en el sentido
de Teoria de Grafos {29], sin embargo, corresponde al rango numeérico a causa de que toma en

cuents la dependencia del pardmetro a través de la causalidad.

La segunda parte de la Propiedad A.2 se obtiene del polinomio caracteristico de la

matriz A:

P(s)=det (sly — A) = s° (87 +ag_15971 + ... + a15 + ap) (A.4)

E] punto de vista es estructural debide a que nosotros detectamos k estructuralmente

modos nulos pero no en los casos donde aq sea nulo.
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A.4 Diseno de la Arquitectura para Medicién y Control [29]

La determinacion del numero, el tipo v la localizacién de sensores y actuadores en un
modelo de Bond Graph estd directamente relacionado al anslisis de las proptedades de contro-
labilidad y observabilidad.

El camino cldsice numeérico consiste en calcular el rango numeérico de la matriz de con-
trolabilidad C, = [B AB . A" 1B]yla matriz de cbservabilidad O, — [CT (oAt .. (CA”_I)T} T,
donde la matricez €' reagrupa la parte de la matriz asociada con lo medible para ser variables
controladas y la matriz asociada & salidas de interés no medibles. El rango de estas matrices no

depende de los valores numéricos de los pardmetros y es consecuentemente robusto.
Propiedad A.3

Para que un modelo de Bond Graph sea estructuralmente controlable (o observable)

dos condiciones tienen que ser satisfechas:

1. Existe al menos una trayectoria causal enlazando cada elemento I y C en causalidad
integral con una fuente de control M5, o M Sy (con un sensor D, 0 IDy) en el Bond Graph

en causalidad integral predefinida.

2. Todos los elementos I y C' en causalidad integral en el Bond Graph en causalidad integral
predefinida aceptan unacausalidad derivativa cuando una causalidad derivativa predefinida
es asignada en el modelo de Bond Graph. Si no es satisfecha directamente, una dualizacién
de algunas fuentes M S, o MSy (de algunos sensores D, 0 Dy) tiene que hacerse para

transformar las causalidades integrales remanentes.

La Propiedad A.3, parte 1, es la condicion de posibilidad de realizacion de la Teorfa de
Grafos [29].

La Propiedad A.3, parte 2 corresponde a la determinacién del rango estructural de la

matriz [AB] compuesta de la matriz 4 concatenada con la matriz B.

Si el rango-BG [A] = n, entonces el rango-BG [AB] = n para cualquier B. Significa que
el modela es controlable con un actuador sencillo, la seleccion y localizacién depende solamente

de la posibilidad de realizacién y consideraciones tecnolégicas.

Si el rango-BG [A] = n — k, entonces el rango-BG (AB] = n si B es seleccionada de
tal forma que sus columnas sean linealmente independientes de las columnas de A. Significa
que para el modelo a ser controlade, k actuadores son necesarios y ellos tienen que estar bien

localizados, lo cual es probado por dualizacién.
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A.5 Trayectoria Causal-Lazo Causal [31, 32]

Un Bond Graph no solamente muestra la estructura topoldgica de un sistema sino
también su organizacién causal, pues indica las relaciones de causa y efecto, esta estructura
causal da la nocién de Trayectoria Causal, Lazo Cousal y Laze Mason que a continuacién se

explican:

o Una Trayectoria Causal de una estructura de unién es una secuencia alternante de bonds

y nodos tal que:

1. Para una gréfica acausal, es decir, una gréfica que no tiene la causalidad aplicada a

sus elementos ¢ bonds, la secuencia forma una cadena sencilla.

2. Todos los nodos an la secuencia tienen una complets y correcta causalidad, es decir,

se cumplen las condiciones del Procedimiento 2.1.

3. Dos nodos de una trayectoria causal tienen en el mismo nodo orientaciones causales

opuestas.

e Un Lazo Causal es una trayectoria causal sencilla cerrada.

e Un Lazo Mason es un lazo causal de la salida de un puerto a la entrada del mismo puerto

sin trazar el mismo bond en la misma direccién mss de una vez.

El polinomic caracteristico esta dado por:
$)=1-3 Ly (s)+3 Lox(s)— Y La(s)+ .. Oty
7 k i

donde L+ (s} es el producto de las ganancias de lazo del k™ conjunto del rth lazo de Mason, los

cuales no se tocan unos con otros.

La L;; (3) ganancia del §*" lazo de Mason est4 definida por:

1)? 1)?

.. a4 ¢ _qy\ReHnn e o il -

Lij (s) = (1) H (m:, o mj) (rk o 'f‘k) HGh (4.15)
gk h

donde ng y 711 réepresentan el nimero total de cambios de orientacién de los bonds, respectiva-

mente en las uniones-0, al seguir a la variable de flujo; y en las uniones-1 al seguir a la variable

de esfuerzo; || denota el producto de m; 6 YTk 6 — que son los mddulos de los elemetitos de
gk j

TFyde GY los cuales son incluidos en la trayectona causal dependiendo de sus causalidades

y 11 designa el producto de ganancias de los elementos que componen el lazo.
I3
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Apéndice B

Estabilidad de Sistemas LTI MIMO

B.1 Introduccién

Si la respuesta impulsional de un sistema es absolutamente integrable, entonces el
sistema es estable BIBO. La condicién de estabilidad en términos de funciones de transferencia
es también dada en esta seccidén. Se estudian los conceptos de eguilibrio de estado, estabilidad
en el sentido de Lyapunov y estabilided asintdtica [68, 12].

B.2 Estabilidad Externa (Estabilidad BIBO) [12]

Considerar un sistema LTT MIMO con la siguiente descripcidn entrada/salida:

y(t):/[; G(t—T)U(T)d‘TI./[;tG(T)u(f—T)dT {B.1)

donde g (¢) es la respuesta impulsional del sistema. En una descripcién de la forma (B.1), el
par entrada/salida del sistema satisface linealidad, causalidad y propiedades de invariancia en

el tiempo. Ademadas, se asume que o] sistema estd relajado en ¢ = 0.
Teorema B.1 [12]

tn sistema LTI MIMO relajado en t = 0y descrito por:
¢
y(t) = / G(t—7)u(r)dr (B.2)
0
es estable Entrada Acotada/Salida Acotada (BIBO) si y sélo si,

/UOO|G(t)|dtSk<oo (B.3)
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pars cuclquier k.
La prueba de este Teorema se da en [12].
Teorema B.2 [12]

Considerar un LTI MIMO, relajado en t = 0 cuya entrada u(t), y solida y (f) estin

relacionadas por:

y(t)z/o G —Tyulr})dr

si fA G (1) ||dt < k < oo para cualquier constante k, enionces se tiene lo siguiente

1. 9 w(t) es una funcion periddica con periodo T, entonces y (t) tiende a una funcidn per-
tddica con el mismo periodo.

2. 5t w(t) es acotada y tende @ una constante, entonces y (t) tiende o una constante.

3. St u(t) es de energic finita, enlonces y (t) también es de energia finita.

La prueba de este Teorema se da en [12].

B.3 Estabilidad en el Sentido de Lyapunov o Estabilidad Interna
o Criterio de Estabilidad de Lyapunov [68]

Estabilidad interna se refiere a la estabilidad de una realizacién de un sistema. La

realizacidn del sistema,
£ =Az (1) + Bu(t) y{)=Czx(1) (B.4)

donde A € R*<» 5 ¢ R*¥P y C € RI*", es internamente estable o estable en el sentido de

Lyepunov si la solucién de
E=Az(t) z{to)=wx0 t2>1 (B.5)
tiende hacia cero cuando £ — co para cualquier zg.
Examinando la sglucién en el dominio de la fransformada de Laplace,
X (s) = (sI— A) o (B.6)
¥ notando que

the™ o (s +a)7F (B.7)
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donde «—— denota la Transformada de Loplace v su inversa; podemos ver que la realizacion es
estable s1 y solo si,

Re {A; (4)} < 0 (B.8)
donde {A; (A)} son los eigenvalores de A.
Las ecuaciones (B.6) y (B.8) indican que una realizacién estable internamente siempre

tiene una respuesta impulsional que satisface la condicién (4.3); en otras palabras; también es

externamente estable. Sin embargo, 1o contrario no es cierto.
Teorema B.3 (Lyapunov) [68]

Una matriz A es una matriz de estabilidad, es decir, Re {} (A}} < 0 para todos los
eigenvalores de A, st y sdlo si para cualguier matriz (simétrica) definide positive Q) eziste una

metriz P definida positiva (simétrica) que satisface

AP+ PA=-Q ' (B.9)

La prueba de este Teorema se da en [68].

Este teorema es raramente utilizado para verificacién numérica directa de estabilidad.

En lugar de esto, se tienen los siguientes corolarios.

Corolario 4.1 (Kalman) [68]

En el Teorema anterior, podemos tomar () semidefinida positive, teniendose que x’ (t) Qx (1)

no es identicamente cero a lo largo de cualguier solucidn de  (t) = Az (1).
Las bases fisicas de estos resultados son las siguientes. La cantidad;
Vie () =2 (t) Pz(t) (B.10)

puede ser considerada como energfa generalizada asociada con la realizacién. En un sistema
estable la energfa debe decaer con el tiempo, ésto es, de (B.5), (B.9) y (B.10),

SVl = &0 Pe@) + 1) Fel)

2 (t) [A'P + PA] z(t)
= —2 ()Qxz(t) (B.11)

concluimos que z (t) — 0 cuando ¢ — co.

i

Corolario 4.2 [68]

Si A es una matriz de estabilidad, entonces la ecuacion de Lyapunov
AP+PA+Q=0

ttene una sofucion F dnica para toda Q.
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Abstract

A physical Multi-Input-Multi-Output (MIMOQ) Lin-
ear Time Invariant (LTI} system formed by a variety of
energy types and modelled graphically in Bond Graph
is considered. A single direct graphicsl form to repre-
sent this physical system is presented. This modified
Coates graph is based on its Bond Graph. It allows

to propose a direct graphical procedure getting a state.

space model. Also, the characteristic polynomial is ob-
tained from the proposed Coates Graph. An electro-
mechanical example is given.

Keywords.-Bond Graph, Coates Graph, Physical
Control, Modelling Tools

1 Introduction

A Bond Graph is a model of a dynamic system where
a collection of components interact with each other
through energy ports. A Bond Graph consists of sub-
systems linked by lines to show the energetic connec-
tions. It can represent a variety of energy types and
can describe how the power flows through the system
[2,7]. Bond graph was established by [1]. The idea
was developed how a powerful tool of modelling [2, 3].

On the cther hand, a linear graph is a set of con-
nected lines. The lines represent symbolically the el-
ements of the system. The line segments are conven-
tionally called edges and the end of a set of edges is
termed a node. The Graph Theoary (7] has been used to
find the Coates Matrix, its determinant, characteristic
polynomial, etc.

Our main motivation, is to apply some of the Graph
Theory technics in a physical MIMO LTI system mod-
elled on Bond Graph, with the objetive to reach a lin-
ear graph representation. Also, & graph methodology
from its Bond Graph toward this linear graph to ob-
tain a representation in state variables is presented.
In [8] & work to obtain a linear graph from its Bond
Graph has developed, but it is not represented on its
key vectors (4] and therefore it does not allow to ep-
ply it to solve other problems like the tackled on this
paper.

Section 2 gives the madelling by Bond Graph of a
physical system. A procedure to obtain a graph from
its Bond Graph which represents a modified Coates

880

matrix i3 presented in section 3. In section 4 a graphi-
cal representation of a MIMO system is found. Section
5 presents a graph procedure to find the 4, B, € and
D matrices, to get & state space model. Section 6 ap-
plies a result of [7] to get a characteristic polynomial
of the system fourd in section 5. An example is given
in seciion 7. Finally, section 8 gives cur conclusions.

2 Bond Graph Model [3, 4]

Consider a multiport LT] system which has the key
vectors of figure 1.

Din
L.C

0,1, TE,GY
z Dout

Zd ¥

Fig. 1. Key vectors of a Bond Graph

Here, { Se, 8f), (L,C) and (R) derote the source,
the storage and the dissipation fields, (De) the detec-
tor and (0, 1, TF, GY) the junction structure with
transformers, TF, and gyrators, GY. The state z € B"
is composed of energy variables of effort, e, and flow,
f, with integrat causality, 4 € K™ denotes the vector
for elements with derivative causality, u € RP the plant
input, ¥ € R7 the plant output, z € E™ the co-energy,
zg € ™ the derivative co-energy and D;, € B and
D,y € R are a mixture of € and f showing the en-
ergy exchanges between the dissipation field and the
junction structure. The relations of the storage and
dissipation fields are:

z = Fz (1)
Dout = LDin (2)
24 = F&Id (3)

where L is a diagonal matrix composed of R and 1/R
coefficients, and F' and Fj are composed of 1/L and
1/C coefficients. The relations of the junction struc-



ture are:
5 z
Din :| = S DWt (4)
u
Yy kY
za = -8z (5)

where the junction structure of the system is given by:

S Sip Sz Sia
S=| 81 S22 S 0 (6}
Saz S Sz O

The entries of § take the values ioside the set
{0, £1,+m,tn} where m and n are transformer
end gyrator modules; 5y acd Srp are square skew-
symmetric submatrices and 5,5 and 8o are submatri-
ces each cther negative transpose. The state equation
is (5]

= Az+Bu (7)
y = Cz+Du
where
A = EY(8,+8:2MSn)F (8}
B = B! (S13 + S12M Sa3) (9}
C = (S +S5s2MSn)F (10}
D = 833+ 832MSy (11)
being
E = I+SuFr'shF (12)
M = (I-LS:)™'L (13)

Next section presents a linear graph for the system
of figure 1.

3 Getting a Graph from a Bond
Graph

A procedure to obtain a graphical respresentation
of a Bond Graph, which represents a physical system
is presented.

For a LTI syster, from (1)-(6), & junction structure
equation is obtained:

. T -
F ID - 5| D= 14)
EIREdF (
L Fa
511 Sz S Sie
R — Shy S Se3 O {15)
54 S S 0
g = —,5‘143: (16)
where
Sil = ShF Sél = S F Sél = S31F', (17)
Sllz = Sl Sﬁz = 5L

Sty = Spl; 8, =F7'SLF

Let suppose that (15) is a Coates Matrix . Then,
it is shown in figure 2. Also, from (12) and (17) we
obtain:

El= (I+Sl45;_4)_l (18)

Now, replacing (18) on the graph of figure 2, we get
to the graph shown in figure 3.

Figura 3. Modified Coates Graph.

The representation of the graph of the figure 3 is

glven by: :
z S 11 S 12 §13 T
Din | = 85 85 Sn D, (19}
¥ S5 S3 Sm u

where
Su=EFE"'5, ;512 =E"'8),; Sia=E"1S}; (20)

The representation (193-(20) includes the effect of
the elements with derivative causality in the elements
with integral causality, having a structure more com-
pact of the physical system.

‘We can rewrite (19) giving:

[ w7 DT T T ]T=.§[$T DT uT ¥ ]T
(21)
where § represents a modified Coates Matrix [7] .

If £ is used instead of = in (19) or (21), the ele-
ments of the first column are the diferent by a factor
% where s is the Laplace operator. In what follows, we
omit this factor because for LTI systems does not afect
the elements interconnection and for getting directly
A and C of (7) as shown in the following section,

4 Representation of a MIMO
System

An analysis of the graphical representation of a mul-
tivariable syster: is presented. In figure 3, we have a



representation of & physical system on a graph, from ite
bond graph and junction structure matrix, Next, we
introduce a general form of the physical system repre-
sentation in Bond Graph to study the interconnection
properties &s shown in figure 4.

Fig. 4. Representation of a MIMQ system.

Consider the scheme of figure 3, note that the node
I ig & set of nodes 4y, &2, &3, ..., £q; the same is true

for u, y and D;, as shown the matrix representation .

of figure 4. The interconnection of the nodes in figure
4, is represented by < indicating = sst of edges that
can have double sense.

Figure 5, represents the interconpection between
two nodes 1 and 1 of figure 4 with all possible com-
binations. In figure 5, a1 , o1 o1, @i, B, G, Bins
By 71, i, Yins Wi T11, P, Pa and Py denote the
edges travsmittances. From (13), figure 3 and 5, we
have:

P=(I—-8) ti=sx (22)

The submatrix P has two cases: Sh, = 0or 5, #0

Fig. § MIMO System of two nodes.

5 Getting the Matrices A, B, C
and D

Consider that figure 3 corresponds to a physical sys-
tem of n states, © dissipative elements, with p inputs
and ¢ outputs, In the following, a procedure for the
direct calculation of the matrices A, B, C and D that
represents & MIMO LTI system of (7) is presented.

This method is obtained from the reduced graph of
figure 5, whose generalization is the scheme of figure 4
and the matrix representation of figure 3.

5.1 Getting a Graph of the Matrix A

To find A the arriving and leaving edges from the
nodes of £ and their dirested closed paths (directed
circuits) arve considered, as shown in,

Procedure 1

1. Descompose A in the sum of two components:
A=A+ 4, ('23)

where the first component A4, is formed by the
edges transmittances between nodes of the differ-
ent states derivatives giving their elements out of
the diagonal and transmittances of the self-lcops
of these nodes, forming their diagonal elements of
this matrix, i.e, for figure 5

_ | & oy

Az = [ gl Qg } (24)
The second component Ay is formad by the edges
transmittances between nodes of & and nodes of

Din
[ (Adn (A
A‘*—[ (4 (Aj)ﬁJ (25)

2. Find the diagonal elements of A4, by means of:
- Begin in the nodes #; and (Dyn), . Fix the
edge that arrives to &, respective to (I%,); . Con-
struct all possible combinations of directed cir-
cuits through by the hinge edge, beginning and
finishing in Z; and satisfying:
- A circuit must have only one edge of Dy,. If the
circuit is formed by an output and input edge of
the same node of Dj,, it will have the self-loop of
Din- '
- Continue with the following edge that arrives
to node 2y respective to Dj,, and so on, until
consider the last edge that arrives to &1 respective
to D,
- Use the previous procadure for the next nodes
of & but the input and cutpuat edges must be the
actual node.

- Each tenm of each element of Ay, is given hy:

Term of the

element (Ad)hk = (51) {52) (53) (26)
A = 12 . .mk=142.r
§1 = Transmitiance of the edge h which arrives to &x
8z = Transmittence of the self-loop of [D;,), or

transmittance of the edge (I4,), which conects
(Din)k with (Diﬂ)k+1
$3 = Transmittance of the edge k which leaves of 3,



1. For figure 5, we have: {4Ag);; = SuPuvu +
BuPuni + BaPam + BuFanig (Ag); =
BaPuvi + BaPuvi + PuFavie + BiuPavs

3. Fird the elements out of the diagonal of the ma-
trix Ay, using the procedure giving in step 2, but
the terms of the elements {Ag),, (h# k), must
be formed by directed paths from node k to node
k.

For the figure 5, (Ag};; = SuPuva +BuPuvi +
BrPavir + PuPuri; (Ad)y = BaPumu +
B Py + Ba P + BuFur

Note that if the submatrix 5%, =0, then P =T and

1. For example in figure 5, we have (Bg),, =

BuiPu + BriPa; (Ba)i; = BinPri + BuPu

. Obtain the terms of the elements that are out of

the diagonal of By, in a similar way that for their
diagonal elements, but for the terms of element
(Bag)};, take the arrival node &5 and the cutpuot
node g sad for the term of element (Ba),,, is
the oppesite, the previous is resumed using {29)
for k 3% k.

For exarnple in figure 5: (Ba),, = B11Pu+ Bre P
(Ba)y = BunPuu + BiiPa

5.3 Getiing a Graph of the Matrix C

To find €, edges transmittances which arrives to
nodes of y and goes out of nodes of & are considered,
as shown in,

Procedure 3

thus 62 =]

5.2 Getting a Graph of the Matrix B

The edges trapsmitiances of the nodes of the u are
considered in B. The procedure to find B is:

Procedure 2
1. Descompase B in two components:

B=[B; Bua] (27)
The first component B, is formed by the edge
transmittance which connects an input node with
the state derivative node directly. For the exam-

ple, in figure 5: B, =[é 2:|

The second component By is formed by the edges
transmittances which connect an input node with
a node of £ through the node of the D;,. TFor
figure 5, we have:

(Bd) 11

(Bd)u (28)

By = [ (B l

(Ba)s

. Get the terms of the diagonal elements of By, by:

- Begin in the node, uz. Cozstuct all directed
path of the possible combinations of the edges
transmittances that connect ug, with £;, through

by (—D:‘n}p Satfs@'iﬂg.‘

- A path must have only one edge of I, and if only

has an edge between & and (Zin),, it bas the self-loop
of (Dsn}, » 50 each term is given by

h = 112>'":Q; k:l,?,--.,i"
Term of the
element (Ba)n, (m) (m2) (m3) (29)
A= 1,2,.,r k=12,.,p D1 Transmittance of the edge h which arrives to ¥,
pz = Transmittance of the self-loop of (D) or
Transmittance of the edge & which arrives to &, transmittance which connects edge
Transmittance of the self-loop of (Din), or (Din); to edge (Din)eyy
transuiittance of the edge whick connects ps = Transmittance of the edge & that leaves of ox
(Din) t0 (Din)gy 1. For example in figure 5 (Ca)qy = P+ P

= Transmittanece of the edge &k that goes out of upg

/A2

1. Descompose C in two components:

C=0C; +Cy {30)
The first component C, is formed by the edges
transmittances which connects an output node
with node of £ directly. For example in figure

10
soom| 1]

The second component, (g, is formed by the
edges transmittances which conmect an output
node with a node of £ through the node of D,,,.

. Get terms of the diagonal elements of Cy:

- Begin by the first output node . Construct
all directed paths of the possible combinations of
the edges transmittances that connects g with i,
through (D;,),, satisfying:

A path must have only one edge of D, and if
orly exists a edge between % and (Din),, it take
the self-loop of (D;n), aud so on, with the rest of
outputs. Thus, each term is given by:

Term of the
element (Cg),z

|

(p1) (p2) (p3) (31)

(Ca);; = Fuvii + Paura



The system representation is obtained from (19):

0o -2 0 o0 0
. ky 0 -k O z -b
S = 01 i 0 2 "In:.l—l Sz = 0

0 0 & 0 b
S,=[0 £ 0 —% 54, =0
Sy=[0 L o -L Si =0

(37)
The graph respective to the equation (37) is shown
in fipure 8.

Fig. 8. Coates Graph of the example.

The dynamic model in state veriables is given by
(7}, we use section V, noting that from (37), Sg, =0,
giving P = 1. Now, from (24), we have:

0 - 0 0
— L
A= g‘ % B2, (38)
7 0 ~u
0 vy ks 0
From (25) we have:
00 [t I
_ |0 (Adg)yy 0O O
Ad=19 g 00 (39)
00 0 (Ad)y
To get (Ad)gy and (A4)yy from (26) we obtain:

(81)og =—=bi (82)pa=1; (B3)ap = % (40)

sustituting (40) into (26) gives:

b
(Ag)yy = ~m (41)
Analogously:
] 1
i)y =0 (B2)yy=1; (B3} = M {42)
sustituting (42) in (25) gives:
b
Ad)gg=~1- 43
(Aa) ey o (43)
So, from (23}, (38}, (39), (41), a0d (43), 4 is given
by:
6 Lo o0
a=lboca e ¥ (44)
0 0 _

From (27) B is obtained, noting that B = 0 and

= 0;:

1 00
o1 0
B=lo 0 0 (45)
0 01
Neting that Cy = 0, from (30) C is given by:
c={0 X 0 —-%] (46)
Finally,
D=0 (47)

Note that with a little of experience and skill 4, 2,
C, and I are obtained directly, easy and quicly from
the Coates Greph, as shown in the previous example,
The same is true in general if E = I and Sa3 = 0.

8 Conclusions

A graph from Bond Graph that represents a phys-
ical system on key vectors, is obtained. A graphical
procedure ta obtain the state space representstion of
a dynamic MIMO LTT model is presented.
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Abstiract. A direct graphical procedure to know the stability conditions for a physical
Linear ‘Time Invariant (LTI) system is presented. It is based on the Bond Graph model of
the physical system and on a linear graph of the characteristic polynomizl of the system. The
proposed linear graph represents 2 Coates matrix and a Hurwitz matrix. Tt is shown, that
using the Hurwitz criterion the stability conditions can be obtained directly from this linear
graph. This methodology is applied for open and closed loop systems through the examples

given.

Key Words. Bond Graph, Coates Graph, Hurwitz Matrix, Physical Control, Modelling

Tools, Stabilit,.

1 Introduction

One of the most basic requirements of any con-
trol system is stability. A LTT system is stable if
all the poles of its transfer function or its realization
{A, B, €, D) lie in the left half plane[1]. For these
requirement the system model is needed. Thus, Bond
Graph methodology is applied to find the model.

Bond Graph deals with a graphical approach to sys-
tem modelling, the essential feature of the Bond Graph
approach is the representation of energetic interactions
between systems and/or system components by a sin-
gle line. It can represent many evergy types and de-
scribes how the power flows through the system[2, 3].

Moreover, given a Bond Graph model of 2 system,
we can find the coeffivients ol the characteristic poly-
nomial using causal paths [3] or a Coates matrix[11].

If we have the characteristic polynomial of the sys-
tern we can apply the Routh-Hurwitz criterion to know
the system stability, but this criterion is an algebraic
method that for large systems with many parameters
become an abstract and difficult task. Also, for con-
trol objectives it is desirable a methodology tloser to
the physical system, i.e.,, for control in the physical
domain.

So, we present an easy and direct graphical prace-
dure to get the stability conditions of the physical sys-
tern using graph theory. This methodology does not
need to know the transfer function or its realization
(A, B, C, D).

IEEE Conference Number: 8780

Section II resumes the Bond Graph modelling of a
physical system. A procedure to obtain a graph from
its Bond Graph which represents a modified Coates
matrix is given in section III. The methodology to ob-
tain the characteristic polynomizl using causal paths
or a Coates graph is described in section IV. In sec-
tion V we present a graphical procedure to get a lin-
ear graph of the characteristic polynomial. The linear
graph represents a Coates matrix of the Hurwitz ma-
trix. Stability conditions for a physical system are
presented. Examples are given in section V1. Finally,
section VII gives our conclusicus.

2 Bond Graph Model [3, 5, 6]

Consider a multiport LTT system which has the key
vectors of figure 1.

e, St
— T
Pols
; —
!L,(.i . i0, 1, TF
| —y

B3

Figure 1. Key vectors of a Bond Graph

Here, (Se, Si), (L,C) ard (R) denote the source,
the storage and the dissipation fields, (De) the detec-
tor and (0, 1, TF, GY) the junction siructure with
transformers, TF, and gyrators, GY.

443



Thestate z € R™ is composed of energy variablea of
effort, e, and fow, f, with integral causality, v & R?
the plant input, ¥ € R? the plant output, z € R™ the
co-energy and Din € AT and D,y € R are a mix-
ture of e and f showing the energy exchanges between
the dissipation field and the junction structure.

The relations of the storage and dissipation flelds
are:

z = Fz (1)
Dcrut. = L-Din (2)

where [ is a diagonal metrix composed of R and 1/ R
coefficients, and F' is composed of 1/L and 1/C coef-
ficients.

The relation of the junction structure is:

£ 4
D-i = S Daut (3)
v LU

where the junction structure of the system is given
by:

S S Sis
S=| Sn Sz So3 (4)
Sy Sye Sus

The entries of 5 take the values inside the set
{0,#%1,+m,+r} where m and r ate transformer
and gyrator modules; 531 and Sep are square skew-
symmetric submatrices and S and Sa; are subma-
trices each other negative transpose.

The linear graph and the Coates Matrix of [11] for
the system of figure 1 is summarized in the next sec-
tion.

3 Getting the Graph from
Bond Graph [10]

Consider the scheme of figure 1. The procedure to
obtain the graphical representation of & Bond Graph,
is sumnmarized for integral causality.

From (1)-(4):
T T -b
D;n = S, D.;n (5)
Y u
1 S S
5 = 551 S"?Q Sag (6)
S31 S% S
where

‘11 = 5,F, S.’;l=321F; S4 = SnF (7)
12 = Suli Sh=8nl; §,=S5nl

Let suppose that S is a Coates matrix .The graph-
ical representation of (5) is shown in fgure 2.

//. g ‘\
/ ,—~—-E'9 3 \\\
A
& o T
Y - x)“-h\»—__,_—--/"’ =
-\ S e ——
Y s 3 ;
™ Siy i /

fﬁl

. -
n 7 g
\\\-Qf;//‘s“

Figure 2. Linear Planar System Graph.

We can rewrite (3) as:

&
-Diﬂ - 5“-
i

Y

L w2

N
m l (8)
]

The matrix 5 represents a modified Coates matrix
[11] . If & is used instead of z in (8) the elements of the

- first column are different by a factor %, where s is the

Laplace operator. We omit this factor because for LTT
systems does not affect the elements interconnection.

Next, we show how to get the characteristic poly-
nomial using a linear graph or a Bond Graph of a
physical system.

4 Getting the Characteristic
Polynomial

The stability of & system can be determined knowing
the charasteristic polynomial. This polynomial can be
found analytically or graphically using Bond Graphs
or Coates Graphs.

4.1 Coates Graph [11]

Without loss generality, we obtain a sectional sub-
graph with Coates matrix A, of the linear graph of
figure 2 neglecting the inputs aed outputs. So, we ob-
tain the linear graph and the Coates matrix A, and
the determinant is given by (&)

det (M — A) = A"+ S f\"‘”‘{ TSI F (h)
k=1 AVl
(9)

where hyj are the L-factors u'* in A, [V, A. [Vi] is
a sectional subgraph of k-nodes of A; and L, is the
number of directed circuits in Ayg.

4.2 Causal Path-Causal Loop [5]

A Bond Graph shows not only the topological struc-
ture of & system but also its causal orgenization, by
pointing out the cause and effec relations, this causal
structure gives the notion of causal path. A junc-
tion structure causal path is an alternating sequence




of bonds and nodes such that: a} for the acausal graph,
the sequence forms a single chain, b) all nodes in the
sequence have complete and correct causality, ¢) twe
nodes from a causal path have at the same node op-
posite causal orientations. A causal loop is a closed
single path. A Mason loop is & causal loop from the
output of a port back to the input of the same port,
without tracing the same bond in the same direction
more than once.

The characteristic polynomial iz given by:

D(S) =1- E L]_J (&) + E: Ly (5) - ?ng (5) + ...
3

(10)
where L«(5) is the product of the loop gains of & set
of » Mason loops which does neot touch one to another.
The L1;{s) loop gain of the j** Mason loop is defined
by:

2 2
1 1
Lis) = (17 11 (m:— 8 ;) (”‘ 6 ‘) T
A

] Tk
where ng and 71 represent the total number of changes
of orientations for the bonds, respectively at the 0-
junctions while following the flow variable, and at the
[~junctions whilz following the effort variable; IT de-

Ik
notes the product of my;, mL and T, % that are the
£
modules of the TF and (7Y elements which are in-
cluded in the causal path, depending on their causal-
ities and IT designs the product of gains of elements

5

commposing the loop.

MNext section presents & graphical procedure to get
the stability conditions of a system.

5 Getting the Stability Con-
ditions

A procedure to get & linear graph which represents

the characteristic polynomial is presented. it is used to

get the stability conditions using the Hurwitz matrix
in a graphical way.

To construct the stability Coates graph G (D), we
present the following:

Procedure A.
1.- Consider that the characteristic polynomial is
given by:

aX™ + e A" 4 4 AP L b e A =0 (12)
where ag = 1

2.- The number of nodes is equal to the polynornial
order. Construction each node a self-loop as shown in
figure 3:

g.

a,
1 i=1,.,n

Figure 3. Self loop of a node.

3.- Construct edges between different nodes using
the following figures 4 and 5.

A) Edges to the right. Initially j =1A =10
a. .
1-)

T

Figure 4. Edges to the right.

Fori=74,..,k wherebk=n-2j+h+1V¥i<k

Hi=rkthenj+— j+land h+— h+1and we
increase 7 until 7 < k, where £ + y denotes that the
y valué is assigned to &,

B) Edges to the left. Initially 7 =1, A=10.

a_ .
n-i+1

Figure 5. Edges to the left.

Fori=1,.,kwherek=n—7—1—-hVi<k
Ifi=1Fkthenj+— j+land 2 — A4+ 1and we
increase £ until § < k. |

As shown by the following examples the previous
procedure generates a linear graph which has a single
structure.

The graph G:{D) represents a Coates graph of the
Hurwitz matrix. Therefore, we can give the stability
conditicns, using Hurwitz Criterien (1] The necessary
and sufficient condition that 2ll rocts of (12) lie in the
left half plane is that the Hurwitz determinants [Jj,
k=1,2,...,n, must all be positive.

So, from graph theory{11] the Hurwitz determinant
Dy, is given by:

detD= D= (1" S(-D"f() (13)
where h is a 1-factor in G,(D) and L, denotes the
number of directed circuits in A and f(h) represents
the product of the weights associated with the edges
of h.

In according to Hurwitz criterion, we have to get o
determinants, so, we propose the foliowing procedure:
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Procedure B.
1.- Calculate Dy, from (13].

2.- The determinant Dy _q is obtained from the
graph G (D), removing the n-node and using (13)
with n — 1, then fom the graph G (D} .

3.- Removing the 72 and 7 —1 nodes, and using (13)
we calculate 2,__» and son on, to reach J)y. n

6 Examples

Example 1.
Censider the mechanical system of fgure 6.

d=/dt

Figure 6. Mechanical system of example 1

In figure 7, we show the Bond Graph of this system.

k! m ) T
s 1.6 .ill
-4 5 W+ e
8f 9 A1t ¢ o1 —=—iM
i 3 -
| T
<oy
Se | F—5
T
ES
4
b

Figure 7. Bond graph of the example 1.

The key vectors are:

faa fa ez
Cay ; €q fe

T = T = P 2=
fag ! f9 ! 1]
€,z €12 fra
h

v=| e |;¥=fa; Din=Fa; Dou:t =3

€11

where f is the velocity and e is the force in each el-
ement of the mechanical systém; Sa, and fo, are the
translational displacements in %1 and kg respectively;
€5 and €q,, are the translational momentums m and
M respectively ; f; is the input velocity and e4 and
€11 .are the gravity force under m and M respectively.
The constitutive relations for the elernents are:

0] )61 D D ] [ fa-z
e e 20 0 €as
€y o 0 0 kz g { fug
iz 0 0 0 T\«IT €arq
eg = bfu (14)
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The junction structure of the system is given by
(4}, where

0 -1 0 O
1 b -1 0
Su=lg1 o
00 1 0
0
-1
Sy = -8 = 0 P Saz = Sy3 = Spp =
i
S35 =0
1 00
0 i 0
813 = Do G0 ; 831 =8y
0 01
The linear graph of the system is shown in figure 8
y u,

Figure 8. Linear Graph of the example 1.
From (9) the characteristic polynemial is:
det (37 — A.) = M 4012 +aad® +agh4ag (15)

The following coefficients are obtained from {9} us-
ing figure 8. For @) the 1-factors are shown in figure
4.

F

(%) N
H G

(. Y
-b'm
Figure 9. Sectional Subgragh of 1-node.
& &
a =—+ — 16
'YTm M (16)
For a, use fgure 10
£ by
LT T e T o ~
c e { i
Eiag . [ S - .~ ,,E\Ei'z"
Lo 1rr

Figure 10. Sectional Subgraph of 2-nodes.

by ka ke

For ay use figure 11



/M

k1
> < & Dy= e02a5—03—afay (21)
-1/m
Figure 11, Sectional Subgraph of 3-nodes. Figure 16, yields Dy
kb
=— 18
8= M (18)
Finally a4 use figure 12
inally a4 gur p @}
ky \]
T e i
Gy O OYIN 2 ZJJ

Figure 12. Sectional Subgraph of 4 nodes.

o = 12 (19) RS
Ry { (2

mM . \H___‘_‘_’/_J
Using the procedurs A given on section V, we have 1

the stability Coates graph of figure 13. Figure 16. Sectional Subgraph of 2-nodes.

Dy =a,00 — a3 (22)

Finally, 1)y is obtained from figure 17,

Figure 13. Stability Caotes graph.

We can find tlie Hurwilz Delerminants from Proce-
dure B. 2

Consider figure 14, Dy is given by
g * Figure 17. Sectional Subgraph of 1-node,

DI =& (23)

Substituting {16) to (19) in {20) to {23} we have
the stability conditions for the physical system:

b2k ky

Dy = m‘l;mf“ >0 (24)
b k2
Dy = m__3M >0 (25)
Figure 14 Sectional Subgraph of 4-nodes. Dy = bD{ky + ky) 20k, 4 % >0 (26)
2o — o?al ? m? mM " M2
Ds = a1a03564 — 6304 — 70} (20 o b b . \

= 4o 7
From ﬁgure 15, D'g is: 1 m M ( )

X
/

a

R

1
\

This graphical procedure, allow us to know the per-
formance of the system in a single form through the
acknowledge of the stability conditions and system pa-
rameters. Moreover, this procedure show how the sys-
tern parameters are reflected in the physical system.

. R Example 2.
) 3
ST o T Consider an output feedback where &, is the feed-
B ! back gain, for the system of example 1. The linear
Figure 15. Sectional Subgraph of 3-nodes. graph of the cloged loop is shown in Figure 18.
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T

13 -
\\A.I ‘\'A.

S

Figure 18. Linear graph of the closed loop system.

Reducing the graph of figure 18, we have figure 19.

-y

ke M

Figure 19. Linear graph reduced of the closed laop
system. }

The characteristic polynomial for this example is
given by (15), and its coefficients are obtained in the
same way as for example 1. So, the coefficients are
abtained using section [V:

_ b b
@ = m M
oo RrRthE B
¢ = m M
kb + 2k kb
a- = _—
3 mM
o = Ey + ko + 2k ke ke
“ 7 mM

The stability Coates graph is shown in figure 13 and
from (20) to (23) we have the stability conditions:

This example shows that, the proposed graphical
procedure lets to get the conditions for the controller
gain, guaranteeing stability io the closed loop system.

7 Conclusions

A graph that represents the Hurwitz matrix of a
LTI system is proposed. A graphical procedure to
determine the stability conditions in a physical LTI
system is presented. This methodology does not re-
quire to know the transfer function or its realization
(A, B, C, D). The results can be applied to open
or closed loop systems.
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Abstract. A state estimated feedback based on Bond
Graphs for Multivariable Linear Time Invariant (LTT)
Systems is propesed. A direct graphical technique
{Bond Graph) to obtain the closed loop system in state
variables using the open loop graph is presented. Struc-
tures for the controller and the observer directly in

closed loop are presented. Therefore, the control in-.

the physical or in the Bond Graph domains is realized.
The dynamic assignment problzm is solved and exam-
ples are given.

Keywords~Bond Grapk, State Feedback, Observer,
Dynamic Assignment, Direct graph Control

I. INTRODUCTION

A Bond Graph is a model of & dynamic system where
a collection of components interact with each other
through energy ports. These components are placed
in the system which exchanges energy. A Bond Graph
consists of subsystems linked by lines to show the en-
ergetic connections. A Bond Graph can represent a
variety of energy types and describes how the power
flows through the system {10,11,12).

Bond Graph was established by [1]. The ides wes de-
vetoped by (2] and [3] how a powerful tool of modelling.
Controi applications in Bond Graph specially another
approach for state ferdback with observer can be found
in [4,5]. Alsg, in [11] & con based join junction struc-
ture approach can be found.

The control objective is to get a realizable controller
and to consider the physical characteristics of the sys-
tem under control. So, the extension of Bond Graph
for control techniques, not only for modelling, allows
to design the control from the physical model, assuring
a realizable controller.

The main key points of the Bond Graph methodology
are: a model containing the energetic junction struc-
ture, 1.e., the system architecture; different energy do-
meaics are covered and the coupling of subsysterns are

*gilmichga@yahoo.com.mx
trgalindo@gama fime.nanl mx

0-7803-7386-3/02/317.00 © 2002 lEEE
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allowed; the cause to effect relations of each element
are obtained praphically; and the state variables have
a physical meaning.

Section II gives the Bond Graph model of a physical
system using the junction structure. The state esti-
mated feedback control is described in section ITI (§].
The closed loop state apace and observer models are ob-
tained in Section IV, using the inforrnation of the open
loop junction structure. These models are obtained di-
rectly from open loop Bond Graph model. Also, an
equivalence to the traditional state estimated feedback
iz given which allows to solve the dynamic assignment
problem. Section V proposes the direct gains design
in the Bond Graph for the controller and the observer.
The obtained results are applied in section VI, for zn
electrical system. Finally, conclusions are given in sec-
tion VII.

I1. BoND GrRAPH MODEL [3,6,7)

Consider the multiport LTI system scheme which has
the key vectors of figure 1.

Se,Sf
£ l 1L
%4 _
Din__
LC 0,1.TR.GY E

z Do
Zi I ¥

De

Figure 1. Key vectars of a Bond Graph

In figure 1, ( Se, Sf), (L,C) and (R) dencte the source
the storage and the dissipation fields, (De) the detector
and (0, 1, TF, GY) the junction structure with trans-
formers, TF, and gyrators, GY.

The state z € B® and z4 € ™ are composed of energy
variables for effort, e, and flow, f, with integral and



derivative causality respectively, u € R? denotes the
plant input, ¥ € R? the plant output, z € K™ the co-
energy, za © W™ the derivative co-energy and D;, € R™
and Dy € B are & mixture of e and f showing the
energy exchanges between the dissipation field and the
junction structure.

The relations of the storage and dissipation fields are:

z = Fz (1)
Dwg = LDin (2)
zd = Fazg @)
The relations of the junction structure are;
# z
D out

[ D | = 5|1 ()

y T
L = —Sﬂz (5)

where the junction structure of the system is given by: -

Si1 Sz Sz S
S=| Sy Seg Sa3 0 (8)
S31 S Ss3 0§

The entries of 5 take wvalues inside the set
{0,%1,4m,+tn} where m and n are transformer
and gyrator modules; Sy1 and S5 are square skew-
symmetric matrices and 57 and 523 are matrices each
other negative transpose. The staie equation is [8, 9):

& = Ax+ Bu (7)
y = Cz+Du
where
A E7Y(S + S MSy) F €]
B = E7'(S134 812MSa3) (8)
C = (S;+ SuMSn)F (10)
D = Saa+ 530MS0s (11)
being
E I+ S FrsEF (12)
M = (I-LS=)"'L (13)

Next section gives the control by state estimated feed-
back [8]. Tkis scherne is used in section IV for the Bond
Graph approach.

I1I. CONTROL BY STATE ESTIMATED FEEDBACK

{Once the model in state variables is had, the control
law by state fesdback can be applied. However, often
T is not easy to know or to measure. So, a solution is
to use an observer as shown in figure 2

1184

x=Ax+Ba |

¥=Cx+Du

Figure 2. Closed loop estimator
The control law by state estimated feedback is:
v=—Ki+w (14)

where w & RP denotes the input reference, X the feed-
back gain and £ € R™ the estimated state.

From (14) and (7), the closed loop system is:

= Ar- A%+ Buw (15)
Y Cxz— &%+ Du
where
A BK (18)
¢ = DK (")
The asymptotic observer of Lurenber is [§]:
¢ = Az+Bu+ H({y-7) (18)
7 = C2+Du
where H is the observer gain.
Substituting {14} into (18) yields:
i = A2+ Bw+ Az (19)
i = C&+Duw
where
A = A-BK-HC (20)
A = HC (21)
¢ = C—é;é:ﬁ;f):}_) (22)

In section I'V, we get (15) and (19) directly open loop
Bound Graph model

IV. CoNTROL BY BOND GRAPH

A direct graphical technique for an open loop model
represented by Bond Graph is presented. The closed
loop and the observer Bond Graph models are obtained
directly from the open loop model. We assume that ali
the elements have linear constitutive relations.

The control gereral structure for state estimated feed-
back in Bond Graph is'shown in figure 3.



Figure 3. Closed loop with observer in Bond Graph

The objective to represent the model and the observer
m block diagrams i3 to obtain the feedback system
model from & in (4). This let us to know, the change of
S due to the observer and the state feedback, with the
purpose to assign the pole placements of the system in
according to the control gain. Next Lemmas 1 and 2
show that /1, C’, fi, A and & of the closed locp systemn .
can be obtained from equations (8) to (11) using S.
There are two cases due to the elements place in the
Bond Graph. The first case when the dissipation field
(R) is located before the storage field (L, C), otherwise
is the second case,

Lemma 1

Cansider the conirol scheme of figure 3. The structure
of the closed loop system is given by:

j: 2 .
[ Din ] =5 Duut _ §
uw

Y Sy

g by

o (23)

He

d

where the junction structure of the observer reflected to

the sysiem 15!
[Sn 0000
=|5n 0 0 0 (24)

35 0 0 0
1) If 82, =0, 811 # 0 and/or 831 #0, then,

= E-ISVHF (25)
= S’31F (26)

Q* b

2) If S11= 831 =0 and Sz1 # 0, then,

A = E_IS]2M521F (27)

C = SpMSuF (28)
being

E = I45,4F;'SLF

M = L{I-8pL)! (29)
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Proof. For LTI systems, substituting (1), (3) (5) into
the first line of (23), we have:

(5= B (Suz + SDows + S0 - $02)  (30)
from (2) and the second line of (23), and from (2) gives:

Din = (I — Sp L)} (5'213 + Saqw — 5'212) (31)

taking (1), (2), (38) and (31) into (30):

-

= gt 1(3‘11 e S‘_[ZMSQ]_) Fz 4 (813 4+ S M S'za.‘} m\
-B7 (511 + S12M 5'21) Fi (32)

Comparing with (15) with (32}
A=E" (8u+8uMén) F (33)
Equation {33} proves both cases (25} and (27).

To get (26) and (28}, taking (1), (2) ,(29) and (31) inta
the third line of (23} we have:

y = (Sa 4+ SaMEu}Fr+{Saa+ SnMSn)w
—(Sn+ SngS’m) Fi | (34)
Comparing (15) with (34}:
&= (5‘31 + SagMS‘gl) F @)
Equation (33) proves both cases (26) and (28). |

Note that (32) and (34) show that A of (33) and € of
(35)are the matrices which maps the observer into the
system

Lemma 2

Consider the control scheme of figure §. The structure
of the observer is given by:

3 Z z
- . ﬁ}um‘. i Do-ut

l{:u,.. oA el - (36)
Y g &q

where the junction structure of the system reflected o
the observer is:

Sh Sz 00
g=[0" 0 00 (37)
0 0 00

The observer model is:

A o= B8+ 5M 5 - S ME ) F(39)
B = g1 (5'{3 + 81, M'Soy + SizMSES) (39)
A = E1(8, + 5, MSu)F (40)
O = (Sig+SpM'Sy) F (41)
D = 8+ 8uME, (42)



where

E = I+8,F7Y8)F (43)
a -1
M = L{I- 8L (44)

Proof. Substituting (1), (3) and (5) into the first line
of (36), gives:

L]

= E! (S{‘li + 852 Dous -+ gjla'w) +

B8, 2 + S3Dgus + Sigw) (45}
taking the estimated of (2) into (36), we have:
Dip = (I = 85, L) 7N (8}, F2 + Sjgw) (46)

substituting the estimated of {1), (2), (30) and (45)
into (44):

B o= B8 +SpM Sy - 5,M8y) Fit
£ (513 + 51 M5y + SizMSaz) w4+
E71 {8, + 519 M Sy} Fa (47)

comparing (19) and (47) we have (38), (39) and (40).

To get (41) and (42), substituting (1}, (2) and (46) o
the third Iine of (36), we get:

9= (8 + SpM'Sy: ) ot (SiM'8s + Sc)
(48)
compering (19) and (48), we get (41) and (42). | |
Note that the matrices B and D can calculate directly
from (22}.

V. GaINg DESIGN

Next, expressions for the controller and observer gains
are presented,

Theorem 1

Let o Multivariable LTI system with linear constifutives
relations in the control scheme of the figure 3.

1) I 3'21 = Q, Su # 0 and/or 531 #£ (, then, the
direct-graph gain for the controller in the Bond graph
is gwen by:

51, = EBKF! (49)

) If 511 = sy = 0 and Su1 # 0, then, the direct-
graph gain for the confroller Su1 is obtained eguating
the elernents of:

S1oM8y = EBKF! (50)
Muoreover, the direci-graph gain for the observer 57,
and/or Siq and/or 515 is given by:

E7 (S, + $1,MS0) F = HC (51)
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. L AT
being £ = I+ 814 Fy ST F, B = I+ 3 F* (354) F
and M = L(I — 5L)""
Proof. The conirol and the observer K and H gains
can be determined using the separation principle [8, 9],
1.e., the state feedback and the state estimator designs

can be carried out independently. The characteristic
equation (8, 9) of (18) is given by:

det(a] —A—-BK)=10 {52)

Fot the first case, from (25) of Lemma 1 and (52) we
get:
(83)

Comparing (52) and (53) proves {49). For the second
case, from (27) of Lemma 1 and {52), we have:

det (sI —A- E‘IS'HF) =0

det (31 —A- E—‘SmMéle) =0 (54)

Comparing (52) and (54) using {(49) proves {50). On
the other hand, for the abserver of {18) we cbtain:

det(sI - A+ HGY =0 {55)

Therefore, from (21), (40) of Lemma 2 and (55):
det [T - A+ B7 (S} + S M521) F] =0 (56)

Comparing (55) and (56} proves (51). |
We can determine the control and observer gains se-
lecting Hurtwitz polynomiels for (53), (54) and (56)
respectively.

VI. EXAMPLE

Consider the DC motor scheme ,and its Bond Graph
which are shown in figure 4.

]

il

Figure 4. DC motor scheme and its Bond graph.

The key vectors are:

fs

z = [E:‘:];i=[g:];z={f?];y=fs
= el)D-.n:[j:Z]\Dm.\t:[:;}

where ¢; and e; denote voltages; f; and f3 currents in
L, and R, respectively; eg and e7 torques; fi end fr
speeds in J and F respectively; e,z flux linkage in L,;
and e.7 rotational momentum n J.



The copstitutive relations for the elements are:
0

] _ [ & ] [ €a3 }
[ fr J B [0 7 )L e &)
ez _ R. D J2
HEREE I
FF =0 (59)
The input-output relation for the gyrator is:
-l elE] e
fs] L O fs

Consider the system Bord Graph with estimated state
feedback of figure 3 which is shown in figure 5 for the
DC motor.

1
5

—H1—o6r —1 —Sstb—
o "

1 1
La 1
2 0 y
20 r
Se ﬁ{l 0 oY 2 1 0
/‘ Ra Hg) I
b a f 7
GY ¥ GY
T [w ‘[4/ Hgy
G“’u y-;, Gy =1 —>5f5—-—

L”/L

Figure 5. Observer and state feedback for the DC
motor

The junction structure for the system is givenr by (23),
where;

0 _

= [0 e )
1

Sz = {DJ;5'31=[0 1]

'§11 — [OKGI S{Gz] (61)

being K¢ and Kgg the d.lrect graph control gains a.nd
S =83=52=S531=82="53=581=38x=
Say= 8oy = Sap = Sas =00,

The junction structure for the observer is given by {36),
where:

& —Kegi —Kez—Her—n
Sy o= [n —Heo };S§1=[0
. 1 10
o (3] [
/ _ 0 HG].
Sll - |: 0 HG2 ]

1]

(62)
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being Hey end Hgp the direct graph observer gains
and Spp = S5y = 8y = 84 = 8, = S}y = Sy
323 - 823 = S31 - 332 - S33 - D

Using the first case of Lemma 1, from (25) , (26), (57),
aud (61)
- Key Kez
A= [ o o ] (63)
Also, since Sy = 0 from (26) we have:
=0 (64)
Substituting (57), (58) and (61) in (8) to {13) we ob-
tain:
-8 -3 1
A = e ; B= [ ] 65
£ 4 0 (8)
¢ =103];p=0 (66)

From (63) to (66) and (13), the closed loop control
physical system is obtained:

e -fa _n €43 1

— La J

HERFas R
I e S I
[0 0 éu?’

i

Yy (&7

Using the first case of Lemma 2, from {38), (40), (41)
(67}, (62) and (85) we get:

Substituting §41 from (57) and (62) into (40) obtains:

- Ha
i=[5 x| (%)
Taking (64) and (66) into (22) gives:
&-10 3] (r0

From (63), (
server model

}, (68), (69) and (18) we obtain the ob-

) _ | EBOE iR | e
é i ~y - a7
0 He €a3 1

o (3] o]
- Ea3
= Lo 31 =]

Note that using the methodelogy proposed in Lemmas
1 and 2, we obtain the closed loop model directly from

()



the open loop bond graph including control and ob-
Server.

The model parameters are L, = 0.1, f = 0.1, &, = 0.5,
J =105, n=23and ey = 10. The contro! gains tc have
a damping coefficient of 0.5 are Ky = 594 and K» = 2.
From Theorem 1 the direct gain for the contrelier is:

P 594
511=[859 g} (72)

The closed loop poles due to the observer are placed in
P12 = —9.1683+55.2549, from {55 we have 1 =13.33
and ff; = 13.33. From Theorem the direct gain for the

observer igr
= [ 0 13.33 ] (78)

A (Amp.Henry)

0.2 . .
g ] 1 15
Tima (seg}

Figure 6. Graph of the fux linkage behavior where A)
system state; B) estimated state.

g e ]
3
Z g} ]
aQ
4l
2t :
[] 1 Y
0 0.5 i 1.5

Tima (sag)

Figure 7. Graph of the output behavior where A)
system cutput; B) estimated output.

We can observe in both figures 6 and 7 that the previous
desigm conditions for the controller and the observer are
satigfled.
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- VII. CONCLUSIONS

A state estimated feedback is presented for LTI
MIMO systems. The closed loop model of the control
and the obsgerver are gbtained directly from the open
loop Bond graph and the proposed structures. The
methodology let consider different kinds of energies.
The controller is realizable due to the fact that the
physical domain is considered. Also, the dynamic as-
signment problem is solved guarsnteeing stability and
assuring regulation.
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Abstract. A single and dJirect graphical procedure to get the steady state value of a physical
system represented in Bond Graph is presented. To get this objetive an inverse matrix
is requiered. However, we show that using the junction structure of the Bond Graph in
dertvative causality of the system, this inverse matrix is not required.

Key Words. Bond Graph, Coates Graph, Physical Control, Modelling Tools, Steady State,

1 Introduction

The Bond Graph technique is an energy based
modelling approach, unifying symbology for phenom-
ena from different physical domains. Bond Graph is a
directed graph whose nodes represent subsystems and
its arrows, the transfer of energy between the subsys-
temss. Bond Graph was established by [1]. The idea
was developed by [2] and [3] how a powerful teol of
modelling.

The use of Bond Graph provides structured ap-
proach 1o system dynamics modelling. ‘Lhe Bond
Graph language is used to abstract physical systems
into basic elements that represent localized dynamic
properties of a small part of the system.

The steady-state performance is an important char-
acteristic of a system when its dynamic period has
finished. Actually, some equipments in electrical ma-
chines or in power electrical systems requires to know
the steady state values for calibration.

Novertheless, the steady state value of the state
variables require to calculate and to invert the matrix
A, which is almost allways invertible for a physical
system. As shown it is not necessary, if we obtain the
Bond Graph in derivative causality of the sysiem. So,
we can get the response in steady state directly.

This grapk methodology from Bond Graph for a
MIMQ-LTT physical system can be incorporated to
analyze or design conirol strategies in the physical do-
main, guaranteeing to get a realizable controller.

Sectjon IT gives the modelling by Bond Graph of a
physical system; section III presents a procedure to

IEEE Conference Number: 8780

obtain the steady state value of the system. Two ex-
amples are given in section IV. Finally, section V gives
our conclusions.

2 Bond Graph Model [3,6,7]

Consider a multiport linear system which has the
key vectors of figure 1.

Figure 1. Key vectors of a Bond Gragh

Here, ( Se, Sf), (L,C) and (R) mean the source, the
storage and the dissipation fields, {De) the detector
and {0, 1, TF, GY) the junction structure with trans-
formers, TF, and gyrators, GY.

The state £ € R™ is composed of energy vari-
ables for effort, €, and flow, f, with integral causality,
n € HRF the plant input, ¥ € R? the plant output,
2z € R™ the co-energy, and D)y, € " and D,,,, € BT
are a mixture of € and f showing the energy exchanges
between the dissipation field and the junction struce
ture.

The relatjons of the storage and dissipation fields
are:

z = Fg (1)
Dout LDiﬂ (2)

it
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where L is a diagonal matrix composed of R and 1/ R
coefficients, and F is composed of 1 /L and 1/C coef-
ficients. '

The relation of the junction structure is:

T z
D, =8| Dyw (3)
y 12

where the junction structure of the system is given
by:
S Sz S
S=| 8 Sz S {4)
Sa1 Saz Saz

The entries of S5 take the values inside the set
50,41, tm, £r} where m and 7 are transformer
and zyrator modules, Sy, and Spg are square skews-
symmetric submatrices and Syq and Sq; are submatri-
ces each other negative trapspose. The state equation
is {7]:

z = Azx+ Bu {3)
= Cr+Du
where
A = (Su+82MSa)F (6)
B = (Si5+ S12MS) {7
C = (Su+SuMSn)F (8)
D = S33+ F30MSs (9)
being
M={I~L8u) "L {10

Next, we introduce a new approach to get the steady
state of the state variables of the system.

3 Steady-State

The response of the steady state is useful to know
the value that reachs each state variable of the physical
system when the dynamic period has finished. So, (5)
doing & = (), we have

1z, = —A"'Bu (11)
Yoo = (D—CAT'B)u

So, using (11} we can calculate the steady state,
but we need A~! and it is not easy to get for some
high order systems.

We can use the Bond Graph in derivative causality
ta solve directly the problem ot get 47},

Suppese that ( A7! is invertible) and a derivative
causality assigment is performed on the Bond Graph

mode! [13). From (3) the junction structure is given
by:

z Jii Ji2 Jis z
Dind = Ju iz g Doyra
¥d Ja Jaz ez U
Dowtda = LaDina {12)

where the entries of .J have the same properties that .S,
The storage elements in (12) have 2 derivative causal-
ity. S0, Ding and Dyyig are defined of the same
manner that D, and Dy, but they depend on the
causality assigment for the storage elements and that
junctions must have a correct causality sssigment.

From (5) te {10) and {12) we obtain

z = A*z 4+ B'u (13}
Yy = C'i+ D'u
where
A = I+ JiNiy (14)
B® = Jia+12NJas (15)
O = Jn+ JipNJy (16)
DY = Jga+ JgaN Jog (17)
being
N={(I-LaJn)"" La (18)

The state output equations of this system in integral
causality ate given by (5). It follows, from (1), {5} and
113) that:

4 = Fa™! (19)
B* = -FA™'B (20)
Cc* = CA™! (21)
D = D~-CA'B {22)

From (20), {22) and (11}, we obtain the steady
state

Ty = FIB*u (23)
Yex — Dy
4 Examples

Example 1.
Consider the mechanical system of the figure 2.

dz/dt

Figure 2. Mechanical system of example 1



In Figure 3, we have the Bond Graph in integral
causality. — :

1 m Se

|

S b0 ——A 1 0 ——A1 —2=IM

[
(%, ]
—
(=)
V_'T_
—

Figure 3. Bond Graph in integral causality.

The key vectors are:

.fCIQ fz =]
£ag La— ] G6 ._ 1 fs
T fa |TTT e 17T | e
| Zar €1u fu
Fil
u= | &4 |;¥= fs Din = f55 Dour = &8
€11

-

where f is velocily and e is force in each element of
the mechanical system; fa, and f,, are translational
displacement in %, and ko respectively; ey, and €,
are translational momentums m and M respectively ;
f1 is the input velocity and e4 and e), are the gravity
forces under m and M respectively.

The constitutives relations (1), (2) for the elements
are:

e k0 0 0 for
o l_lo +a o o
&g O 0 kg 0 f&g
fiz 0 0 0 % || e,
es = bfy (24)

The Bond Graph in derivative causality is shown in
Figure 4.

[\
o
wn
o
Lo ]
e ——
-

3f } 170}3 il 0F—1H———M
4 7
9
Se 1 —AK2

Figure 4. Bond graph in derivative causality.

From (12) the junction structure for the Bomnd
Graph of figure 4 is given by:

0 1 0 1
l-100 o
=14 00 1
-1 0 -1 0
0
0
J12=_21: -1
0
0 -1 -1
10
Jiz= 00 -1 jdz=Jn=0
1 0 0

For this example Ding = Din and Douwta = Dour.
So, from (20) B* is given by:

0 -1 -1

{10 o0

BF=lo o = (25)
10 0

Finally, the steady state value of the state variables
is getting from (23)

0 -2 —-L
A R L
Lge= 1 €4 (26)
0 0 - .
M 0 0 u

‘We ¢an observe that, this is a single and direct pro-
cedure and it is not necessary to calculate 4, A1 and
B.

The dynamic model of this example can be obtained
from (4)

0 -1 0 0
1 0 -1 0
Sy = a1 0 1 i Sa=25n
00 1 0
0 1 0 0
-1 g 10
512 - _Sg;[ = 0 H 513 ot 0 0 0
1 o 01
Say = Sy = 32 = 83y =0
So, the model is given by (3):
f2 0 _‘1_ 0 0 fag
2g - k1 —E —k3 “% €as
fo 0 % 0 =3 fay
g1 0 ™ kg —-E‘ E,.;12
1 ¢ G
010 A
1o o ol (27
00 1 Gt



With the system parameters &y = 5, ko = 10,
m=3M=06b=10,fi =1, es4=1ande;; =1
the response of the state variables of the system are
given by figures § to 8.

0.5

7
;

0 100 150 200 p=1]
Time(gec.)
Figure 5. State variable f,,.

f———— ——————

5

§
X3
@

2

1

o

o 1) g 158G 2m 0
Tima(zac.)
Figure 6. State variable eq,.

03 —
0z
a1

aH 4

ROt SU—

42% 4
03
4.4

5 — a
° = [31] 150 0 20

Time{sec.)

Figure 7. State variable fo,.

1Y
B
~
%6
]
2 u
0 L s N J
a L) 100 150 200 23
Time(gac)
Figure 8. State variable 4,,.
Note that the steady state values are: fo, = —0.5,

€as = 3, fo, = —0.1 and €5,, = 6, 25 expected.
We can observe that, this procedure to get the
steady state of the state variables is an easy tool for

" system analysis.

Example 2.
Consider the electrical system of figure 9.

11 12
L
t 1

)3 1.I
3 L?

Figure 9. Electrical system of the example 2.

The Bond Graph in integral causality is shown in
Figure 10.

R L R L2

Figure 10. Bond Graph in integral causality.

The key vectors are:

fa4 fd ¥}
T= | €y |;E2={8e |i;z2=] fs
€nio e Fuo

u=eg, ¥y =fiy

e2
Din = f'r' N Dau.’. = ey
fm €1l



where ¢ is voltage and f is current in each element of
the electrcial system; fa, 18 the capacitor charge in C
and ey, and €a,, are the fluxes linkages in Ly and Ly,
respectively.

The constitutive relations for the elements are:

€4 ] i é 0 0 fa,

fs = 0 LL] 0 2a | {28}
flﬂ |_ 0 0 f‘}; €ap

f4 .[ ( 'Rl—] 0 0 53]

es = {0 Ry 0 fz

ey | |0 0 A3 fu

[ eg _ o 0 [- €g }

sl T L0 LA

The Bond Graph in derivative causality is shown in
I_;‘

HJ B

Se —f ﬁflﬁlTFT{I
|

I Ik
C Ry

Figure 11, Bond Graph in derivative causality.

The key vectors Ding and Doy in derivative
causality are:

2 fa
Ding= | Jr s Dowa = | o7
1 fu
The junction structure of figure 11 is:
ro 10 1
Jn = -1 0 0 H Jz3 = 0
{ 0 00 0
[0 00
Ja=-Jh=|10 % |;Ju=0
0 o1
0 ¢ 0
Jn=|00 2
0 - 0

The vector8* is given by:

o

B =| % (29)
0

From (23), the steady state value of the state vari-
ables is

(30)

From (4) the junction structure in integral causal-

ity of this example is obtained. It is used to get the

dynamic model:

0o -1 -1
Sa=11 0 O 1813 = 832 = Sa3 =
L0 0
822=
{1 0 0 1
Slz:_il:l-o 01 0 |523= 0
0 -z -1 0

SSl = [ 0 O 1 1
The dynamic model is given by:

3 1 1
fa “®mE "L T ]
= = —é: 0 0
210 % O _uRsz - {% .1
oy
+1 0 €]
0
The system parameters are f; = 10, By = 5,
Ry =2,L,=01,L;, =02 C =001,¢a=10

and e; = 1, the response of the state variables of the
system are shown in figure 12, 13 and 14.

0.5 1 1.5
Tima{sac.)

Figure 12. State variable fa,.

0.018

0.014
o2
.01 /\/\,——A———

‘S 0o
0.006
0.004 -

a.om

Tuaafaec)

Figure 13. State variable e,5.

(31)



a 6.5 1 15
Tima(zac}

Figure 14, State variable e,,,.

We can use this procedure to get the steady state of
other variables, for instance, output and steady state
error to analyse the performance in an open or closed
loop control scheme.

5 Conclusions

A direct graphical procedure to obtain the steady
state values of a physical system is presented. This
methodology lets to consider different kinds of ener-
gles.
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Linearization in Bond Graph
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Abstract, A graphical procedure to obtain the lin-
earization of a class of nonlinear physical system, de-
signed here like nonlinear system of states product,
using Bond Graph is proposed. A direct structure
for the linearized Bond Graph is presented. There-

fore, the system and linearization are determined in._
Examples of a synchronous

the physical domain.
machine and a rigid body are given.

Keywords~Bond Graph, Nonlinear systems, Lin-
earization, Synchronous Machine.

I. INTRCDUCTION

The Bond Graph is an useful and important tool
for physical systemn modelling. This is based on
power representation, it enables the description of
the system through energy storage and dissipative
elements.

A Bond Graph can represent a variety of energy
types, whose junction structure can give a valuable
information of the properties of the physical system.
[1,3]

An important property of the Bond Graph the-
ory is the causal path, so, we can determine obsery-
ability, controlability or the relation between state
variables to linearize a class of nonlinear system de-
signed here nonlinear system of states product, that
can be represented in Bond Graph.

A linealized system is useful to know the behav-
ior of the system when it is perturbed such that the
new and old equilibrium points are nearly equal, the
system equations are linearized around the operat-
ing points. The new linear equations so derived are
assumed to be valid in a region near the equilibriun
point. [4] '

There are severzl avplications of linearized sys-
tems for example small-signal stability [4] that is the

*vilinichga@yahoo.com.mx
tdrjleondhotmail.com.mx

ability of the power system to maintain synchronism
when subjected to small disturbances. In this con-
text, a disturbanee is considered to be small if the
equations that describe the response of the system
can be linearized for the purpose of analysis [6].

We propose a scheme and procedure to obtain a
linearization through Bond Graph for a nonlinear
cystem of states product. It is based eon a new Bund
Graph which represents the linearization of the sys-
tem in a physical domain.

Section II gives the Bond Graph model of a phys-
ical system. Section III sumarizes the algebraic lin-
earization of nonlinear systems. A scheme of lin-
earized Bond Graph using the junction structure is
presented in section IV, A procedure to get the lin-
earization from the & given Bond Graph is proposed
in section V. Examples of a synchronous machine
and a rigid body ilustrate the procedure in section
V1. Finally, section VII gives our conclusions.

II. BonND Grard MODEL [3,7)

Consider the scheme of a multiport LTI system
which has the key vectors of figure 1.

Se, SI
I ~

SN Rl
L

Figure 1. Key vectors of a Bond Graph

In figure 1, (Se, Sf). (L, C) and {R) dencte the
source the storage and the dissipation fields, (De)
the detector and (0, 1. TF, GY') the junction struc-
ture with transformers. TF, and gyrators, GY.



The state x € R™ is composed of energy wari-
ables for effort, e, and flow, f, with integral causal-
ity, u € RP denotes the plant input, y € 9 the
plant output, z € R™ the co-energy, and i € R™
and Doy € R” are a mixture of e and f showing the
energy exchanges between the dissipation field and
the junetion structure.

The relations of the storage and dissipation flelds
are:

z = Fzx (1)
Dcut = L-Din (2}

The relations of the junction structure are:

I z
Dy | =8| Do {3)
Yy wu

where the junction structure of the system is given

by: :
|- Sin Sz Sis

S=1 81 Sm Su {4)
‘_ 531 Saa Ss3 |

The entries of S5 take wvalues inside the set
{0,%1,+m, £n} where m and n are transformer
and gyrator modules; S, and Ssg are square skew-
symmetric matrices and Si» and Sz1 are matrices
each other negative transpose. The state equation
is 8,9):

= Az + Bu (5]
= Cx+Du
where
A = (311 + S12M521) F (6)
B = [S13+ S12M Sa3) {7
C = (531 4+ S32MSy) F (8)
D = Sy34 532MSa 9
being :
M={I—-LSy) " L (10)

Next section sumarizes the algebraic linearization
technique [2]. This analysis is used in section I'V for
the Bond Graph approach.

II1. LINEARIZATION [2]

A linear state equation is useful as an approxima-
tion of a nonlinear state equation in the following
sense. Consider

= f{z,u} =z{ta) =10 (11)

where the state £ € ®® and the input v € RP.

Let (11) be solved for a particular input signal
called the nominal input ¢ and a particular initial
state called the nominal initial state %5 to obtain
a unique nominal solution, often called a nominal
trayectory Z. Consider

@+ ug (12)
ig + T, (13)

U =

g =

where ||zo,|| and |jusl| are appropriately small for
t > tg.

We assume that the corvesponding solution re-
mains close to &, at each ¢, and is given by

T=%+ x5 {14)

substituting (12) and (14) in (11) we have
%I-I—j = f (T + x5 u+ us),
(15)

Assuming that the decivatives of (11) exist, we can
expand the right side using Taylor series around
and 4%, and then retain only the terms through of 1.
This is a reasonable approximation since «s; and s
are assumed to be small for all ¢.

For the +** component retaining the first order
terms, and momentarily dropping t-arguments for
simplicity, we can write

Fi(& +os,% +us) 2 fi(F,0)+ 5 (&, %) o5, 4ok
ZL (3,0) 5, + 2L (£,0) + . + L (£,8)  (16)
performing in vector matrix form gives

jcs—i—;—tm‘a F & ﬁ.)+§-(i r].)n:a—i—%(:c 4) ug
(17)
where the notation 5£ denctes the Jacobian, a ma-
trix with 4, j-entty 3 —L
Since
Ew = f (&2},

Z(to) =720 (18)
the relation between x5 and us is approximately de-
scribed by a linear time invariant state equation of
the form

= Aszs + Bsus (19

where As and By are the matrices or partial deriva-
tives evaluated on the nominal trajectory, which are

As = gi £,4) (20)
Bs = ‘” %,4) (21)

& (to)+zs (to) = Lo+,



If there is a nonlinear output equation, we have
y (1) =h(z,u) (22)

the fuction k(z,u} can be expanced around the
nominal trajectory, where the approximate descrip-
tion is

ys = Czzs + Dsug (23)

here the deviation output is given by

y=y—§ §=~h{Z8 (24)
where
ar.,. .
G = af;(z,u) (25)
_ef ...
Dy = E-z;(a:,u) (26)

In this development a nominal solution is assumed

to exist for all £ 2 ¢, so that the linearization makes.

sense as an approximation.

IV. LINEARIZATION BY BOND GRAPH

Bond Graph represents a. physical structure denot-
ing power exchange in the physical system. There-
fore, it is possible to code on the graph its mathe-
matical structure, so, we can get a structure show-
ing the causal relaticnships among the signals on the
systern.

The graphical information of the Bond Graph can
be used to identify the nonlinear sections of a phys-
ical system. So, a direct graphical technique to ob-
tain the linearized Bond Graph iz presented. We
consider the linearization by Bond Graph of a non-
linear system of states product {11), where the non-
linear part is formed by

TiX5, Tk, i ?,; J; i’:j = 1) T and k = 11 P
(27)
The general structure for linearization of (11) us-
ing Bond Graph, with the previous condition, is

shown in figure 2.
Se, 8f K

1 i
%
L.C 0,1, TF, G:( 0, 1, TF, GY
L 4—=4
X

%

Dout| (Din ‘3’5
D

Figure 2, General strugture of a system linearized.

The objetive to represent the linearization of the
physical non-linear system in according of figure 2
is to get single relations on the modified junctjon
structure matrix, S. This let us to know, the change
of § due to the linerization. Next Lemnma shows how
to find the matrices of the linearized syster from §.

Lemma

Consider the limearized scheme of figure 2. The
structure of the system is given by

" Z5
s . D
Din | =8| 7 (28)

where

i S+ 8% Sz Sh Sk
S = Saq Sao Sps 0O (29)
SH+ 8% S»  S§ 5%

The entries of 53, Si3, S5 and S, are ihe in-
terconection: of the elements that does not participate
on the nominal frayectory of the system. The eniries
of 89, S}, 8%, and S%, are on the nominal trajec-
tory, us is the tnput sysiem and € is the noming
inpul.

The representation of the sysiem in state variahles
is given by

As = (Sfl + S(fl + S1oM 5o + 5113) F (30

Bs = S%3+S12MSas (31)

Cs = (51:’:1 -+ Sgl + 8320 M 821 + Séa) F(32)

Ds = S?;a +4- Sag M 82y (33)
such that

i = Slys (34)

59t = Shzs (35)

where we select the entries of the matrices 514 and
S}, to satisfy (34) and (35) respectively, being

M = (I — L8 'L (36)

Proof. For linearized system of the figure 2, substi-
tuting (1) into the first lire of (28}, we have

25 = (ST) + ST1) F2s + S12Dow + Siatis + STauo
(37)
from (1) and (2) the second line of (28) gives

Din = (I — 823L) "V (8501 F s + Soaus)  (38)

" taking (10), (34) and (38) into {37):

s = (Sfi -+ SEI + 812M Sy + 5%3) Fzg
+ (513 + S12M 823) us (39)



Compering (19) with (3%) we prove (30) and (31)
using (34) and (36).

Otherwise, taking (1), (35) and (38) into the third
line of (28) we have

us = (85 + 591 + S5 M Sy + Séa) Fzg
+ (853 + S22 M S23) us (40)

Comparing (23) with (40), we prove (32} and (33).
. .

Y. PROCEDURE TO OBTAIN THE LINEARIZED
BoND GRaPH

We present a graphical procedure to construct
the linearized Bond Graph from a non-linear Bond
graph of a physical system, considering that the sys-
tem satisfies the conditions of the previous Lemma.

Procedure A
1.- Obtain the non-linear Bond Graph of the phys-

ical system. .

2.- Identify the non-linear sections. They are in
Transformers, TF and/or Gyrators, GY with states
variables modules.

3.- Recognize the influence area of the TF and/or
GY ofstep 2, following causal paths, from each state
variable through T# and/or GY respectively, which
is given by (27). '

4.- The linearization is around of the nominal tra-
jectory.

5.- The TF and/for GY modules of step 2 will
be the nominal trajectory for the states variables
respectively.

6.- Include bonds in according of step 3 where
each causal path begins from the element of port-1
of the states variables of step 2 and this element is
changed by an effort source if the element is & or by
a flow source if the element is T.

7.~ The value of the source of step 6 is the nomina]
trajectory of state variable.

8- The TF or GY module additionals of the
causal path of step 6 is the original of the Bond
Graph of step 2.

V1. EXAMPLE

Example 1.

Consider the d-g model of the synchronous ma-
chine. The model machine has salient poles, the
exciting winding is placed on the direct axis. Ag
amortisseur winding is represented by two short cir-
cuit winding, one on the d-axis and the other on the
g-axis.

The zssumptions of the model are: (1} the ma-
chine has a two pole character; (2) the armature

windings a, b, ¢ are sinusoidally distributed around
the circunference of the rotor.

The Bond Graph model of the synchronous ra-
chine is shown in figure 3. This model is similar to
[5], the difference is the exciting winding and the
direction of some bonds.

R:rd Se:Tm R;rq
Re 16 e
syl FL, MGY L MGy T —sey,
S
IM k1SR, B M
4DF Qg
5 10
L R i
]: I
Se:VF R'.IQ

Figure 3. Bond Graph model of the synchronous
machine.

The key vectors are

a7 = [ €ay €us C€arp €ap fayg |
7 = [es es es e en es |
o= [fs fo Fs Fuo fu Fs |

Pl = [ fr fs fo fis]

DI, = [ex e es e ey

ulT = [e es ez e |

whers ex, fr, £ = 1,...,13 dencte voltages and cur-
rents respectively; e)s and ez torgues; fig and fis
speeds in T and J; respectively; e,,, €a, and ea,
are the fluxes linkage in [ : Mypp formed by mu-
tuals and self inductances on d, 2 and F), respec-
tively; eq,, and e,,, are the fluxes linkage in I : Mg,
formed by mutuals and self inductances on @ and
g, respectively; and £;,, is the rotational momen-
tum in J-. The damper winding is represented by
D and Q on the d and ¢ axis, respectively; the excit-
ing winding is represented by F'; and finally, d and ¢
represent the ccnmutader winding on the the & and
g axis, respectively.

In according with the procedure of section V, we
can get the linearized Bond Graph represented in
the figure 4.
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Figure 4. Linearized Bond graph of the
synchronous machine,

The constitutive relations for the elements are de-
fned by [4]

L = diag{ra,vrrp,7q,7q1 (A1)
Mapr 0 0
rt = 0 Mgy, 0O (42)
L o 0o 4
where
Ls Myp Mar
Maipr = Mar, Lp Mprp (43}
Myr Mpr Lr
_ LQ MQq
qu B {NIQq Lq (44)

The junction structure for the system is given by
(28) and (29) where
Sh =

Sy = 825 =0 (45)
P =

[ 0 0 0 —Ag )

_pT [
sh={"% 7] *ﬂ=“0] Ol

Oax1  faxs
(46}
-1 0 0
a 0 —1} 0?.‘.(3
Stz = 0 -1 0
-1 0
Oaxs 0 -1
Q 0
(47)
[~x 0 0]
G0 _ Oaxs
83 [ A O D] (48)
[0 )‘q ")\d]

It is very common in electrical power systems to
use the electrical current like state variable of this
way, taking the derivative of (1) and (19), we have

25 = (FAgFﬁlj z5 + (FBg)‘u,s (49)

also, for electrical machines the folloowing form, is
racomended

Bsug = —AEF_12§ + F_lz'.; (50)

Using the lemma of section IV, from (34) and (42)
to {45) we have

{qu [Oj:l }

[ —wo Dixa
[ Oixz —iay |

from (30), (41) to (48) we obtain

—Rypr  wolNya Ny
AsF™ = | —wgNgy —HRgg —Nag (52)

igNsy —igNap 0

1
313 = USXI

(51)

where
Rupr = diag {ra,7pD,7r}; Rg, =diag{rg,r,}

ng = O .
Gle Q
Nop = Nag =
21 Hl 23 T )\dg

Hy=[Ly Maip Map | Ha=][ Mg Ly ]
Ny =g H1 — N Nyg = NI, —ig, Ho
and finally, from (31), {42) to (45} we obtain

1
{ { 0 023 l
By = 1
s [ Oax1 0 } Doxn }

[Oixa 1]

Note that, from (3C), (52) and (53) the linear
model of the synchronous machine obsained by Bond
Graph is the same that [4], being a simple method-
ology in this kind of systems.

Example 2.

Consider a Bond Graph representation of three-
dimensionel rigid body [8] shown in figure 5.

(83)

S5z
Lo
s
Y A1,
< T
Wy 2 L

Saln—y =l b4~ MQY -3l kgr—Sasy
B L
Ty “z 1y

Figure 5. Bond Graph of a rigid body.



The key vectors are

z = [ €, € €0 |
= [e2 es eg]

z = [fo f5s fo]

u = [e e e |

where f2, fs and fa, €2, e5 and eg are the angu-
lar velocities and torques in a body-fixed coordinate
system along the principal axes, respectively; eq,,
eq, and ey, are Totationals momentums and e;, eg
and ejp are the applied torques.

Using the procedure of section V, we gat the lin-
earized Bond Graph represented in figure 6.

Si%_u)zo Sz
3 1 Iw
1k R

T
-

i
7 2 1 =
\r..._«‘..]- U’y ’\fJ \e° RN @K a-«-mx
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| :
L MGY i
oy
Figure 6. Bend Graph Linearized of three-

dimensional rigid body.
The constitutive relation is

11 1
F= dm.g{I [ I} (54)

The junction structure for the system is given by

{28) and {29) where
ST =S812=5802==53=5y=0 (55)
Sho= e 0o - {86}
_Y e 0
L I, Iz
Sz = = 0 *&ff' (57)
My wy Q
R
From (34)
0 “’IJL _.“%il
Shy=| -7 0 2 (58)
Yyy M= 0

e
H
by

o

Obtaining the representation of the system of the
form (50}, from (30}, we have

0 v (= 2) e (&
AgF 1 = W g [L - %% 0 —  wg Il—¥
[owlid) enl(t-d) 0
i (59)
and from (30),
Bg,' = [ €] €1p ]T {60)

We observe that, & nenlinear systern of states
product represented in a Bond Graph model is lin-
earized in a form graphical divectly.

VII. CoOnNCLUSIONS

A direct grahical procedure using Bond Graph
for linearization of a nonlinear physical system of
states product is presented. The system and lin-
earization are determined in the physical domain.
This methodology does not require fo know nonlin-
ear cordinary differential equations.
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Steady-State Error for a Physical System with Bond
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Abstract. A graphical procedure to obtain the
steady-state error in a closed loop system using a
proportional contrel law in the physical domain is

proposed. To get this objective a lemma and a pro-

cedure to calculate the difference in steady-state of
a. physical system using the Bond Graph in deriv=-
tive causality is presented. Then, the proportional
control law is applied in Bond Graph, therefore, a
control in the physical domain is realized. We show
that it is not necessary to find the inverse matrix A
when the derivative causality is used.

Keywords—Bond Graph, Steady-State, Propor-
tional Control, Physical Control.

I. INTRODUCTION

The Bond Graph technique is an energy based
modelling approach, unifying symbology for phe-
nomena from different physical domains. Bond
Graph is a directed graph whose nodes represent
subsystems and its arrows, the transfer of energy
between the subsystems. Bond Graph was estab-
lished by [1]. The idea was develeped by [2] and [3]
how a poweriul tool of modelling,.

The dynamic of a physical system considers the
elements that storage energy, when the dynamic pe-
riod has finished, we have conditions of steady-state
of the system. In a control system, it is common
that the output can not reach the reference input
of the system and it is very important to know this
difference called steady-state error.

Nevertheless, the steady-state error require to cal-
culate and to invert the matrix A, when the sys-
tem is represented in a realization (4, B,C, D). As
shown it is no necessary, if we obtain the Bond

“gilmichga@yahoo.com.mx
Tdrijeon@hotmail.com.mx
Yrgalindo@gama. fime.uanl.mx

Graph in derivative causality of the system. So,
we can get the response in steady-state directly
[9, 10, 11].

Therefore, a graphical procedure to obtain the
steady-state error of a system in the physical do-
rain with a proportionsal control is presented.

In [11}, we find some results about steady-state
values using Bond Craph in derivative causality in
a open loop system. Also, in {12], a control in Bond
Graph using state estimated feedback is given.

Section IT gives the Bond Graph madel of a phys-
ical system. Section III resumes the steady-state in
the physical domain. A lemma and a procedure to
obtain the input-output difference of a open loop
systern is preposed in section I'V. The steady-state
error in a closed loop system using a proportional
control in Bond Graph is presented in section V.
The obtained results are applied in section VI. Fi-
nally, section VIII gives our conclusions.

II. BonDp GRAPH MODEL [3,5]

Consider the following scheme of a multiport LTI
system which has the key vectors of figure 1.

Figure 1. Key vectors of a Bond Graph

In figure 1. (Se, Sf), (L, ¢') and {R) dencte the
source, the storage and the dissipation fields, (De)
the detector and (0, 1, TF, GY') the junction struc-
ture with transformers, T'F, and gyrators, GY'.



The state x € R™ is composed of enargy vari-
ables for effort, e, and fow, f, with integral causal-
ity, © € RP denotes the plant input, y € K7 the
plant output, z € R® the co-energy, and Di, ¢ B”
and Dy, € R are a mixture of e and f showing the
energy exchanges between the dissipation field and
- the junction structure.

The relations of the storage and the dissipation
flelds are:

z = Fx (1)
Dout = L'Din (2)

and the relations of the junction structure arg given
by:

T z
D‘i =S5 Do'ut (3)
¥ Le

where the junction structure of the system of the
form:

511 81z Siz |
S=| S Sy 8o (4)
Sz1 Siz Saz |

The entries of S take wvalues inside the set
{0,%1,+m,+tn} where m and n are transformer
and gyrator modules; Sy end S22 are square skew-
symmetric matrices and 512 and S9; are matrices
each other negative transpose. The state equation
of the system is {8,9]:

= Az + Bu (5)
= Cz+4 PDu
where
A = (.5'11 +_512M5'21) F (6)
B = (513 -+ 512M823) (7)
C = (Su+ SpeM8u)F (8)
D = 833+ 532MSn3 (9
being
M=(I-L38» "L (10)

Next section an analyses of the steady-state of the
system using a Bond Graph in derivative causality
will be given.

III. STEADY-STATE [L1]

The input-output difference in steady state can
be calculated using (5), taking £ = 0, we have;

—A~'Bu,, (11)
Yss = {(D—CA 'B)u, (12)

Teg =

from (11) and (12) we get
Uyy — Yoo = {I —-D+ CA_]B) Ugs {13)

The equation (13) gives the input-output in
steady-state for an open loop system represented in
space state, but we nieed A~ and it is not easy to
get for some high order systems.

We can use the Bond Graph in derivative causality
to solve directly the problem to obtain A2,

Suppose that A is invertible and a derivative
causality assignment is performed on the Bond
Graph model [9, 10]. From (3) the junction struc-
turs is given by:

z Ju Jiz Jis T
Ding = . Ja Ju Jx Doutd
¥d I_ Jiu Jo2 Jas u
Dowta = LyDina (14)

where the entries of J have the same properties
as §. The storage elements in (14) have a deriva-

T tive causality. So, Dj,g and D, gre defined of

the same manner as D, and .y, they differs in
which they depend on the causality assignment for
the storage elements and that their junctions must
have a correct causality assignment.

From (5) to (10} and (14), we obtain:

z = A"+ B'u (15)
yg = C'z+D'u
where:
A* = Ju+JuNJy (16)
B = Jig+ J1oNJos {17)
C* = Ja b JaNJn (18)
D" = Jsg+ JsaNJas (19)
being,
N=(I-LiJn)"" L (20)

The output state equations of this system in inte-
gral causality are given by (5). It follows, from (1),
(5) and (15) that:

A* = Fa7! (21)
B* = -FA'B (22)
Cr = CA™ {23)
D" = D-CA™'B {24)

From (19}, (21), (11) and (12), we obtain the
steady state:

zss = F'Blug (25)
Yss = Dlug,

Next section, we propese a Lemma to get the
input-output difference in steady-state of a system.



IV, INPUT-OUTPUT DIFFERENGCE IN
STEADY-STATE

To get input-output difference in steady state of a
system, we propose the following Lemma.

Lemma 1

Consider a LTI sysiem represented in a Bond
Graph in according of figure 1. Let o junction struc-
ture tn derivative causelity for steady-stete condi-
tions of the following form:

z Ju Jiz s T
Dima | = | Jo1 Jan Jaa Doura
d Jan Jaz Jaa—1 u

&

Then, the input-output difference in steady-state is
Ugs — Hss = —D*u“ (2?)

where ~
D*=D"_J (28)

Proof. Taking the second line of (28) and using -

(14), we have:
Ding = (I = JgzLa) ™! (J21 + Jo3us) (29)
from the third line of (23), (14) and (19),

Ga = {Jn1 + JaaNJ21} T+ {Jas ~ J + Jza N Ja3)
(30)
50,

§a=C"t + D'y (31)
where C* = Jg1 + J32 /¥ Ja; and b= Jaz+ J3o N Jos
being D* = Ji3 + J32N Jo3.

The input-output difierence in steady state is:

Uss — Ysa = (I -D+ CA_IB) Uss (32)
using {24) in (32}, we have:
Uga — Yaa — — (D* - I) Ura (33)

from {28) and (33) we prove (27). ]

Therefore, we present a simple and direct proce-
dure to obtain the steady-state error from the Bond
graph in derivative causality of the physical system,
which is shown in figure 2.

Aditionls Bonds D"

Bond Graphk in
Cpen Loopin
Dedvative Causality

Bond Graphin
Qpen Loopin
Intzgral Causality

Modificd Bond Graph
in Open Loopin
Darivative Cansality

Figure 2 Scheme of procedure to get the steady
state error.

Get the Steady-Siate
Enar

Procedure 1

1.- Get the Bond Graph in open loop physical
system in integral causality.

2. Get the Bond Graph in derivative causality
from the Bond Graph of step 1.

3.- Include the matrix J33, the negative unit ma-
trix, —I, of the following manner:

a) The negative unit matrix is a diagonal ma-
trix, so, each output is connected with the respec-
tive input. If the input is an effort source, we use
s 0-junction between the input and cutput, in other
case, we use a I-junction.

b) Is obtained an effort output using an active
bond cf the effort source, in other case a flow source
is obtained a flow output.

¢) The bond of the source from b) a connects to
1-junction if it is effort source, in other case, use a
0-junction, :

d) From a) and c), the junctions are connected
through a T°F i the input and output are the same
kind of variable, in other case, use a GY. In both
cases the module is -1.

e} The detector output signal is taked from the
junction of a).

f) Using the modified Bond Graph, from (27)
with (19). (20), (26) and (28), we obtain the input-
output difference in steady-state.

Next, we introduce a procedure to cbtain the
steady-state error in a closed-loop system with a
proportional centrol law in the physical domain.

V. STEADY-STATE ERROR IN A CLOSED Loop
SYSTEM USING A PROPORTIONAL CONTROL

Consider the closed-loap system of figure 3.

W + e K u %=Ax+Bu y

yv=Cx+Du

-1

Figure 3 The closed-loop system.

In according with figure 3 and using {11) and {13),
the steady-state error in closed-loop system, is given
by

eas = (I ~ D+ Co A7 Be) was (34)

where A, B., C. and D, denote the matrices A, B,
C and D in closed loop of figure 3.

Using the previous procedure

(35)

Fyh e
€39 = _Dcwss



where;

Dt =Dt -1 (36)
being, :
D =D.-C.AT'B, (87)

Using (28), (27) and (28) for the Bond Graph
in closed leop system, {35) to {37} can be obtained
directly,

So, we present a procedure to cbtain directly the
steady-state error in closed loop system using the
Bond Graph model in derivative causality of the
physical system, which is given on the scheme of
the figure 4.

Boud Graph in
Gpen Loop in
Integral Causality

Bond Graph in
Closed loop in
Intearal Causalily

e

Modificd Bond Graph
in Clossd Loop in
Derivative Causality

Aditonals Bonds for
Proponional Contrel

Get of the Matix
JandD+

Gt the Steady-State
in Closed Laop

Figure 4 Scheme the steady-state error in closed
loop using Bond Graph.

Procedure 2

1.- Get the Bond Graph of the open loop physical
system in integral causality.

2.- Include the output feedback using an active
bond between the flow output and a 1-junction, if
the output of the svstem is effort uses a 0-junction.

3.- If the output and input are different kinds of
variatles the output after the junction of step 2 con-
nects & GY" with module of 1.

4.- The input of the system connects with the out-
put of step 3 using & 1-junction, if the variables are
flows in other case use a (-junction.

5.- From steps 3 and 4, if the variable is the same
kind to input of the system, connects the output of
step 4 to TF, in other case use a GY'; the module of
TF or GY is the gain of the output feedback,

6.- The output of T'F or GY from step 5, connects
to input of the Bond Graph of step 1.

7.- The following steps consist to apply the pro-
cedure 1, to obtain first the Bond Graph in closed
loop in derivative causality, to include bonds to have
(36), then getting the matrix J, and finally, from
(35) to calculate the steady-state error in closed loop
system in the physical domain.

On the next section, an example is solved applying
the procedures presented in this section.

VI. EXAMPLE

Consider a CD motor and its Boud Graph shown in
figure 5.

L A R,
I_‘f‘i\/\ AV 2
[— L
. h 1 T S HeY R
7] g i) 3 n 17
t L ; b
) LL, 7]

Figure 5. CD motor and its Bend Graph.

The key vectors are:

o emla -1
D, = |_f2j|;Daut=[ez}; y=1s

L Je eg u=e

where e; and es denote voltages; fo and f3 currents
in L, and B, respectively, eg and e torques; fz and
fr speeds in J and F respectively; e,, flux linkage
in L,; and e,, rotational momentom in J.

The constitutive relations for the elements are:

2] - |7

L9 g

e2! _ | E. O f2
HERE NI
The input-output for the gyrator is:
0 =n
24 | €5 N
l-lel]
T

The Bond Graph in derivative causality is shown
in figure 6.

RR, [
)
Sl HEIE 1
Pt
Ly Rf

Figure 6. Bond Graph in derivative causality for
the CD motor.

Applying the procedure given in the scheme of fig-
ure 2, we obtain the modified Bond Graph in deriva-
tive causality which is shown in figure 7.
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Figure 7. Modified Bond Graph in derivative
causality of the DC motor,

Obtaining the input-output difference for the sys-

tem, we require the junction structure matrix, J,
from the Bond Graph of figure 7, we have:

o = 0
Ji = "ol Ja=11
0 X

T o

_1
L =n J i
; _y J = sz
31 - On 3 JSS — _T;

Jn = Juw=Jua=Ja; Jz=Ji (41)

observe that from the figures 6 and 7, £z = £, from
{19}, (20}, (39) and (41) we obtain:

n2 4+ Rof—n
n? + R.f

from (27} and (28) the input-output difference is

D*= (42)

n? L R,f—n

ne + Rof Hos (43)

Ugs — Ysa =

Using the procedure of figure 4, the Bond Graph
in closed loop with proportional control law shows
in figure 8.

3 .
€ RE, 1l
Lo
9 K 5
) H—GY —I ——GY _l

Figure 8 Bond Graph in closed loop in integral
causality,

The Bond Graph in derivative causality with 2* —
I in closed loop is shown in figure 9.

S¢ RR, 1)

1 E E

—[ [ 9 . i 5 15 17 16

| 0 ——7GY ﬁ“ —AGY F—] ‘—’Sff—IOHDe

n

R

1 [:L B:f

t 11 :

13 TF| 14
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Figure 9. Modifled Bond Graph in closed loop in
derivative causality.

The junction structure matrix for the Bond Graph
of figure 9 is:

-

0o X 0
Juu = 1 Ay Jia= k
“ntE Y ntk
T
r_ 1 Ja1 = Jag
Ju = nk |y, k (44)
0 8=

Jii o= Jip= Joy = Jag; iz = Jyg;

From (19), (20), (27}, (28}, (34), and {36),

=, n2 4+ Rof
bi= i +nk+R,f (45)

the steady-state error is obtained from (35),

2
Egs = .2L_+R°f__ (46)
n2+nk+ R, f
Note, that in (46) we know the behavior of the
parameters of the system and the control gain in
the steady-state error in the closed loop system.
Therefore, we present a graphical procedure to
cbtain the steady-state error in & closed loop system,
which does not require to know the model of the
systeri.

VII. CONCLUSIONS

A direct graphical procedure using Bond Graph to
obtain the steady-state error for a closed loop phys-
ical system with & proportional control law is pre-
sented. This methodology does not require to know
the transfer function or its realization (4, B, C, D)

~and lets to consider different kinds of energies.
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