where
UT(e, 1) := [ale + ) — afz) + (Ble+ x) — B(z)) o]

In order to make a statement on the stability of the
observer we need the following hypothesis.

Assumption A. The function ¥, along the trajecto-
ries of (2.1) and (3.7), driven by any admissible control
input u(k) satisfy

| BES (e(®), w(k), w(kDI < b [le(R),
VE> ko >0, Vre(l0,Tmax) -
Remark 1. Notice that this assumption holds for in-
stance if, for each compact X, and defining U, := {u €
R™ 1 u = g7 z) [v(z) — a(x)], * € A} there exists
I > 0 such that | BY (e, 2, u)|| < 11 [le||, (k) € & and
w(k) € U, for all 7 € (0, Tmax) and all & > &y > 0.

Lemma 2. Assume that the system (2.1) satisfies as-
sumption A, Then, there erist Tya > 0 sufficiently
small gnd By, > 0 sufficiently large such that the es-
timation error dynamics (5.7) is uniformliy globally ex-
ponentially stable with A, proportional to 7 € (0, Tryax),
Jor all 8 > 0y such that OninToas € (0,1).

The proof of this Lemma is based on the following
claim which is the dual of Claim 1.

Claim 2 ([6]). Let A, = I+ 4,(A— KC) where K
is defined as in (3.6). Then for every v, € (0, 1), the
unique symmelric positive definite mairiz P, satisfying
the algebraic eguation,

ATP,A, - P, = —,P,— v, (1—7,)"CTC,

is given by P, = M™M where M = AE,, A, =
diag(L, (1 — v,)7,.., (1 — 'y,,)lf'_l) and, letéing i and
J denote the rows and columns of E, respectively,
the elements of E,, are E,(i,j) = (—1)‘”6‘;:} for
i< j<n and E,(5,7) =0 otheruise.

3.3. Main result

We can now establish the following result.

Theorem 1. Consider the discretized nonlinear sys-

lem

z(k+1) = A.z(k)+7B{a(z(k)) + Blz(k))u(k)}
y(k) = Calk)

under Assumption A. Then the observer-based output
Jeedback control law,

z(k+1) = Arz(k)+7Bofz(k)) + 5 (z (k) u(k)]
+7A7 K [y (k) - § (k)]
u(k) = B7M(2(k)) [-FQpz(k) - alz(K))],
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renders the equilibrium (x, 2) = (0, 0) of the closed-loop
system (2.1}, (3.1)-(3.3), (3.5)-(5.6) uniformly expo-
nentially stable.

Proof: The result follows if and only if the origin of
the estimation error and the observe dynamics, {e, 2} =
{0,0), is exponentially stable. In view of Lemma 2,
we only need to prove that the origin of the observer
dynamics under the control action,

z(k+1) = Az(k)+7Bofz (k) + Bz (k) u(k)]
+TAG K [y (k) - §(R)], (3.8)
is uniformly globslly exponentially stable.
To prove this, we will invoke the following result.

Lemma 3. If for a system £(k+ 1) = f-(k,£(k)) there
exist p > 0, Tmax > 0, ¥ > 0 and ¢ proportional to
717 such that for all k > ko, all £(k.) = &, and all
Te (OaTmax)a

max ekl < vl (3.9)
oo B i/p
(Z u.s(k)up) < eollél (310
k=k,

then, there exist & and A, > 0 proportional to 7 such
that (2.2) holds for all £, € R™. O

Hence, we proceed to compute the bounds (3.9),
(3.10) with £ = colle, z]. We start with the bounds
for {le(4)l- From Lemma 2, it follows that ||e{k)||, <

le(ko)llp, e~¥7*~Fe) de. |le(k)]lp, < lle(ko)lp, and
therefore, there exists ¢ > 0 such that

lleCe)l < clle(ka)ll V& = ko (3.11)

Also from Lemma 2, we obtain AV,, < —726V;,, then
evaluating the sum from kg to co on both sides of
AV;, < —728V,, , it follows that

Vg 2- O AV, > 3 #8e(R)i3,
=ky =kg

s0 using the equivalence of the norms || - || and || - ||,
we conclude that there exists ¢ > 0 such that

%o 1/2
( 3 ue(knﬁ) < —
‘/;3

k:ku

lle(ke)ll - (8.12)

Next, we proceed to compute similar bounds for
z(k). To this end, reconsider the observer dynamics un-
der the control action, and under the coordinate trans-
formation 1 = Q,z, i.e.,

k+1) = (In+7p(4d—BF))nk)
+7, AL KC AL e (k)
Aa(k) + 1O, A KCAF e(k{3.13)
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